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fipeducnosue

HapaTensctpo «MHeMO3HBA» onyOAHKOBANO YYeOHO-MeTOAHYEC-
KEH KOMINeKT B8 HIYUEHAA Kypca anreOpH M HAYAI MATEMATHYEC-
roro aHarusa B 10 kaacce npodEabHON IIKOMBIS

Hpozpammoi. MaTemarnka. 5—6 ximaccel. Aarebpa. 7—9 Kaacest.
Axrefpa H BaTaIa MATEMATHAYECKOrO aHaAN3a, 10—11 KiaaceH / aBT.-
coct. K. K, 3y6Gapena, A. I'. Mopaxkosuy;

A. I'. Mopdroeun, I1. B. Cemenos. Anrelipa 1 HAYANA MATCMATHYEC-
roro aganvsa. 10 xnace. B 2 y. 9, 1. YueSuuk;

A. T Mopdrosuy u dp. Anrelpa 1 HaYAIA MATeMATHYCCKOrO AHA-
miza. 10 xaace. B 2 4. 4. 2. 3a1aunuK;

B. H. Inusbype. Anrebpa ¥ BavAJa MATEMATHYECKOrO AHAAW3A.
10 xnace (npoduasHR ypopens). Kourpoasase patorw / Iox pea.
A. T'. MopaxoBuga.

et gapBoOft KHHMH — ORAJATE METOAHMYECKYI) NOMOMIL YIHTE-
AaM, pafoTanimuM M0 YKasaHHOMY KOMILIEKTY. 34ech duTaTeNs Hal-
JeT IpHMEpHOe TeMATHYecKoe MIAHWDPoBaHWe Aud 10 wjacca B Tpex
BADHAHTAX — H3 pacueTa 4, § B 6 YacoR B HeeMI0 HA HIYIEHHe KyD-
cA, METOAWTECKHE DEKOMeHIAIIRY MO BCeM BOCHMH TeMAM (TIABAM)
yueSHERa, ConepiRanpe »TUX POKOMEHNADUN 8 IPeAensx KamaoH
TeMH He YHAQHIHPOBAHO, OHO ECTECTBEHHHM OOpASOM 3ABHCHT OT
BAXKHOCTH ¥ TPYAHOCTH TEMEI, CTEIeHH ee MeToauuecKoll HOBHBHBI,
B offHUY caydIaaX MHE OIDAHHINBACMCS OTACABHBEIMH METOAHYSCKHMH
3AMeIAHNAMH ¥ COBETAMH, B ADYTHX — DASNOBOP HIeT HA KOHIENTY-
ANBHOM YpOBHE.

Bo BTOpoil yacTH noco0HA NpHBefcHH PeIleHHA GOABNIMHCTBR
TPYAHKX 387]a4Y HS BTOPOH UACTH KOMILIeKTA (TeX, KOTODHE OTMeYe-
HiHl B 38AAYHAKE 3HAKOM @),



NMPUMEPHOE TEMATUMYECKOE MNAHUPOBAHME
| BapvaHT — 4 u B Heaemo, Il BapuanT — 5 4 8 HaAeno,

il sapuanT — 6 4 B HEQENIO

KomgecTso wacos
Hiayasembt MaTepsan Bapuaur
I o m
Topropenue MarepHana 7—-9 KAACCOR 3 8 8
T'aasa 1. JEACTBHTEJLHLIE YHCJIA
§ 1. HaryparsHile ¥ nesHe UHCAA 3 4 5
§ 2. PamnompanubHEe 9ACHE 1 P 9
§ 8. MppansonaarHEie YHCAA 2 2 2
§ 4. MnomecTRO HOHCTEHTENSHELY, THCONT 1 ] g
§ 5. Moayns aeficTBUTeNBHOIO TACIA 2 2 3
Konmpoasnas patoma A 1 1 1 1
§ 6. Meroz MaTeMaTHYSCKON HEAYKIHA 2 3 4
Hroro: 12 1 16 | 20
Taasa 2. THCJIOBBIE OYHEITHH
§ 7. Onpesenenne uncrnosot dyRKINY ¥ cnocobH
ee 3aJJAHAA 2 2 3
§ 8. Ceoftersa dpynruait 3 3 4
§ 9 Nepunoguuecikme QyHRIHHE 1 2 3
§ 10. O6paruas dyHRuuS 2 3 4
Hoxmpoavnas patoma M 2 2 2 2
Hroro: 10 | 12 | 16
Taara 3. TPHNOHOMETPHIECKHE ®¥HEIIWH
§ 11. Yzcnorasl OKPYRHOCTE 2 2 2
§ 12. Yucnopasa OKPYKHOCT HA ROOPARHATHOH
ILIOCKOCTH 2 3 3
§ 13. CuRye 1 KOCHHYC. Talrene B KOTARTEHC 3 3 4
§ 14, TprroHOMeTpHIECKAe DYHENHE THCIOBOTO
aprymMenta 2 3 3
§ 15. Tpurononerpiueckne QYHEIEH YTIOBOTO
aprymMenrta 1 2 2
§ 16. ©yExnan y = sin &, y = cos x, ux cpoficTBa
H rpadHrn 3 8 3
Koumpoavnas pasoma N 3 1 1 1
§ 17. IToctpoenue rpapuKa GYHKOUE ¥ = mf(x) 2 2 2
§ 18. IlocTpoenue rpadura dyarnun y = flkx) 2 8 a3
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Hpodorxenue madiutbi

HomxseeTso uacon
HMsyuasnmti Marepuan Bepmaxr
1 I 111
§ 19, I'paduk rapMoHNYecKOTO Konebarna 1 2 2
§ 20. @yExnnn y = tg x, y = ctg x, ax cBolcTRa
H rpadHKH 2 2 3
§ 21. OGparR:ie TPHrOHOMETPHYeCKHE PYHRIMUE 8 4 5

Hroro: 24 | 30 | 33
Frasa 4. TPHTOHOMETPHYECKEHE YPABHEHHA

§ 22. Ilpocreitmue TPHrOHOMETPHYECKRE YDADHeRHEA

H HEPABEHCTBA 4 b 6
§ 23. MeToAL! pellleHn s TPUTOHOMETPHUSCKHX

ypasHenait 4 5 6

Koumpoasnas patoma M 4 2 2 2

Hroro: 10 | 12 | 14
Taasa 5. IPEOBPASOBAHHE TPHIOHOMETPHIECKHX

BHIP

§ 24. CuEyc ¥ KOCREYC CYMME I PAZHOCTH ADIYMEHRTOB 8 8 4
§ 25. TanreHEc CYMMEE H PASHOCTH APFYMEHTOR 2 2 2
§ 26. DopMyAL OPHBENCHRER 2 2 2
§ 27. dopuynu geofinoro aprymesra. GopMyIEl

NOHENEHHA CTENeHA 8 4 5
§ 28. Ipeobpasopaine CYMMH TPHIOHONETDHISCKAX

dvEKDuiE B DpousBEeHAE 3 4 5
§ 29. IIpeoSpasopagye NPOH3BEACHNT

TPHTOHOMETPHUECKHNX dyHRIMH B CyMMY 2 3 3
§ 30, IIpeoGpasopanue BRIpamenus Asin x + Beos x

kauay Cein(x+1) 1 2 2
§ 31. Meroan peilteHusA TPHIOHOMETPHYSCKMX

yDapEeHHH 3 4 b

Koumpoavnas patoma M 5 2 2 2

Hroro: 21 | 28 | 30
Taapa 6. KOMIIAEKCHBIE YHCJA
§ 82. KoMinexcaBe TACAA M apAdMeTAIecKIe ONepanil
HAX HAMH 2 2 3

§ 33. KoMnaexcHREIe uic]a B KOOPAHHATHAA NNOCKOCTD 1 2 3
§ 84. TparosoMerpuueckad GopMa 3aNHCH KOMILIeKcHOro| 2 3 3

YHEAA




Ononvarue madauys

KomrseeTso uacon
HMsyuaeMenit maTepaan Bapuagr
I I m

§ 35. KoMnaexcHIe TaCIa B KBAAPATHEE YDABHOHNS 1 2 2
§ 86. BospemeHHe ROMILIOKCHOTO YHCHA B CTEHOHE,

Hapaedenne KYOHYECKOTO KOPHA B3 KONIICKCHOTO

ymena 2 2 3

Kornmpoaonan patoma N 6 1 1 1

Hroro: 9 12 | 156
Tanasa 7. IPOH3BOOHAHA

§ 37, Yucnonuie NOCACAOBATONBEHOCTH 2 3 3
§ 38. ITpeaen YHCAOBOH NOCNEAOBATENEHOCTH 2 2 3
§ 39. Ilpepea pyRKOEN 2 3 4
§ 40. Onpepenenne npoRzpogEOH 2 2 2
§ 41. BoINHCICHRE NPOHIBOAHEEIX 3 4 5
§ 42. Medvbepermaposamne caoxBoll yErnaR.

JuddepernEposasmEe OGpaTHON GYHKIHA 2 3 3
£ 43. YpapEeHHe RACATEALHOM K PpadMRY PYERIHN 8 3 4

KRonmpoasnas paboma M 7 2 2 2
§ 44, llpuNeReHEREe DPORSBOEHOHN J)IA HCCHSAOBRHAA

GyERTHIE 8 4 6
§ 45. ITocrpoerue rpaduros dyrnui 2 2 8

§ 46. IIpnMeneERe NPOUSBONHOM A% OTEICKAHAS
mﬁom.mnx F HAUMEHLIIRX 3HAYCHHAN BeIaTHH

Konumpoasnaz patoma M 8

]
-]

4
2
Hrore: 20 | 85 | 42

IF'aaega 8. KOMBHHATOPHKA H BEPOATHOCTE
§ 47. Ilpasano yMEOMKeHRA, KoMOmaATOPHEIS 3A8YH,

TlepecTaBOBEA B QARTODPHAIE 2 3 4

§ 48. Bu0OD BeCRONBKHX SACMeHTOB,
BunoMuansasie KoohOHIHEHTH 2 3 4
§ 49. Cayuaiinrie cOOEHITHES K HX BePOATHOCTH 3 8 b
Konmpoavnas patoma M 9 - 1 1
Hroro: 7 10 | 18
Mosropesne 11 | 14 | 17




yacte 1

Memodu4eckue pexomeHdayuu
no pabome ¢ yue6HUKOM

Caenaem KpATEHEe KOMMEHTADHM K mporpaMme Xypca anrefphn mu
HRYAN MaTeMaTHdeckoro amanmsa 10 xnacca. Ileppue ape TeMul co-
JACPYRAT MATEDHAN, B 3HAUNTEALHON CTENICHN SHAKOMBIH yJamwMesa Ha
Kypca anreOpnl ocHOBHOM mikoahl. Iless masygeEns aToro MaTeprana
COCTOHMT B TOM, YTO0LI AATE BOBMOKHOCTE MIKOARHHKAM BTHHYTRCH B
yuelHEL Dpomece, AXANTAPOBATECA B HOBHX YCJAOBHAX H E TO JKe Bpe-
MA yrAyOHTE U PACHIMDHATE NPEACTABJISHET O TaXHX QyHAAMEeHTANb-
HHX DOHATHAX MATEMATHKH, KK AciicTEHTeNRHOE YHCAO, PYRKOHA,
cBoiicTBa QVHKONI, — IOHATHAX, KOTODHIE He BCerZa BHIBOTATCH B
QCHOBHOIk mIKOJIe BHa AOJUKHEIH ypoBeHEs. PacIIHpenye mpoucxoanT 3a
cueT AoGABNEHNA IMEeMEHTOB TEOPHH AeJEMOCTH, METOAA MATEMATH-
Jecko#l MHAYRIME, MOBATHH ofpaTHolt B nepmoawueckoit GyRKIMA.

Caegyiomuae Tpu TeMhl cocTasnaxT 6iiok TpaToEOMeTpHH. Iloaxox
K HOCTPOGHHIC TPMrOHOMETPHH 3AMETHO OTJHYAETCH OT TPANUIHOH-
soro. Hanboree npuATMONANBHOE OTJIHYNE — B DOPAAKE XOXOB; M0 HA-
meMy yueSEHKY CHAYANA HEAYYAIOTCA TPHIOHOMeTpIYecKHe QYHEKIHH,
3aTeN TPHIOHOMETPHYeCKHEe YPABHEHHS H TOJALKO IOTOM TeXHHYEeC-
KEl anmmapar — TpuroHoMerpEueckwe dopmynn. IloBrnmennoe BHE-
MAHHE VAEASeTCH JABYM BeHIAM: BO-NHEpPBHX, OCHOBHOK MOAeNH,
HA KOTOpOH CTPOMTCA BCA INKOMEBHAA TPAMOHOMETDHA, — WHCIOBOMR
OKPY/KHOCTH Ha KOOPAMHATHON ILIOCKOCTH, U, BO-BTOPHIX, cOenHdmIec-
KHM MOMEHTAM, CBABAHHLIM ¢ PeIleAHMeM GpOCTeiiiNX TPHTOHOMET-
PHYECKHX YDABHEHWIk.

IecTas rnasa NOCBAINCHA KOMIVICKCHBIM yrcaaM, Ona momemge-
Ha Cpasy noclre TPHrOHOMETPHH He CAyuafiHo: M uMcIoBad ORPYIK-
HOCTH, H GOpPMYAEl TPHIOHOMETPHH HAXOAAT AKTHBHOe HpHMeHeHHe
OpH U3yYeHHE TPHUTOHOMETpHYecKOH GOpPME KOMINEKCHONO THCJA,
dopMyner Myaspa, Ipu HMSBIe9eHHH H3 KOMILIEKCHOrO YACHA KBaA-
paTeECre ¥ KyfSmdecroro ropael,

Onnolt 13 HEHTPANBHEIX B KYpce anrelphl 1 HAYMAT MATEMATHUECKOTO
ananmsa 10 knacca sengerca Tema «I[Iponssoanass. Mul He counm He-
oBXOZAMEIM HACHIIATD PASHEN, CBASAHHEDA ¢ 2IeMEHTAMH MATeMATH-
JeCKOr0 AHAMHZA, TPAZHIHOHHEIMH JOKA3ATEALCTEAMH, HAODHAMED,
TeopeMH JlarpaR;xa MM AOCTATOYHEIX YCHEOBHME MOHOTOHHEOCTH (PYHK-
neE. XoTd KON H OpodHEIbLEAS, OHA HEe AONKHA HOJMEHATE BHIC-
mee yaeluoe sapepenne. HeydeHpe 2)16MEeATOR ARANNAA B IIKONE HMEET
npe:sxne Beero oSmMeryabTypHOe B ofineodpaszoBaTeapHOE (8 He HHDOP-
MAINHOHHOS) ZHAUYEHUE,
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TEMA 1
AeiicmsumenbHbie Yucaa

Bea nepras raaes yueOHHKS —— NOBTOPEHHe, DACHIMDEHHE H YI-
nybNeHHe MATEMATHUECKOTO MaTepuUania, HM3BECTHOTO YUAIIAMCA H3
Kypca MaTeMATHKH H—6 knaccoB B H3 Kypea anreSpu 7—9 Knaccos.
IIpaxkTHYeCKH ¢ CAMOrO HAYANA MCHONBIYIOTCH TePMHHHM <neolxoau-
MO%, «JJOCTATOYHO», <TOTHA W TOABKO TOrgZas. IIpH 3TOM OCHOBHOHR
yrnop meiaercs He Ha QOPMANBHO-JIOPHYECKYID TPAKTOBKY STHX Tep-
MHHOB, & HA UHTYRIYI I 3Apaskil cmuica. Ecau yuauuwecs He 3Ha-
KOMBI ¢ 9THME MOHATHAMY, £CTh CMBLICA NPEANGEKATE HM CEpHIO He-
CROKHEIX yTBeDiAcHR, He 06AINTENEHO MATECMATHYCCKOr0 XAPDAKTE-
pa, rie BMeCTO MHOrOTOUMSA HAXO BCTABMTDL HY)EHLIC CJIOBA:

1) YroSH BATYPANBEOE YHCAQ ASANNOCE HA 2, ..., Tr00H nocacAReH
mappoit umcna Oplna xeolika. (Oreer: ACCTATOUHO, HO He HeoOXOMEMO).

2) Yrolfita HATYPANLHOE MHCIO ASHMAOCH HA 4, ..., WTO6LI 0HO GHLI0
geTHEIM. (OTBeT: HEOOXOAHMO, HO HEe JOCTATOYTHO).

3) Yro6H MOCTYIHUTD B BY3, ..., YTOOH HMEJICA aTTECTAT 3DEAOCTH.
(Oreer: HeOOXOAUMO, HO HEAOCTATOTHO).

4) YTo6H DOCTYOMTH B BY3, ..., YT00H IIKONA Oblna 3aKOHUEHA
¢ MeAansw, (OTBeT: He HeOGXORHMO H He AOCTATOUHO).

5) Yrobzl naocKnif YeTEIPeXYTOALEAE GLLI MapanieIOrpaMMom, ...,
wTO0H €0 AHATOHAMH B TOUKRe IepeceucHNs AeMHnach nonoaaM. (Orser:
HeolXoAMMO H JOCTATOUHO., DKEHBANEHTHAA KOHCTPVKIHA: ILUIOCKHH
YeTHIPEXYTWILHHE ABIGeTCA NRPALTSNOTPAMMOM TOTVIA H TOMBKO TOIAR,
KOTJIA er0 AHATOHAIH B TOMEEe Depeceuendsa ACHATCA IMONONaM),

B § 1 peur ugerT o0 5ICMEHTAX TCOPHH ACAHMOCTH NEABIX HHCEH,
O JeNECHWH ¢ OCTATKOM, O IIPOCTHIX M COCTABHBIX YHCAAX, B YACTHOCTH,
0 GeckoEeuHOCTH MHOMKecTBa npocreix uncen, 0 HOM m HOK, o6 oc-
HOBHOI Teopeme apadmMernkn. Hs npaaaaroB AeaaMocTH (HeobxomH-
MEIX H JOCTATOYHHIX) ChOPMyIMPOBAHR M JFOKA3AHE CAMEE HIBECT-
Hele ® Hau(ojiee YACTO MCHONL2YEMBIe: IPH3HAKHE JeJHMOCTH Ha 2, 8,
4,5, 8,9, 10, 25, 125, C 5x 10MOIIBIO H ¢ YISTOM PAVIMYHEIX CBOMCTE
BeJIEMOCTH MOXXHO NPeANOXHTE YIAIIRMCH HPUAYMATE OPA3ZHAKY
JAenanoctr Ha 6, 12, 15, 18, 24, 30, 36, 60. Hanpawmep, uucao ae-
smTca 5a 6 (ra 18) Torza M TOJBKO TOTAS, KOTAA OHO JETHOE H CYyMMa
ero nadp geautca Ha 3 (Ha 9); uueno geanrcsa Ha 12 (ga 24) Torpga u
TOJIBKO TOTA4, KOUAA CYMMA ero nudp ZeanTes Ha 3 U Yucao, obpazo-
BARAOE NMOCHCTHAMM ABYyMA (TpeMma) uudpaMn, Jenuteqa Ha 4 (aa 8);
Ana Toro 4robH uncyao Jeruaock HA 60, HeolXoAmMO M ACCTATOUHO,
STOGH cyMmMa ero madp Aeaunacs Ha 8 w mudpa eqrann 6u1a pasaa 0.

IIpn HaAAYHN EpeMeHH M NPH ZOCTATOYHOH NOATOTOBICHHOCTH
KJIACCA MOMHO IPHBECTH KPAcHBOe JOKASATEABCTBO NPHAHAKA AeiH-
MOCTH uncas Ha 11. OHO COCTORT B3 HECKONBKHX IIANOS.
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1. (10* - 1): 11. B camom zeme, 10%* — 1 = 999...999 . Yncno,
-

coCTOdANEe HZ HUETHOTO uMCHa mepATor (99, 9999, 999999 u r. a.),
Aesurea Ha 11 (monyuuresa, cooTeercreento, 9, 909, 90909 u r. 1.).

2. (10**! + 1) : 11, B camom gene, 107! + 1 = 1(10* - 1) + 11.
Ha nepeom mare 6nuto goxasano, gro (10°° — 1):i 11, mo Torga, mo
cpoficream gesmmoctr, 10(10** — 1):11 = (10(10* — 1) + 11)i11,
e, (10 + 1) 11,

3. Ilycrs garo HATYpanbHOE SHCHO b = 610:0;...8z, 183, , COBEPXKA-
Iiee YeTHOS THCAO UHODD, M OYCTh €= 8, — Gy + @3 ~ oo + Bapy — Oz,

(sHaxouepeayMaAcA cymMma cro nadp). Iloramem, uro cymma b + ¢
geantcda Ha 11.
Tar rar

b=a;-10" ' +4,- 10" 2+ a,-10* % + ... + ay,_, - 10 + ay,,

TO
b+c=a(l0® 1+ 1)+ a 10" 2~ 1) +
+a (10" 3 + 1) + ... + @y (10 + 1).

CorzacEO YTBEPIKACHNAM, MONYUCHHERM HA NePBHIX ABYX LIATAX,
(10*"' + 1) 11, (10*™"2-1)i 11, (10*~* + 1): 11, ... Beaunmr, b + ¢
Jenmrca Ha 11 ., IMoaromy & gesmrea Ba 11 Torga E Toabko TOTAR,
Korga ¢ aenurca Ha 11.

4. TlyeTs AaHO HATYDAALEOE THCHO b = @Gs35 ..0;, -1, CONEPIRAINEE

ReverHoe 1Hcao nudp. K uscny 10d = a,3.,8;...8,, 10, conepramemy
YeTHOE YACH0 NEdD, NPAMEHEMMO YTBEPKACHAe, ToTyJYeHHOe Ha mare 3.
Q8o osHauaer, uro 100 genurcsa Ea 11 roraa s TOARKO TOTJA, KOTAS
nenures Ha 11 cymma g, — a; + @5 — ... + ay,_, — 0. Ho genmmocrs
uncas 10b 5a 11 pasHOocHARHA JeanMocTH b Ha 11. 3paqur, b aennr-
ca Ha 11 Toraa u ToAbLKO Yorxa, Koraa gexured Ha 11 cymma a, — a, +
+ 83— .. + —1e

%. 06061‘::'3 1pe:;y.ut.'l'a'l'm, noayyeHHble HA TPeTheM M YeTBepPTOM
LIarax, JefaeM BEBOA: HATYDATLHOS YACHO & = G18a03.. 4y _ 16y DEIHTCH
g2 11 TOrAA B TOXBKO TOTAR, Korxa gemwres Ha 11 uncino |a, — a, + a; —
~ e + 1) a,).

HanpuMep, 7543965 { 11, mockoabky |[7T—5+4-3+9-6 + 5| =
=11:11.

B vo xe ppems uucao 12378694 Be gesmTea Ha 11, mocKOARKRY
1-2+3-T+8-6+9-4]|=2, a 2 ne gesures Ha 11,

B § 2 peus Hger o panMOBANBHEX uncaaX. Iloxasan npuem ofpa-
meHAA GeckoHeunoll nepuogudeckoli AecaTwuHoil Apo6u B o0BIKHO-
BeHHYI0 Apobs, Ilyers, nanpumep, @ = 1,5(23). Toraa 10e = 15,(23),
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1000a = 1523,(28), 1000a - 10g = 1523,(28) — 15,(23) = 1508. Hs
TH4 259
Wm%-lﬁ%m.a-m -lm.

Yuurens MATeMATHKH JOJKeH IMOHHUMATH, UTO B STOW npouexype
eCTh CROME3KAN (¢ popManLHO-MATeMATHYECKOR TOWKH 3peHHS) MO~
MeHT; HHOTKYAA He clefyeT, UTo NIPH YMEOMeHHN GecroHeunol Jeca-
rayao#t npobGm Ha 10, 160, 1000 u v. A. 3anSTAd JOMEKHA CABHPATECA
BOPABO, COOTEETCTBEHHO, Ha 1, 2, 3 m 7. A. 3HaKa, ITOT BRIBOA ORIn
CHENIAH B Kypce MATeMATHIH Juid 5—6 Kaacoos Autus a8 Konednsix decs-
muxnbix dpodeii. Ckazars 00 STOM YIAIMMCS WM HET — AEN0 YUHTeNd.
HOpaiiTe K YRA3aHHAOMY BRIBOLY MOKHO ¢ IOMOILNBIO MpHMepoB. Cka-

HEeM, PAZeNnHE «YToJaKoMs 7 Ha 23, nonyunm: % =0,3181818..,; pas-

Aenme T0 ma 22, ooxyauMm: ;—g = 3,181818...; pasgeaue 700 ua 22,

p— 12929 = 81,818181...; pasmesus 7000 ma 22, moaywmM:

T = 318,181818... BauATan aXKYDATHO NepeABMFaeTCS HA ONMH

SHAK BIPABO.

Bonee xoppexrteH (¢ GOpMaNbEO-MATEMATAYECKON TOYKA SPeHEA)
cnocol ofipamenns GecKkoHeunoH gecATHIHOH ApolHu B 00K KHOBEHHYIO
¢ DOMOIMEI hopMYIIE cyMME (ecrOHeTHOM reoMeTpIYECKOl Oporpec-

CHH (S = rt:Lq_)’ KoTopasa Gyaer monyuera B § 88. Hanpamep, ans

sucaa 1,6(23) moaywaem: 1,6(23) = 1,56 + 0,023 + 0.,00028 +

0028 3, 28 754
+ 0,0000023 + ...=1,6 + T-001 =2 ' 990 ~ 495 Moxer 6mTE,

€CTh CMBICK, H3yuaA B JasisHefimem § 38, emle pas BepHYTHCH K BO-
mpocy 06 obpameran Seckoneunoi gecATAYHON mepEoAmIecKol Apobu
B O0BIRHOBCHAYID APOlE.

B § 3—35 ¢ neaso nopropesnd cofpaH JOCTATOYHO TPARALIHOMHELH
MATEPHE&I: MUPPATAQHAJLHLIC THCIA, YHCAOBAA OPAMAS M YHCHAOBHE
NPOMeXYTKH, CBOHCTBA YHCIAOBHX HEPABEHCTB, CPABHeHHE YHCEJ,
MOAYAS AelicTBaTeasHOoro yneias. Ilerarom 8 § 4 nan HeobasaTENBHBIH
MATePHAT — AKCHOMATHKA MHOMECTBA AcHCTRHTEJNBHEIX uHcen., Bee
AKCHOMBI, KpOMe OfHON, YIANTHMCH B TOM WJAH UHOM BHAE 3HAKOMMB
H UPMBHYHE, YKA3ARHOe NCKANYEHHEe COCTABJAAECT AKCHOMA Hempe-
PHIBHOCTH MHOMKECTB& AeHCTBUTEABHEIX Yuces, AaRBasA B yueOHEKe B
dropMe IPEANELA DABASIAIONIEr? YACIA. OTA AKCHOMA CIATASTCS HeHT-
PaAbHOR LA OCTPOSHAA Kypca MATeMATHYSCKOIO 8HANARA, HA Hell B
SHAYHTENLHON cTemeHH 0Oasmpyercs TeOpDHA Opefenos, OHA JIEKHT
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B OCHOBE JOKA3ATeNLCTE CBOKCTE HeNpepWBHHIX QVHKOMI, BXOAWT B
COCTAB ONPeAeNCHAN TAKHEX HyHAAMEHTANLHEIX OHATH, KAK MHTCIDH-
DYEMOCTE, KBAADHDYEMOCTD, COPAMIACMOCTL, KYSHDYeMOCTE H T. I.
Ho oneHHTh ¢e sHANeHMe B IIKOAE ydailluecsd, PASYMeeTCH, He CMO-
ryT, JIumb B yuefEuKe 114 11 Kaacca MBI OCMe/IEIHCH He OUeHL SBHO
HCHOJB3OBATD 8TY AKCHOMY B Onpefiel/leHAH CTeNeHH ¢ KPPAIMOBANb-
HHIM NOKasaTeNeM H B PAcCYRAeHHSX ¢ IJIOWMAAN KpHBOXHHeHAROM
Tpanennu.

B § 8 yuamuecs 3HAKOMATCH C METOAOM MATOMATHIECKON HHAYK-
oaE. B MaTeMATEKe BCTDPEYAIOTCH DACCYRKICHHS HHAYKTHBHEIE (0T
qJacTHONO K ofmemy) u aenyxrTapHEle (or ofilero x uactTHoMy). Ilep-
BHI¢ HeHANEXHE], MOTYT IPHBECTH K OIINGOYHLIM BHEBOJAM, HO Kpea-
THBHEI, ABASIOTCA MOIHLIM CPEeACTBOM OTKPHITHA HOROro, Brophie
a0COMIOTHO HAOAEIKHE], AAIOT CTPOrHe OGOCHOBAHHA, HO He KPDEATHBHBL,
HH9ero He OTKPHIBAKT. JIomoNHAA APYT APYyTa, OHH YACTO HAYT, KAk
roBoprTeH, pyka o0 pyry. Meron MaTemaTagecKol HEZYKIER — OpoO-
aneHue proro napurera. Ifo ¢hopsme oH NpeRcTABIAETCA MHIYHTUB-
HbIM: CEPABSAJIUBOCTE YTBEPIKJIEHHA NPOBEPHETCH TOJLKO B OAHOM
9ACTHOM chaydae, NpH i = 1 (fasHc HEAVKIIHU), & BHBOX JeJIReTcH AN
moBoro HATYPANBHOTO YHCHAA 2. B TO iKe BpeMA RO cOJePMAHUN FTOT
MeTOX KeAyKTHBeH, HOO OCHOBHIBAETCS Ha o0mell TeopeMe, KOTOpAH B
yueOHHKe HASBAHE NPHHIHIOM MATeMATHYeCKON AHAYKIWH.

B arom naparpade IpreoasaTes pasiMaHble IPUMEPH NPHMeHeHHA
MEeTOA MATEMATHYECKOH MHAVKIIUA: JOKASATENBCTBO TOXKAECTB H He-
PABEHCTE, CYMMHPOBAHHE, 384AYH O AeTHMOCTH. B SafauHuKe 3TOT
CIINCOK HeCKOJLKO PACIIHPSAETCH, B YACTHOCTH, HPEAJIOKEHEl T'eOMeT-
PHUYeCKHe 3aA4H, AASA PEIIeHAA KOTODHX ACHOILIYETCH METON MaTe-
MATHYECKOH WHAYKIWH.,

Creayer noAuepKHYTH, YTO ABTOPH B JaabBe#lieM He 3a6LIBAIOT
0 METOJe MATeMATHIEeCKO# MHAVKIHHN, OH NCHOJNR3YETCA B KYpPCce al-
rebprl 1 HAYAN AHANHMAA KAaK B yueOHUKe ana 10, rak m B yuebHEKe
rna 11 xkaacea.

TEMA 2
Yucnosbie QyHKyUU

Bo BTopoii ruase yieOHEKA YIOMHMCA HAMOMMHAIOT HIBECTHEIC Ha
Eypca anrefpu OCHOERROH MIKQJL OOpefcleHNa Yucaoboll dyHRmEwm
(8§ 7) n pasnMUBNX ee cBolicTB: O0ONACTE oNMpefeleHHd, 0GNACTE {MBO-
JKeCcTBO) 3HAYEHHN, MOHOTOHHOCTD, OFPAHNYCHHOCTH, HAMMEHBINGe H
ranfoabinee sHaveHNs HA HPOMEXKYTKe oGJACTH onpe/leficHHA, uYeT-
HOCTB B HeUeTHOCTE. B § 8 AseTca ¥ NoHATHe 3KCTPeMyMa OYHKIAR,
OGEMHO B DIKOJNE 3TO NOHATHE BBOFAT TOTAA, KOTJA H3YJaeTCH TeMa
«JIpon3BoARas», DOCKOABKY MMEHHO ¢ IOMOMBI0 IPOA3BOREOH yame
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BCETO HCCASAYIOT (DYERIAR Ba MAKCHMYM H MEHRMYM. Ha caMoM aeae
MOKHO DONYIHTH JOCTATOYHO YeTKHCE OPeACTABICHHA O TOUKAX KCT-
peMyMa B (o2 NPOHA3IBOAHON, 0COGPHHO B TeX CAyIAdX, KOrja CTpoAT-
cd rpadrrE KycouHRIX dyuruuii. To me, KCTATH, OTHOCHTCA B K HO-
HATHAM HAMMeHbIOero H HanGoarmiero sHavemnil dynrumn. IIpoms-
BOAHAA AaeT METOX OTRICKAHHA HTHX 3HAYEOHHH, HO TOT METOA HE
eAMHCTBEHHHE, BO MHOTHX CAVYAAX OTBET HA BOIPOC O HANMEHBIOIEM
H HapOoJbleM 3HAYEHAN (PYHEIHHA MOYKHO JATH C IIOMOINLIO 2/IeMeH-
TAPHLIX IPHEEMOB HJIM ¢ MOMOMILI0 rpabuks Gyrrnaa (ITy IMEAK ML
AKTHBHO BHEAPHAM B HAIIA YuebSHHKH anrefprl ana 7-—9 RIEACCOR).

Bonpex#t crosxupireiics TpAAEDAA, ME, OABAA ONPeACJICHES TeT-
Hoit mnu HeweTHOl PYHKRIME, He BKIOUAEM B Hero TpeSobanHe cHM-
METPHYHOCTH OOJACTH OHNpeAcNIeHHsA. OTO — Heofxodumoe ycrosue
YeTHOCTH HMH HOWeTHOCTH PyHKIHE, 0HO OHODMACHO B BHAE OTACHDL"
HOTO YTBRep:kAeHHA. OnpefeclcRHe e, KAK 3T0 OPHHATO B MATEMATH-
e, AOMEKHO (RITH MMHEMAIHPOBAHO.

B cBaawm ¢ necnenopaEAen GYHKOANA HA 9eTHOCTD o0paTd™M BHHMA-
HHE YATATENA HA ONHO NPHBOHIHANBHOE 06cTOoATEALCTBO. Pevup muer
0 HeABHOM NPHOGIMEHAM UKOJLEHKOB K 3aKoHAM (dopManbEo# nore-
KH, COrZIACHO KOTOPBIM OTPHIAHHE YTBEP:KACHHA, COACPIRAIIETO KEAH-
Top OOIMHOCTH, NPHBOAHT K YTBEKACHHIO, COTEP:RAIIEMY KEAHTOD
CYIXeCTBOBAHHA, W OOpaTHO. YcTanABAMBAA (PAKT YETHOCTH MM
HeueTHOCTH GYHKEBME y = f(x), HY)KHO IPOBEPHTH, MTO PABEHCTBO
f(—x) = f(x) mmm, cooTBETCTBEHHD, f(—-X) = —f(x) BMDONAAETCHA (12 Bcex
sHaueHH# x u3 ofnacru onpepencHnd GYHKOUHA. YCTAHABANBAA Ke
$8XT OTCYTCTBHA KAK YeTHOCTH, TaK M HeYeTHOCTH QyHRUMM, A0-
CTATOYRO IOKA3aTh, 9TO Cliyecmseyem xoms Ovi 00HO 3IHAUEHHE X,
ans Koroporo f(—x) # f(x), 1 xoma 6vi 0310 3HAYEHHE X, AN KOTOPOrO
(—x) = —~f(x).

Hcnoarayored TaKXe NOEATHA BHOYKJIOCTH U HEAPEPLIBHOCTH —
HA HATIAXHO-AHTYUTABHOM YDOBHE {32NeTHM, UTO IOHATHE BRITYKJIO-
CTH B JasibHeilleM Ha ypPoReHs (PpOPMANLHOrC ONpeelIeHHs IepeBeAeH0
He OyZer, & TOYHOE ONpejAeNieHMe HEIPEPHEBHOCTH Mbl CMOMKEM IOy~
unTs B § 39, rre peus uaer o npefiene GyEREEN). IByM HOBRIM cBOMCT-
BaM JYHKLIMH —— HEPHOTHUHOCTH U OJpPATHMOCTH — IOCBALIEHEI OT-
Jexsable naparpads: § 9 m 10,

Kpome Toro, Bo BTOpoil rnase yue(HHKA HAMOMHAHAITCA OCHOBHEIS
cnocolel 3agaHNE PyHKHAN — sHaTRTAYecKr, rpadmacckuit, Tab-
JWYHBLINH, CI0BECHBIA — M AKTHBHO HCHOOALIYIOTCA KYCOUHEIE (PYHK-
ouy (yyalljgecd, KOTOpEe Hayuadd airefpy B OCHOBHON mIKoJe 1o
HANTAM yIeOHMKANM, K »TOMY YiKe npayJyenn). Peus Taxxe naer o npe-
0bpazoBaHEAX TPAPHEKOB: KaK, 3Had rpapuk aE ¥ = f(x), moer-
ponTh rpadEr GyRKDOME § = f(x + @) + b, y = |Ax)l, ¥ = Ax).

Basepmas PasroBop O BTOPO# rnase yue0HAKa, OOPATAM BHHMA-
HHe YHTATeJA HA HeCKOJNBKO 06cTOoATEeABCTE. B MHOTOUYHCNEeHHMX
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nocofuax Ana cpeAHeit MIKOALI BCTPEUACTCH CIOBOCOYECTAHNE «DYHKUEA
f(x)». OTOT AHAPTOH, TOHATHEIN MATEMATHKAM, BPeAEH AJNA HPABUIIE-
HOoro POPMHPOBAHHA Y YUAINAXCA HOHATHA PyEROEN. Onpeaedenue
OYHKOAR AacHT: eCAH AAHE YRCI0BOe MHOMecTRO X M npasuno f,
MO3BOAAIONIEee MOCTABHTL B COOTBETCTBHE KAXKAOMY SJCMEHTY X H3
MHEOmecTBA X OAHOSHAYHO ONPEAGICHHOS QMCH0 §f, TO I'OBOPAT, 4TO
safiaHA GyHKRIEA ¥ = f(x) ¢ obnacTio onpefienienus X, u manryT ¥ = f(x),
z € X. B onpepeneARH OOZUCPRHBASTCH, ITO, N'OBODH 0 QYHRIIA, HAKO
OAHOBpEeMeHHO HCIOAL30BATE 082 nepeMenibie: X U y. OHE XKe VKasH-
BAIOT 0GOBHAYEHHS ANA KOODARHATHOH IIOCKOCTH, HA KoTopo#t cTpo-
HTea rpadur dynrnun. Hama Touka 3peHna: f(x) — sTo suwipamenue
¢ nepemennoit, & ae PYHRNHEA, HEKOPPEKTHO F'OBOPHTEL O €0 rpadnxe
(eear gaxxe o003HAUYEHHSA KOOPAMHATHHIX Ocell He VKA34HHEI) HAH ©
HAKPX-T0 er¢ GPYHRIIHOHANLHEIX cBOHCTEAX (HEKOPPEKTHO, HAIPHMED,
TpefoBaTE HCCHEXOBAThH BhHIDA’KeHHe HA MOBOTOHHOCTH, OrpaHHYeH-
HOCTL H T. A.). Jlnia QYHKIUM e BCIOAY B HAIIeM KOMILICKTE HCIONb-
syerca ofosuagenne y = f(x).

Konb CKOpO MBI 38rOBOPHNAH O NPHHATHIX OD0SHAUSHUAX, YIIOMA-
HeM ¢Ine gpa: ¢ Haymedl TOWKH SpeHHd, Ana obosznadenma obiacTH om-
peAenenna B ofnacTH 3HAYCHAN QYRRUMH HelecoofpasHee HCIOAB30-
Barh cnMBoisl D(f) 1 E(f), a ne D(y) u E(y); Bee-TAKH CHMBOXOM PynK-
yuu apnaerca f, a He Y.

QGpaTHTe TAK)Ke BHUMAEHE HAa TO, UTO B HAIIEM KYPCe, B OTANYHE
OT TPANHMINUMOHHEIX MIKOALERIX NOAXON0B, AKIEHT cAcHaH HA 3a0aH-
HYy0, & He HA eCMecmeenHyw o6JIACTh OOpefesieHHA dHyERHnuR (Te
JXHHEA TPOROAMTCA B HaIIMX yueOHHKAX HauHHAA ¢ 7 KJaacca, 0CO-
GeHHO B KycouHEX GYRKOAAX). B TPAAUIHEORHEIX EYPCAX YUallMeca
B GOVILIDMHECTERE CAYIaeB paboTAIOT ¢ eCTeCTBEHHOM O0/IacTLIO Onpeene-

E#a (GYAKIHMA, UM OPHBLITHA 3ATHCH THIA +QYHKINA ¥ = X » U TacTO

BHIZBIBACT HEZIOYMERBE JAMHChL THIA «byEKRRUA § = J;, x € [1; 4]».
MHorue M3 HUX AYMAIOT, YTO 3TO OABA H T4 e QYHROHA, HO 348AH-
HAsd Ha DASAHYHEIX OPOMeXYTKAX. CleiyeT MPHAYYATH MKOALHEAKOB
K TOMY, YTO 3TO PASHNE QURKUUU, TOCKWIBRY onpegeacHue Qyrk-
OHM BRIWYAEST B celA ABe MOBUNUH: 00RACTY ONpedeieRuA U npaau-
R0 coomeememeus, Ind copnajgeHua ABYX ¢yHKRIUE HYMKHO YCTAHO-
BUTH TOXAECTBEHHOCTE O0CHX YKABAHHBIX MOIWIIMIA,

TEMA 3
TpuzoHomempuyeckue QyHxuuu

B mKoasHOM Kypce MATEMATHRH B PA3HEIE POJLI MCHONABBOBANHCH
PASANYHEE BADHAHTH BBeJ[eHHA TPUIOHOMETPHYeCcKMX QyHKmmA,
B coBpeMeHHHX y9e0HLIX mMOCOOHAX IPEeANOTITEHHEE OTAAETCA OHpene-
JIEHHIO ¢ MOMOMBLI0 eAVMHHUYHOR YHCIOBOH OKpy#mHOocTH. IlpH sTOM
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OPAKTHYECKH BCEM y9e0HIKAM NpHCYIN OABH H TOT YK€ HEeAOCTATOK:
HEAODIECHKA BAKHOCTH HBYICHHMA CAMON MOAeIH <«IHCAOBAHA OKDYX-
HOCTh* H CAOKHOCTH JTHAAKTHYECKMX KOMIOHEHTOE, KOTODKIE CBHBA-
HH ¢ uasyveHAeM 2roli Mogenw, O KAKHX ARAARTHYECKEAX KOMIOHEH-
Tax HAET peub?

1) Yscaobas DpsaMAA HIYYAETCA B IIKOJE B TeIeHHE YETHIPeX JieT:
B b Kaacce peds HAeT O KOODAMHATHOM Jnyde, B 6—7 xaaccax —
0 ROODAMHATHON mpamoit, u, Hakonen, B 8 Kaacce, NMocKe BBEXEHHUA
DOHATHA AeHfCTBHTENBHOrO IMCAA, — O YMCAOBOH npamoil. Yncaosas
OPAMAA CUMTASTCA HAYHeHHO, ROra yYalrmecd CBOGOAHO PeIlaloT
38J84M YeTHPeX THIHOB: IO 3aJAHHOMY YHACIY HAXOZAT TOYKY HA OpA-
Mo, N0 TOYKE HAXOAAT COOTBETCTRYIOUIEE YHCHO, YMEIOT HEPEXOANTh
OT FeOMeTPHYOCKOH MOoIesas YHCAOBOrO IPOMEKYTKA K AHANHTHYIE-
¢Kolt samuen u obparso. Yncnopaa oKpPyKHOCTE HpeAcTABAACT cobol
Bornee CHOKHYI0 MOZIEAb, HA KOTOPOH, TeM He MeHee, HANO HAYIHTHCA
PeIIATE 3SZIAYH TeX JKe YeTHpeX THIOB. OT0 Tpebyer BpeMeHH B BHH-
MAHMA KAK CO CTOPOHH ABTOpPOB y9e(GHRKOB, TAK H yumTeaeli.

2) NlonatTHe AAMHLL AYTHM, KOTODOE JEXHT B OCHOBe MIOOHX pmefi-
CTBHit ¢ YHCNOBON OKPYHHOCTHIO, He SBIGETCA HAREKHO orpaboran-
HEIM B Kypce TeOMeTDHE; 3HAYHT, HA 3TO cJeAyerT o0pATHTE BHMMA-
HHe,

3) ! apTopm y9e0HMKOB, M YURTEAA AOMIKHLE ¢ IOHMMAHWEM OT-
HOCHTBCA K TeM TDPYAHOCTAM, ¢ KOTODHINH CTOAKHYTCH y48IHECA B
HAYANE HEYUCHEA TPHTOHOMETDPHH: HEIIPUBHYBAR MOAeNb (UHCIAOBAR
OKPY>RHOCTB) M HENIPABEIYHEIN, «HeAHAJATHISCKAN» cnocob BBeeRHSA
HOBRX (QYyHHRUHHE (CMEyC — OPAMHATA, KOCHHyC — afcnmceca TOUYKH
4yucnoBoll oxpysHocri). Ilpu sToM or yuamuxcs GaKTHYeCKH Tpe-
6yerca ynmenune paGorars ofHOEpeMeHHO 8 J8yx cucmemax xoopounan:
«KpHBOJRHENHON s, KOTNS CHEMAEM HHGOPMAIHIO O HONOKeHHHA TOY-
KM Ha YuCcI0BO# OKPYIKHOCTH, M Jsiekapropoifl, xorga cammaem madop-
Manuw 06 abcoacce B OPAWHATE TOUKM.

OnniT mokaseBaeT: HezopaboTKHE ¢ MOAENLIO THCIOBOH OKPYXRHO-
CTH H CRIHITKOM MOCIHelTHOe BBefeHie TPHrOHCMeTpHIeCKAX dyaxmut
He NOZROJAIOT COBHATH HARSKHRN (YHASMEHT Jid YCHeIIHOr) A3yye-
HHA MaTepuana. Bojee ToIo, HA CAMOM AeJie IIKONBEHAKAM IPAXONHUTCS
H3Y9aTH He OAHY, 8 ABe HOBHIE MORE]H: TePBAA — COGCTRBEHHO UHCIO-
Bas OKPYYKHOCTb, A BTODAS — THCIOBAA OKPYKHOCTH EA KOOPAMHAT-
Ho# mrockoeTH. HoguepKAEeM, UYTO pedlb HAST HMEHHO 06 OKPYHOCTH,
A He O KPYTEe, HOSTOMY B HAmeM yue(HHKe BL He Halifjere cTONE AIO-
6MMOTO MHOTHMHE VUATE/NAME CAOBOCOYCTARAS < TPATOHOMETDHICCKEN
KpPyTs.

VYUATHIRAA BHIIECKA3aHHOE, MEI YAeAAeM GONBIIOe BHAMAHME HOJ-
rOTOBKE K BBENCHUKO OCHOBHBIX ONpeJeJieHHii: B IePBHX ABYX IIapa-
rpadax COOTBeTCTBYIONIeH IiapH yueOHHKA peubh HAET ¢ MOAEIAX
+UHCNOBAA ORPYMHOCTbY M ¢YHCIOBAA OKPY/HOCTL HA KOODAMHAT-
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HO¥ IJIOCKOCTHY, A B 3AMAYHEKE NPEACTABICHH YIPAMHEEUI HA BhI-
YHCJIEHAe [UIMHE AYT eJJEEHUYHON OKPY/KHOCTH,

JAd ycoemHoro opAajeHUA YKA3AEHLIMA MOAeAsMH H B yuefHm-
Ke, H B 3aJ]JaUHHKe OPeAYCMOTPEHA CHCTEMA CIEMUANBHEIX «IAAAKTH-
YEeCKHUX HID».

IHepeas «uzpa» — BLIMHACAEHHEe AJHH AYP eAHHUYHOK OKDYIK-
HOCTH. YYaImuecs JOKHE OPHBHIKHYTH K TONY, UTO ANIAHA BeeH OK-
PYXHOCTH PABHA 27, IONIOBHHK OKPYXHOCTH — K, Y€TBEDPTH OKDYH&K-

x
HoCTH — T M. A

Bmopas «uzpa» — OTHICKAHHE HA TMCAOBOHR OKDYKHOCTH TOYEK,
COOTBETCTBYIOIIMNX 3AJAHHBM YHCIAM, BHDAKEHARIM B JONAX YHCIA T

5 3) s rovr {25} 08 . 3 ccpormes

YHCHA W TOYKH).

Tpemwva «uzpa» — OTHICKAHHAE HA YHCIOEBON OKDYXHOCTH TOTEK,
COOTBETCTBYIONIHX 38 JAHHEIM YHCJIAM, BRIPDAKEHHEIN He B AOJIAX YHC-
na %, nanpamep Toaex M(1), M(—5) u 1. A. (¢nN0OXHe» YHCNA B TOYU-
KH).

Hemsepman «uzpa» — 3aNHMCH YHCEN, COOTBETCTBYWIINX AaHHONR
«Xopomeiis TOUKEe YACJOBON OKPYRHOCTH; HANIDHMED, <«Xopomeis
ABNdEeTCA cepefUHA NepPBO# YeTREePTH, COOTBETCTRYIINHe efl uHncia

mlemmm{-+2uk,kez.

IIamas <uzpay — cocrapieHue AHANNTHYECKHX sarmcedt (groit-
HBIX HEPABEHCTE) LIS AYT YHCJIOBOM oxpyxHOocTE. Hanpmmep, ecnd
ARHA YA, COEAHHANINAA cepeARHY Heproil YeTnepTH (HAYaJO AYIH)
# HEXHION TOYKY H3 TeX ABYX, 94TO JeAAT BTOPYIO UeTBeDTh HA TPH
PABHEI® 9ACTH (KOHEl, AYIH), TO COOTBETCTBYIOIMAS AHAIHTHYECKAS

SaNACh HMEET BHJ %+2$k<t{%-+2xk.]§cnuymimem
IOMEHATE: MECTAMHM HAYAJO B KOHEN, TO COOTBETCTBYIOLIAA AHAJWTH-
uemmaanncsnymﬁymnumm—%’+2uk<t<%+2xk.

ITecmas «uzpa» — or AaEHON AHATATHYECKOMN 3aIMCH AYTH {(ABOA-
HOI'0 HePABEHCTBA) HepeHTH K 0¢ reoMeTpHEYecKOMY H300DAKCHHIO.

3ameruM, 4TO PTH IIECTh <UTD» 00CCTIEUNBAIOT YMEHHe PeIIaTH
888YH JETHIPEX OCHOBHEIX THIIOB, CBS3AHHHIX C YHCIOBOR OEDY:KHO-
CTHIO, O KOTODBIX Mbl YIIOMHHANN BHIIE {OT YHCAA K TOYKe, OT TONKHA
K YHCAY, OT AYTH K ABOHHOMY HEPABEHCTBY, OT ABOIHOrO HepDABEH-
CTBA K Ayre).

Caegyomye «TAfAKTIYeCKHEe HTPhl+ OTEHOCATCH K MOJEAH <4HC-
JIOBAZ OKPYKHOCTH HA KOOpAHHATHON mWnockoeTHs. IIpacTynas K may-
YOeHNI0 9TOR MOMeNH, ME JOMACHE OTIETAHRO COSHABATD, KAKHE TPYH-
HOCTH XEAyT yaamnxca. Ilpesxae Beero or HEX TpelyeTca ZOBOALHO
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BHICOKHE YPOBeHP MATEMATHYIECKOH KYJALTYDEHI, AOCTATOYHBIH AJIA

ro, aT00K OAHOBPEMeHHO PSGOTATE: B ABYX CHCTEMAX KOODAHHAT —
KEpHBOMNEAeHHONK M nerapronoit, — 00 3TOM YEe YOOMIHAJOCH BHILIE,
Yrobx MOMOYE BN OPeOA0.JIETE YKASAHHYIO TPYAHOCTD, MBI IPHMeHAeM
HOPEIl MeTomuueckuil mpueM: ana Touru M unCAOROH OKPYMHOCTH
HCnoMb3yeM 3aumch M(1), eciH peus HAeT 0 KPHBOJHHEAHON KoopZH-
HaTe TO9KH M, wm 3anucek M(x; y), ecau pedsr HEeT O JEKAPTOBEHIX
ROOPHAMHATAX TOUKH.

HRorga B HocoOHAX AAA MKOAH ¢ CAMOI0 HAUYAJAA HCNOALSYIOT
BANUCH 8in x, COS ¥, He YUBTLIRAA, WTO OYKBA X B COSHAHHM YURIIHXCA
acconEnpyerca ¢ aGcuccoi B AeKapTOBOil CHCTEME KOOPAWAHAT, & HE
¢ JnrHOl DpoiifieHHoro oo OKPYRHOCTH NyTH, B HameMm yueGHEKe Opy
palfoTe ¢ YUCAOBOH ORDPYACHOCTEIO HArAES He HCHOABIVIOTCH YRKAZAHHEIS
BANMCH, HCOIIL3YIOTCS CHMBOJIH sin i, cost,

Cedomas «uzpas — OTHCKAHEE KOOPAMHAT «XODOIIHXS TOYEH
yncaoso#t oxpymuocTd. Peas mper 0 nmepexoge or sammem M(1) K

samuen M(x; y). Hampmeep, M(%) = M(0s 1), M (%) = M{22; 2),

M(E) =M (‘F 4, M(3) = - m(L; J‘) M(-ZE) - - m(%; Lan g

B nponecce sToll Mrpsl MKONBHHKH QaKTHUSCKH YUATCA BLIYHC-
JATH 3HAYEHHA TpUroHoMerpnuecKnx dyErnmiA. Hanpmsep, B3 no-
CACRHETO panenc'rna caeayer (HOo 06 aTOM OHH Y3HAIOT II03Xe), YTO

sin (-32) = -3, a cos (-] = 2.

Bocesmas <uzpa» — OTHBICKAHHEE 3HAKOR KOODHHEAT <«NNOXHX* TO-
4eK YACAOBOH OKpY:xHOCTH. Ecau, mHanpumep, M(2) = M{x; y), T0
x <0, y > 0. B oponecce »Toff HIPEl MIKOALHRKA DARTAYECKH YIATCA
ONpeAeNATs SHAKH TPHTOHOMETPHUYECKAX (PYBKUUA no ZeTBepTAM
ancaoBoill oxpyxHoeTH. Hanpuuep, Hs DOCASZHEIO PABSHCTES CIEAYVET
(06 srom OEE TAKYRE YIRAIOT NOMKE), uTo 8in2 > 0, acos < 0,

Jesaman «uzpas» — OTHICKAHHEE Ha UHCAOBOH OKDPY:KHOCTH TOYEH,
KOODAMHATEI KOTOPHIX YAOBICTBOPAIOT SAKAHAOMY ypapHeHm, Ha-

IpPAMEDP, eCH J = -%. TO STOMY YCAOBHIO YAOBJETBOPAIT ABE TOYKH

n 5r
THCAOBOH OKPYHHOCTH, HX I'MABHHE HMeHa T ¥ G 8 Bee uMeHa

OXBATBIBAIOTCA ABYMA (popMymaMu: ¢ = -2—+21tk,t= %‘—+21tk. Baox-

HOCTBL BeBATON MIPHI OYeBHAHA! MOTOBHM YYAIIKXCH K PEIICHHIO Npo-
cTefimuy TPHTOHOMETPHUMECKHY YDABHEHHN BHAA 8inf =a, cost = 4.
Jna mMOEAMAMMSA CYTH AeNa CAEXYeT INpesje BCero HAYIMTH IIKOMb-
HHUKOB PeIIATE 9TH YPABHEHHA ¢ MOMOIIBI YHCAOBOM OKPYIKHOCTH,
He TOPOISACH NePEeXOAHTH K I'OTOBHM JOPMYNAM.
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Eme pas ofpamaeM BEAMARME TATATEAA HAE HCHOABSoBAHHe 000~
sHaveHH: HE B yueOHHKe, HH B 3aJavYHHKe B IepPBO raase, HOCBA-
mendoff YpuronoMeTpun (B raape 3), He mpeXZaaraeTcd VIAIIHMMCAH

pemnTs ypapHeHHE sin x = %, cos X = —g, 8 MpeANATraeTCS PellIuTh

ypaBHeHHe sin ¢ = %, cosi = —%. K rpagunnonnoit samucH (¢ nepe-

MeHHO# x) MEI BepHeMcH B riape 4, NOCEBANMIeHHON TPHAroHOMETpUIe-
CKHM YPABHeHHAM, KOTAA HAYHEM peinark ypaBHeHUs 10 I'OTOBEIM
dopmynaM 6e3 DOMOIM IHACNOBOY OKPYHOCTH. B 00ydeRET MaTeMa-
THEKe He ObiBaeT Menoueii, HEOrAA NPHIHNHA HEAOUOHNMAHRNA KPOSTCA
BCETO JHINEL B BEIGODE HEeYAATHBRIX 0G03HAUCHME,

Hdecamas «uzpa» — OTHCKAHHE HA YHCJHOBOH OKDYKHOCTH TOYEK,
KOOPHMHATE KOTOPHIX YAOBIHETBODAIT IANAHHOMY HepaBeHCTBY. Ha-

TIPUMED, eclu y > %, TO 9TOMY VCNOBHIO YAOBRIETROPAIOT TOUKH OT-
kpuiToit pyra MP (prc. 1); uncaa ¢ — npoobpaskl 3THX TOMEK — YAOB-
JeTBODAKT HEPABCHCTBY % + 2rk <t < % + 2nk. TarumM ofpazomM,

MH pafoTaeM Ha onepeeHne: POTOBHM YVIAIIAXCA K peIlleHHIO TPH-
TOHOMETPHYECKHNX HepaBeHcTE BuJAa sint > g, coat < a.

PaKTHUeCKH I pelleHuA HEPABEHCTB YKA3AHHOIO THIR MCIONh-
ayercs CAeRVIOIMAN ANTOPHTM:

1) oT anaauTAdeckod Mozemn (y > %) NepeXoZnM K reoMeTpHde-
cKkoit Momlenns — nayra MP yacHOBOH OKPY:RHOCTH;

2) cocTaBaaeM AApO AHATMTHYECKON sanucu xyrda MP (aro, cobot-
BEHHO I'OBOPA, IMABHOE, YeMy CICAVeT HAYYHTh IIKOJLHHKOB); ANA
ayra MP nonyasem:

n

58
E(t(-&—,

3) cocraBndeM OoOIMYI) 3aIIHCE: i

n 5x
E+2nk<t<?+21l:k.

Ecat OH pewb maa 0 HEPDABEH- j’ A
CrBe y < —%, TG TeOMETPHYECKOH

s

Mopensio cny:xmaa 6w ayra PM.
Ipu zamucH SApa HYKHO YIECTh, N 7
gro Toura A{0) mesxur BHYTPH Xy- V.
I'H, DOPTOMY ¥ Ha4YaJy XYTH HaM |..|.
NPHXORUTCA ABUTATHCA IO TEpP-
pofl OTPHIATEALHON OKPYIHEOCTH. Puc. 1
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CnepopaTenbHO, SAPC AHAAHTHYecKOHR sanucu xyrun PM BEMeeT BHJ
n

-—6-<t<g—.aoﬁmaaaanncb'ralcona: _%r._ +21tk<t<g-+2mk.

TepMBHE «aAPO 8HATATAIECKON SAOACH OYTHS, +AHAIHNTHICCKAA
BAMHCH AYTH» HE ABJIAITCH OCINENPHHATEIMU, OHM BREACHB! HAME M3
YHNCTO METOARYIECKHX coobpamkennmii, HCOOAL30BATE KX HAN HET — ACNO
YUHuTeNnd.

Vrasanasle BHINe 10 « INTAKTHYSCKHX ATP» DACCMATPMBAIOTCA B
$ 11 »n 12. B § 13 BpogsTcA HASBAHHA MIA JeKAPTOBHIX KOODAHHAT
ToueK UHCAOBOH OKpy)RHOCTH: alenmeca Toukm M(f) — 210 cost, a
opruHaTa — sin {. YToOH yyYAIIHecA NDHHAAR STH ONpPeAceHHA 003~
HAHHO, M MPEAJIATAIOTCA Te e «HTPLI», HO B HOBON (hpOpPMYIHDOBKE.

HanpuMep: BHYHACANTE Sin (—8—?) — nepethopMyIApoBKA ceAbMON

«HrpHI*; PEIINTH YpaABHeHHe sin ¢ = % — neped)OpMYIHPOBKA AEBA-
TOl «HIPH»; ONPEAENNTE: 3HAK YHCIEA 8in 2 — nepedopMyaspoRKa
BOCEMO#f «HIDHI*; PEOIIHTE HOPABRHCTBO sini > % — nepedopMyan-

POBKA JecATol +urphl». II0A96DKESM, 9TO HA HEPBEIX YPOKAX TPHIO-
HOMETPHH HpocTeHine TPUrOHOMETDHTECKHS YPABRHEHUA M HepAReH-
CTBA HCHOJBIYIOTCA He KAK Yelb o0yuenul, A TONRKO KAKR cpedcmaeo
I YeBOGHUA MIABHOMO — onpegelendil cHHYca M KOCHHYCA RAK Ae-
KAPTOBEIX KOODAMHAT TOYKH YHCJIOBONM OKPYHKHOCTH.

EcrecTBeRHO, B § 13 mogBas0TeA B HOBHE CIOMKETH, BampHMep:
CcpaBHHETB Incaa 8in 1 u 8in 2 (mpamep 10), pacoomoRNTb B NOPAAKE
BOSPACTAHHA uHMchAa 8in 3, cos 4, sin 7, cos 7 (npaMep 11), pacmono-
IKHTH B IOPAAKE Bo3pacTAHNA JHcaa 1, sin 1, cos 1, tg 1 (upumep 13).
Taxkne safands, TPAAHNUOHHO CHOMKHBIE JJIA MACCOBOH DIKOJEI, HE
AONKHAE BRI3KBATH 3ATPYAHCHEN B NpodHABHBIX KIACCAX.

Ob6paTare pEAMaRue Ha mpuMep 6 us § 13, B xoropoM nDpeanara-

eTCA PEUINTE YPABHEHNA o8 f = %, gin t = —0,3. HeiicTRYs no BHIpa-

GoraEHOMY ANrOPHTMY, YYAIIHECS CTPOAT HPIMYIO X = % ANdA MepBo-

ro ypaBHeauda n y = —0,3 ana BTOpPOr0 YpaBHeHHA, 3ATEM HAXOAAT HA
OKDYIKHOCTH IO Nape TOUCK, CAYIKAMMX reoMeTpHYecCKNME obpasaMu
KopHeil ypaBrennii. 1 TyT OHE cTanrKEBaRTCA ¢ npofinemoli: nemane-
CTHO, KAKHMM YHCJAM { COOTBETCTBYIOT HaliieHHEIe TOYKH, TOUKH He

x K
OTHOCATCA K YHCJHY «XOpompXs (THna posel g P I)' Vaampames

coofmAI0T, YTO K PeIIeHA) NpobJeMhl OPAAETCS BePHYTHECH HO3AHEe
{8 rnape 4). Ha Haur Barasj, sgech colMI0feBE OCHOGHbE KPpUmeplits
npolremrozo obyuenus:

18



1) npobaeMa AOMMHA HOSBJIATHCH B €CTECTBeHHOH 00CcTaHOBRe,
IprueM Hepej; YIeHUKAMH, 8 He Hepef YUHTeJeM WIH ABTOPOM yued-
HHUKA; HeoDXOAHMOCTE €€ PEIeHAA YIYAIDACCHE JOMKHEL OCO3HATE CAMH;

2) pemenne npoGaeME AOCDKHO OLITH He CHIOMMHYTHHM (TTO Xa-
pPaKTepHO He A npobieM, a AaA OpoljeMHEIX CHTYAIIHI), & OTCPO-
YeHHEIM II0 BDeMEBH; mpobieMa JOMKHA «OTeHATECAS.

Ecap pnl paGoranu B 7—9 Kjaaccax IO HAIMHM yueGHHKAM aarel-
pH («Muemosunas, 1997—2007), To NpHBLIKIM K TAKON TPAKTOBKE
rpobaeMHOro obydeHusd.

B § 13 puipogaTCA HIBECTHHIC CBOMCTRA CHHYCA U KOCHHYCA, & 8a-
TeM TAHIeHCH H KoTaHTeHca. O0parnTe BHEMAHUE HA JBA O0CTOATANE-
CTBA.
Ileproe. FoBopa o ToM, wro gin (—t) = —sin ¢, cos (%) = cos #, ME
usleraem B 9TOM maparpade TePMUMHOB <JeTHasn GYHKOAAs, <HEUET-
HAf QYHKHES». Jlejio B TOM, UTO MEI @IIl¢ He PACCMATDHBASM TPHIC-
HOMeTPHYeCKHe PyHxyul, 8 paboTaeM TOJLKO C TPHTOHOMETPUYCCKH-
MH gbipaxerusni (06 AKKYPATHOM OTHOLNGHHH K TEPMHHAM <«(pyHK-
IHA», ¢BHpPAaXeHMEe» MH IOBOPDHAM BhIme, B TeMe 2). Kar Toasko
B § 16 nausieM H3y4aATH TPUTIOHOMETPHYECKEE (DYEKIUN, YIIOMASHYTHIS
cBoiicTea o6peryT ceoii npueruHEl crarye. To e oTHOCHTCA K Tep-
MUHY <DCPROINIHOCTDS .

Bropoe, PopMyAsl NPABeAEHNS, BEIBOAMMEIC (U3 reOMeTPHYCCKHX
coobpakennit) B § 13, HocaT BenoMoraTenbHLIN XaparTep, CopMyaH
gin(t + ®) =—sin{ K cos (t + 1) = —cos { HY)KHE B 9TOM Haparpade 1z
NOTYUeHUA BAYRALIX CBOMCTE TAHPeHCA W KoTaRreHca: tg(t + R)=tg #,
ctg (t + n) = ctg . OGmmit pasrosop ¢ GopMynax DpUBEAEHHA OTIO-
MEH RO TRABH 5, I'ie ORH OVAYT HMONYUYeHH KaK CHGACTEHSA H3 Teope-
MEI cnoskenna. Ho ¥ B yueSHEKe, H B 3aaadaiKke yake B Ivase 3 MEO-
ree hopMyaAH OPHUPEASHEA GYAVT HONYUCHLEL HCXOAA H3 IeOMETPHIEC-
KHX coobpaskeHUH; MOMETE PACCMATPABATD PTO KAK €OI¢ OXHY <IH-
HAKTHYSCKYIO HIDY».

Toropa B mepBE pas O TPHTOHOMETDHYSCKHX PYyHRUuAX (§ 14),
MBI HCTIONL3YyeM o60osHAeHHA & = 8in £, 4 = ¢os £, a He TPAAANHOHHBIC
ofoapavdeHnd ¥ = sin x, y = co8 x. leno B ToM, 4To (DIOBTOPHM enie
pas) ¥ U y K STOMY MOMEHTY MIPAIOT EPYTHE poju: ¥ — 310 afcnmeca
TOYKH MHCJAOBON OKPYXKEOCTH, T, €. 08 ¢, & [} — 9TO ODAHMHATA TOUKH
YHCAOBOHA OKPYXHOCTH, T. €. 8ih {. YToOH He CO3TABATEL YSalIUMCH
JononunTenbHEE (A ABHO HEONpPaBAaHHBIC) TPYAHOCTH, ME H BHIOpa-
JTH TAKOH HeTPAZWIIMOHHEINA AJAA COBPEMEHHOH IIKONB IOAXOM.
K ofurynpM 060o3HAYEHHAM, KAK YiKe GLLIO CKasaHo paHee, MBI BEp-
AeMed mosgHee, Korga Oyaem pacmoJaraTh AOCTATOYHEIMA TEOPETH-
YeCKAMH 3HAHUAMM, YTOOR KaXAHIH pas He o0pamaTbcA K YHCAOROH
oxpyxHocTH (oT0 Gyner B § 16).

OcnoBHag nens § 15, xoropmii HaseiBaeTca «TpHUroHOMeTpHYE-
cKHe PYHKIUH YIAOBOTO APIYMEETA, COCTOAT B TOM, YT00E coSpaTs
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BOSIHHO CTAPHE H HOBHEC NMPEACTABACHUA YIAMMBXCA 00 OCHOBHEIX
DOHATHAX TPRIOBOMETPHHN. B Kypce reoMeTpHY (fja ¥ B Kypce dusnm-
KK} OHM rOBOPMJIM O CHHYCe, KOCHHYCE, TAHITCHCe y2i8, 4 He YUCAG.
Heobxognmo ybeinTh HX B TOM, WTO T¢ MOAEIH, KOTOPHE HCHOAbL30-
B&JIHCH B Rypee reoMeTpHH (CHHYC, KOCMHYC, TAHTEeHC, KOTAHTEHC KAK
OTHOILIEHYA CTOPOH NPAMOYTOJHHOTO TPEYrONbHUKA), JIerKo | eCTecT-
BEHHO BIMCHBAKTCA B HOBHe Mojenu 6Hosee obimmero xapaxrepa.
Kopowue ropops, YUeRHKHM AOXHB HOHAThH, 9T0 €CTH TONALKO ONHO
onpe/jeJicANe TPHTOHOMETpHYEeCKNX (YHKUMiA: TO, KOTOpPOE CBA3ARO
€ SHCHOBOI OKPYRHOCTE, OnpeneieHHe, CBABAHHCE ¢ IPAMOYTONLHEIM
THeYIOABHEKOM, — YACTHBIN cayqail obmero onpeaenenna. Hpeamoa-
TeHwe, HA HAIN B3rifj, CACAYEeT OTHATH CHOBOCOYETAHHIO «TDHTOHO-
Merpauecxad GYHKOHEA YUCKiar H DeXe YHOTDeOIAT:E KOMIPOMACCHOE
CJIOBOCOMETAHHE «TPATOHOMeTpAMecKas GyHKOuA yrinas. Hanpumep,
OPAKTHYECKH HUTAE B YueOHHKe MBI He HCIOAL3YeM ADXAHYHOP «CH-
HYC RBOMHOTO YI'ias, — MBI FOBODHM <CHHYC ABOHHOI'O apryMeHTar.

B § 16—20 peur naeT o rpaduxax B CBONCTBAX TPUrOHOMETPH-
qecKHX DYHRIHN, 0 npeofpazoBanuH Hx rpaduros. B cacreme ymo-
paXKHOHNH, NMeOMeiics B COOTBETCTBYIOIIEX nmaparpatdax safaduHB-
Ka, ofpaTHTe BHUMAHHE HE DeANH3ANMI0 HAeH HHEBAPHAHTHONO LIS,
KOTODAA 3aMeYaeTCsa B TOM, 2TO BO BCeX naparpadax pammx yaeGupn-
KoB anfa 7—11 KaaccoB, MOCBAMIEHHLIX H3YJYEHMIO ToH wiy uaok dynk-
OHH, OPEACTABACHE! VOPAXKHECHANA IHeCTH BAAOB:

1) rpadmyecxoe pemenue ypasHeHHH B HEPABCHCTSB]

2) oTeicKAHHE HARMEHBIIETO H HANGOILHIEro 3EaAYeHHd QYHKEHA
HA 38TAHHOM NPOMEXYTKE;

3) opeobpasopanra rpadHKOB;

4) byEELIMOHANIEEAS CHMEBOJIHKA;

5) nycounnte pyaRIAR;

6) urenne rpadmka.

Peanusalis YKA3aHHOIY MHBADHAHTHOrO AAPA OCYIIECTRIACTCA B
sAfaYHHNKE HA TPEX YPOBHAX CIAOMHOCTH. IIpH aT0M HE TPETHEM YDOB-
He BH HalifleTe AOCTATOYHO CJIMKHEIE H HeTPAAHIIHOHHEIE IS ITKOJB
sagaEma. Tax, 38 N 16.35 B) Tpebyerca HaliThm BanmMeHbIIee H HAH-

Gonninee 3aavenns byErnun y = —cos (x + -g-) + 1,5 Ha npomesxyTre
[231; 238). T'padmrecKkd NPeRA0HERO PEIIAT YPABREHAS Sin X = % - %

(& 16.56 a), cosx + |- - 0 (% 16.56 6), 26inx - 1 =

( -2) -g-(m 17.15 a), cos 5 = JfL5x (3¢ 18.18 6).

B Ne 17.22 a) npeanaraerca NocTpouTh rpadpux dynrmun y = cos ¥ +
-I-caoe:x—-—zjil + |cos x|, 7. e. darTHUECKH peub HAET O NOCTPOCHHH
20



rpadpMEa KycouHol GYHKIMH, KOTOPYI0O MOMXKHO 38JaTh CACAYIOIHM
ofSpasomM:

2eosx+ L,ecnux 20ncosx 20,
_ l,eecnux 20 rcosx <0,
" |8cosx, ecrm x < 0 m cos x > 0,
cosx,ecmm x < Omcosx < 0,

Tnasy 3 saBepmaer § 21, noceamesaeIi oGpaTHEIM TPHIOHOMET-
PHYECKHEM PYHKIHUAM.

Ecae Bu 3HAKOME ¢ HamaM yuefEAKOM ana ofmeofpazoBaTens-
doff mross (A, I'. Moparosny, AnreGpa u Hauaas agaxmusa, 10—11.
Muesmosuna, 2000—2007), To yfeauancs B TOM, UTO H3NOKEHHE MA-
Tepuana B § 11—20 B yueGuuKe Ansa opodUALHON HIKOJBI, 0 KOTOPOM
ugeT pedb B AAHHOM IOCOOMM, BO MHOTOM COBNSAAET ¢ HIIOHKCHHEM
TOTO e MATEPHUANA B epBoil riase yyebanra aas obmeodpasosaTenn-
Holl IKOAK (¢ eCTECTEEHHBIMYA H3MEHEHHAMH: HEeKOTOPHIe NPOCTEIE
BeHIM YAANeHH, HeKoToprie Gonee clOKHBIE M HHTEePEecHHE BedH
aoGasiaenel). TIoNMHEOCTHI0O HOBMM SEBAfeTCA AUML TeMa «O0paTHbIe
TPUrOHOMETpRYecKHe DYHKIUM». B yuebnanre xna obimmeobpazo-
BATEABHON IIKOAK pews mAa Jumbs 00 o6paTHEIX TPHTOHOMETPH-
YeCKHX BbPANECHUAX, KOTOPLIe HCNOB3YIOTCA IPH PeIUeHHH TPUTOHO-
MeTpHUeCKAX YpaBHeHul. 3aeck ke oOpATHRIE TDHrOHOMETPUUCCKHE
PYHKYUL TIPEACTABNCHH B NMOJHOM ofbeMe, BILVIOTH AO PEAJIASANHAH
HA 3TOM MaTepEaJe B 3afaYHWKe HJAeH HHBADHAHTHOTO AAPA.

TEMA 4
TpuzoHoOMeMpUYeCcKue YpaBHeHus

M3 OCHOBHEIX COAEPEATENBHO-METOARYECKHX NAARH IIKONBHOTO
Rypca anareCpel H HAYAT AHRJIHSZA B KaUecTBe IPHOPHUTETHOH B HamTeM
Kypce BHOpaHA (PYHEKIHOHANBHO-rpaduUeckas JUHHI. IT0 HAXOXAUT
€BOE OTPAKEHAE HPeKAe BCEro B TOM, 4Te KaKkoil 6u1 miace dynxmuit,
ypasHeHuil, BRIpaxkeRnil HU usyuanca (TPHroHOMeTpHUYeCKHe, 00par-
HEle TPHIOHOMeTPUUeCKHe, cTeleHHbie, NOKA3ATeAbHEIE, JoTapudMu-
9eCKHEe), IIOCTPOEHHE MATEPHANA MPAKTAYECKH BCEMa OCYINECTRISETCH
o MecTKoM cxeMe: PYHKUMHM — YPABHeHUMd — Tmpeodpasonanns. Tpu-
TOHOMETDHA Heé ABJSETCHE ACKIIOMEHACM, H 3JeCh MH SBHO, HO COSHA-
TeJLHO HAPYHOIAeM NPHERIYHEIE CTEPEOTHIH: B TeUeHHe MHOTHMX JIeT B
HAIIKMX HIKOJAX TPHIOHOMETPHUYeCKHe YPaRHeHHA N3YYAKITCA TOJMBKO
moCJIe TOr0, KAK A3YYEeHRI BCe OCHOBHBIE JOPMYJhl TPHIOHOMETDHH.

Mexay npounM, HMeHHO N0 OTHOIICHHIO K TPHTOHOMETPHH VKa-
3AHHAA BbIlle CXeMA BHIGHIBACT V yuMTeaelf, He 3HAKOMEIX ¢ Haimeh
KoHDennumeii, Bospaxenusg, KaK, cnpammupaoT OHE, MOMXKHO H3YIATE
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TPHTOHOMETPHYEeCKEe YDABHeHH A, eC/IH yIalineca He aHaioT GopuMyin
TPHroHOMeTpuK? Cepresrmii Bonpoc TpelyeT cephe3HOre OTEBETA.
Ilovemy B HameM Kypce QYHKIHH OpeAIIecTBYIOT npeolipasosa-
EEAM? OTBeTHM Ha 3TOT BOIIPOC € IOSHIMH 3IJPEBOTQ CMBICAA: €CTe-
CTBEHHEE M pasyMHee CHAYAJIA H3YYATh <UHCThies» MOAeNHA (TAKOBRI-
MH B MATEMATHEKE ABJIAKTCHA, B YACTHOCTH, OCHOBHEI® IEMeHTaADHBIE
yHRIUA), A 3aTeM yKe VIATheH pAloTATE ¢ +HABOPOYCHHBIMMS MO~
Jenami (TAKOBEIME B MATEMATHKE ABAAIOTCA, B YACTHOCTH, CJIOXKHBIE
BHIPAXKEHHUSA, KOTOPhle HAAO YIPONIATE, OIPHAMeHAa (POPMYyNLHLIH
ammapaT). B TPHrOEOMeTPHYECKHX YDABHEHHAX JeI0 OGCTOHT TAK Ke:
CHAYIANA CHEAYET pasolparsca ¢ «THCTHMES MOACAMH, T, €. DpocTeli-
MINMHE TPHIOHOMOTPHYCCKEME YPABHEHHAMY H YDABHGHHAMY, KOTO-
Phle CBORATCA K OpocTedIIMM ¢ DOMOINEIO AnrefpaduecKHuX IPHEMOB,
Ge3 GopMyN TPHIOHOMETPHM (HCNONB3YETCA JMINL dopMyaa sin’t +
+ cos?t = 1, KoTOpPAA ABTOMATHUYECKH CJeAYeT U3 YPABHEHHS YHCNO-
8O OEPYMHOCTE x* + y¥ = 1 m onpeaeacHHN CHHYca H KOCHHYCA),
H TOJLEO TOTOM NEPEXOIUTHL K 4+HABOPOUCHHEIN MOISNAM, T, €, K YPap-
HEeHNIN, KOTOpHIe CHAYAJA HYEHO AOJITO H YIOPHO «DACKDYUHBATDS,
HeNONb3YA PYTMHHREN anmapar dopmyn. TpagnuMoOHEHEAA METOZMIE-
ckea ommbKxa (KOTODYIO yie DepecTall 3aMeYaTh HMEHHO B CHIY €€
TPAAHIHOHHOCTH) B NPEeNOAABAHAH TPHFOHOMETPHH B IDKOJE 3AKJIO-
TAeTCHA B (JIOZYIOIIEM: YUAIHMCA He AKIT BOZMOXEOCTH IPOYYBCTBO-
BATE creyuduxy cobCmeeHRO MPUzOHOMEMPUYECKUX YpasHeruis —

npocrelimmx ypaBHeHWHl THHA sint = %, tg (2x-—%) = J3; smecro

2TOTC OHH BHHYAAEHH C CAMOTO HAYANA HNCKATH HY)XKHBEe QODMYIEH
OAf YOPOIMIEHHAA I9AAHHOTO CHOKHOI'O YPAPHEHHA,

B ueM cocTOMT cOenUHKA OPOCTEHMNE TPAINOHOMETPHICCKHEX
ypaspeHuifi? Bo-nepBLIX, B TOM, UYTO NPAKTHUYECCKH HHKOrZA A0 FTOr0
yIalpecs He CTANKHBANNCE ¢ CHTyanuell, 4To6H B YpABHeHHHE GruIO
He KOHeYHOe, & (ecKoOHeMHOe MHO:XKecTBO KOpHeil; HYXHO AATH HM
BpemA, YTO0OH 9T0 OOHATH, OCOSHATH H NPAHATE.

Bo-RTOPHIX, HEKOI'AA KO CHX DOD CTPYKTYDA SAMHCH KopHelH ypae-
HEHAS He BEIMISAENA CTOJB CAQMHO B TPOMOanko. CaMoe TpyaHOE, ITO
6pino go cux nop, — dopmyna xopHel KBaagpaTHOTO ypapaenns. Te-
nmeph e OHH CTAJKHBAIOTCA ¢ Sanuchkio X = (—1)° arcsin m + nn, rae
KA KOMIIOHEHT (M NPecjCBYTHE ¢APKH», H HAJMHYHE IapaMeT-
Pa, ¥ CTPAHHHIE «XBOCT» TR, H <BHKpPyTacH» Tuna (—1)") Tpebyer
CHEIMAJEHONO OCMEICICHHMA H OTPalOTKH, AJAH Yerce HY)KHA COOTEET-
CTBYIOINAA CACTeMa ynpayxHeEHi#. B mammx mocolHAX 2Ta CHCTEMA
COCTOHT M3 38AAHAN CHEAVIOMIEro BHAA:

1) BHuUMCIeHERe 3HAYCHHHA OJPATHEIX TPHIOHOMETPHUISCKHX (YHE-
nuit (ar0 JenaeTca sapaHee, B COOTBETCTRYIONeM naparpade, mocpa-
IDeHHOM OODATHHIM TPHIOHOMETPHUECKHMM (YHRIMAM);



2) pewieHue npocTeiilnnx ypasHenui (sin t = g, cos i = @) ¢ moMo-
OIEI YHCHOBOK OKPYRHOCTH;

8) pemenme npocreiinx ypapEeHnil N0 rOTOBHIM HOpMYNaM;

4) pemrenne ypapHeHuii Buga sin (kx + m) = a, cos (kx + m) = a,
tg(kx + m)=a;

§) orbop KopHeil B npocTelilHUX YpaBHeHMAX]

6) pemenne ypapHeHX#, CBOJAIIUXCA ¥ PAlHOHAALHEIM NOCHE
BHI0OPa B KAYECTBE HOBOH mepemeHHON Kaxofi-mH6o TpRroRoOMeTpH-
yeckolf PyHROHE (B YACTHOCTH, K 9T0H rpynne sajaHmii ormocATCA
OAHOPOAHEIE TPHTOHOMETPUYECKHNEe YPABHEHHA H YPABHeHNA, CBORA-
mHecs K OAHOPOAHBIM ¢ DOMOIIEI0 OCHOBHOTO TPHTOHCMETPHYECKOTO
TORISCTRA).

Kak BMARO N3 IpHBEeASHHOrO Nepeuns, H Ges obmana dopMya Tpa-
IOHOMETDHE B TeMé «TpPHEroEoMeTpHUeCKEe YPABHEHHAS €CTE YEM 3a-
HATECA. DTO OTBET HA YACTO BCTpevaloiuiica Bonpoc yuaTeneif, Koro-
PRI MLl OPEBEAW BRIIE! KAK MOMHO HIy4ATL TDHNOHOMETPHYSCKHE
VPaBHEHHS, eClH YJYaIlllnecsa He SHAWT t¢opMya TpuroHoMerpuu? Bo-
Xee TOro, B JaJAbHeNIIeM, 10 Mepe NOABJISHHA GOPMYA TPHMOHOMET-
PUH, KORAAS H3 HHX TYT JKe HCHOJL3YEeTCH He TOALKO AJjA (eccMbic-
JEeHHHX YOPOIIeHHH TPHroHOMEeTPHYECKHX BHDAKOHAN HAA cTOND Xe
GeceMBICIeHROTO, HYMCHOTO TOABKO ¢ ofyqawineil, Ho OTHIORL He ¢
PASBHBAIOINEH LEIbI0, HOKASATENLCTBA TPHFOHOMETPHYECKHX TOMK-
ASCTB, HO W AJA DemeBHA ypapHeHE#, Ecmm dopmyna memoabayeTes
AAA pellleHds YpaABHEeHHA, — OHA cpedcmeo BHIIOAHSHUA 3ANAHHA,
ecaH e opMyaa HCHOAB3YETCA AJIA AOKASATENBCTBA TOKIECTBA, —
OHA {eAb BHIDONHCHHA aamanmdA., Kak xopolno H3BECTHO H3 NCHXOMA0-
IAH, 10-HACTOAINEMY VCBAHBAETCH HE TO, ITO ABAACTCA IEJXbIo YCBOe-
HH4, 4 TO, UTO ABNACTCA CPERCTBOM R/AA DPEINCHHA Apyrax aanad. Tak
9T0 B ynomAaAyTo# BeOme cxeMe «byHKURAa — ypaBHeERA — Qopmy-
JH# ecTh IPEHMYINECTEA H METOTHYECKOre, H METOAOJIOTHIECKOrD, H
IICHXOJIOrO-I€/IaTOTHYeCKOTO [WIAHA.

B § 22 supogarca dopMynbl AN pelieHHA OPOCTedIMX ypapHe-
s, O6paTATEe BHAMAHHE HA TO, ITO, ODCYZKAAA PeIICHAE YPABHEHHS
sin § = @, ME He cpa3y BHxoAHM Ha obmyo dopmyny. CEauANA peme-
HHS YPABHCHHSA 3aNHMCHBAIOTCA B BHIe NBYX cepuii: $ = arcsin a + 2xn,
t =x — arcsin e + 2nan. U nums nocie pafs OPpHEMepOB ODOKASLIBACM,
KaK 9TH Jpe QOPMYJH «CKIeHBaloTcA» B oxHy: t = (—1)" arcsin @ + rn.
OOpaTETe TaKIKe BHEMAHHE HA TO, 9TO KO TeX IOD, NOKA MBI B CBOHX
paccyRACHHAX ONMpPAEMCA HA YHCAOBYK0 OKDYIKHOCTh, MK 0003HAYA-
&M lHepeMeHnyl0o, KAk YiKe OTMedanoch Beiine, Gyreol . Kak Tonero
BRIXOFMM Ha (hOpMANBLHLI YDOEEHB, T. €. HA YPOBeHL HCOOJL30OBAHHA
TOTOBHX (OpMYyA ANA pelllecHHA NPocTelIuMX TPHIOHOMETPHYCCKHX
VPABHOHWIf, MEI BOSBpAINAEMCA K TOMY, K €My ODPHEHKAA ydanlde-
¢A, — K GPeANOYTHTEALHOMY 0003HAYCHHIO HepeMeEHOH B yDABHCHAHN

6yreolt x.
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Jinf pemenna npocTeiiminX ypapHeHH TEOA 8in ¢ = ¢ B yuebBHRKe
darTHYECKE HCOONBIYETCHA TPeXIMAaroBHR AITMOPDHTM: COCTABETH 00-
myo $opMyny; BEIYHCAHTE COOTEETCTBYIOHIEE sHaueHMe ofparHoi
TPHTOHOMETPAYecKOd GyHRIAN; NOACTABUTE HAHJASHHOEe 3HAYCHAE B
o0y dopmyay. Ecim courere neaecoolpasHrmM, MoMeTe HA HEPBHIX
HOpax OpemJOHTE 9TOT AATOPHTM VIALIHMCA.

BeckMa TPYSHLIM B METOAHTECKOM ILIaHe ABAACTCA BONPOC 06 oT-
Gope kopHeil B TDHMOHOMETPHIECKHX YPABHERHAX. YUAIAeca He JOJK-
BH ($HopMANEHG 38YIHBATE (HOPMYJL] PeIIeHHA YDABHEHUN, OHH JOME-
HH HX ¢EPOYYECTEOBATL#, HOHH#TEH, U9TO KOpHeH GeCKOHETIHO MEOTO,
YTO BCe OHH BABHCAT OT OEeMOYMCIIeHEOrC IADAMETpA. A JAa TOTO
orfop KopHeH, TPUYeM MMEHHO B APOCTeAINX YPaBHeHEAX, He ofipe-
MeHEHHBX TeXHHYCCKEMY ¢DOPMYALHEIMH CICKHOCTAMHE, Hanboxee
Gnarozarani MaTepuai. B § 22 n 23 yueGunka pasobparnl TpH npH-
Mepa Ha oT60p KOpHel, mpuYeM DoKaZaHE 00a MIBECTHHIX NPHEMA:
nepefop no napaMerpy (nmpuMepst 11 u 12 B § 22) u pemenne coor-
BETCTBYWOILETO AROMEONO HepaseHcTBA (npumep 10 B § 23). H, paay-
MeeTcH, TAKAe NIPAMEPH B HOCTATOYHOM KOJIMYECTBE OPEeACTABJICHH B
S8 JaYHHKe.

B § 23 peus mAeT B OCHOBEOM O ABYX METOJAX PEIHCHHA TPHUICHO-
MeTpHUYeCKHX YPABHeHHH — 0 MeToe BReleHUN ROBON nepeMennoif n
0 MEeTOZe PA3I0MKeERA ER MHOMKITEMH. B COOTBETCTRYIOIEM Naparpa-
de sagavHAKA MBI BBRIXOAHM 34 9TH Y3KHE DAMKH, TAM BhI HANpeTe
AOCTATOYHO CJIOMKHBIE TPMTOHOMETPHYEeCKHEe YPaBRHeHHA, XOTHA M He
ofpeMeBEeHHEIE «JOBECKOM» B BHJIe TPHIOHOMETpHYeCKRAX thopMys. ¥ka-
JKeM B KauyecTBe MPHMePoB TaKHe ypasHeHus: 2lx — 6lcosx =x — 6
(M 22.32 6), (x® + 8x + 11) [cos 2x| = 4 cos 2x (Ne 22.40 6),

sin(3x—%) J8x — 22 = 7 =0 (N 22.41 a), |cos x| = 2008 x ~ 3 sinx

2 — .
(& 23.28 ), 28222 - feindr

nger of OTceRe MOCTOPOHHEX KopHell u 00 ofbegrmHenwd pemenuif),
x2— 2xcosnx + 1 =0 (N 28.82 a), cos® x + sin*x = 1 (Nt 23.33 a),
2 8in (-gx -1';—) -3cos [2.: +§) =5 (e 23.35 a); aaeckr opuxonETea cpaB-
HUBATH HAWMEHBIICE SHAYCHHUE OZAHOA YaCTH YDABHeHAA ¢ HanGompuramM

3HAUEHHEM ApYTOif), cos X + fsin’x — 4sinxcosx + 4cos?x = 0
(M 23.37 6). Pertenna Bcex 3THX ypaBHeHuil NpHRBeleHH! BO BTOPOif
9ACTH HACTOAIIEre IMOCOOHA.

K reme «TpHroHoMeTpHUecKHe YPAREHEHHA» MK BOIBPANIAEMCH
nosiuee B § 31, KoTophM sapepmaeTes raaea 5, mocesmeHHan dop-
MyaaM TpEroHOMeTpuH. TaM paccMaTpHBalOTCH MeTOJ BEEeACHHESHA BCIIO-
MOTATeNBHOrO APTYMEHTA, YHHBEDCAJBHAA NOACTARHOBKA H Ipyrue
MeTOAKL PeIIEHAA TPHIMOHOMETPHYECKHUX YPABHeHHI.
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3apepias pasroBop O raaeBe 4, OTBeTHM ellle HA OAMH BOIpOC,
KOTOpRIH OGBIYHO GecoKoHT yauTeneil, 0co0eHHO B HaYaNe HAVUYCHHI
reMul +«TpHroHOMeTPHYECKHE YDABHEHH A ! O0A3ATENBLHO JIW IPHA 3a0H-
CH pPasHBIX cepHil pemennfi ypasHoHHA HCIOAL3OBATH B KAYeCTBe
napamerpa pasunie Gyxsn? BosbMeM Aia mpuMepa YPABHEHHE C0S X —
- gin®x — cos x = 0, Pemasa ero B § 23 (upumep 2), MH NOIYUH-

an:cosx=1mmcosx = -—l. OTBeT 3anacann caexyIomumM ofpasom:

x = 2nk; x=:t% + 2nk. Ho ecan OB MH MCTIOJLIOBARH IAMHCH C ABYMHA

gapamerpamu: x = 2nk; x =i§3’t— + 2nn, — 10 TOMNE OBLNIO OB pa-

BHALHO. 3AecEk peddb HWAET O COGOKYNHOCMU YpasHeHuil, T. e. 0 He3a-
BACHMEIX ZPYT OT APYTA YpPaBHEeAHAX. Pa3 oTH YDABHEHRA HESABRCH-
MH, UX peIleHre MOXKHO IIOPYYHTb PA3HbiM JTIOAAM, KOTOphIE Ke 05a-
SaHEI COTMIACOBHIBATE CBOH 3allMCH: OHH MOTYT B KauecTBe MapaMeTpa
cAyqnaiiHO HCNONB3OBATE KAK OXHY | TY e 6yksy (Ranpmamep, k), TAK
H pasHele (Hanpusep, & M n). A BOT B CHCTEMAX TPHTOHOMETpHYE-
CKMX VPABHERWH meno o0CTOAT HHAYE: B CHCTEME YPABHCHHAA CBASAHBI,
SABMCHMBbI, YPABHOHHUA CHCTEMhI PenIaeT odUH i MOom e YeJOBeK,
ROTOpWH 005381 B PASHRIX YPABHEHHAX MCIONB3OBATh pasubie Oyk-
BHl. B cucTeMaxX YpaBHEHHH ST0 NPHANWIHANLHO, B COBOKYIHOCTSX
VPaBHERHUl — He OPHHIMIOIHANBLHO,.

TEMA 5
Mpeobpasosatue MpuUoHOMeMPUHeCKUX BbipMKeHUH

Ilataa raaBa yuyeGHHKA MOCBAMEHA BMBOAY OCHOBHEIX (opMysa
TPACOHOMETPHH M DOKA3Y MHOTOUNCJAGHHBIX NPAMEPCE HX HCOOJIb30-
RAaHHA JAA VOPOIRCHHA TPHINOHOMETPHYECKHX BHIpaXKeHWi, ANA A0~
Ka3aTeJbCTBA TPHTOHOMETPHYECKHX H O0pPATHBIX TPHrOHOMETpHIE-
CKHMX TOKJECTB, AAA BhIYMCACHUA 3HAYEHWH TPUFOHOMETPHYECKMX H
O6pPATHHX TPATOHOMETPHYECKHX BBIPAKEHMIA, AN pelleHHs TPHIO-
HOMETpRYECKHAX ypaBHeHEMi M 1. 4. OGpATATEe BHEAMaHHE HA TO, 9TO
TPHTOHOMeTDHYECKNe YPABHEHHMA PeHIAIOTCA IOCTOAHRHO BO BCeX Ha-
parpadax raask 5. Ha oporasmessn Bcero nepuojs Haydenms ol
LAABEI OTDAGATHIBEACTCH MEXHUKGE PRIHeHHA TPHUIOHOMETPHIECKHX
YpapHeHMH, B TO BpeMA KaK BCA UdeoRozuA penieHNs TPHIOHOMETPH-
YeCKHWX YpABHEGHHH M3yueHa paHee, B riase 4.

OfpaTuTe FBHUMAHEE HA TO, YTO JOKA3ATEALCTBO TeOpPeMEI CJIOXd(e-
HAA He OTKPEIBaeT, a sapepmaer § 24 — nayansH# naparpad raa-
Bhl 5. MBI XOTHM, 4TO0OB YUYEeHHMK IPHBHX CAMOCTOSTENHHO YHTATH
y4ueOHAK, HO 1A 3TOrO HajO cO34aTh eMy KoMbopTHRe yeaoeud., Eemn
B Hagakge Oaparpada OH BCTPETHT TEXHHYECKH COMKHOE NOKA3ATENb-
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CTBO, B&JIAKA BEPOATHOCTb TOTO, 9TO OH CPABY 7K€ SAKPOST KHArY H HE
YBHNT LIIABHOTO — 00pasmoB NpUMeHeHHA HOBRIX dopmya. IlosroMy
B CJICIKHBIX CAYYAAX ME NPSANOYUTASM CHAYANA NOKASATh VIAHIEMY-
cH, kaK paboraror dhopmynel. IlyeTh o4 K BuM npassikHeT. <«IIpoays-
CTEOBAB» GOPMYNLI, OH COOKOHHES BOCHDHUMET CNOKHEE DACCYIHAC-
HHS, CBSSAHHHE ¢ AX AOKABATENLCTBOM. Ta JKe HeXATpad Negarorn-
YecKad VJOBKA HcOoJNb3yeTca H B § 25,

BricRameM cBoe OTHOLIEHHE K BOLIPOCY O SATIOMHHAHKH MHOTMOYRC-
neHAHX ¢opMyn TpEroEcMerprn. Ilo GoabloMy cYeTry He caenyer
JACTABAATh MKOJALHHKOB 3ayuMBATH TH (opMyant. Ilyers rabunna
dopMy B BHAe KYABTYPHC OPraEU3OBAHHOH HHMOPMAHMI BHCHT B
kabHHeTe MATEMATAKHE, 8 LOKOJALHUKH ¢ ROMOIbI0 HATVIAAHOTO MATE-
puana OycTh YYATCA HAXOAHTE HYRHYI HHGODMaNN> M NPHUMEHATh
e B KOHKpeTHHX nprmepax. Hambosee Basxkaule hopMynn ywamuecsa
OOCTENeHHO 3ANMOMHAT G6e3 BCAKOTO NDUHYMIACHHS,

Kak unpaenio, yIHTeNA MATEMATHKH He CKJACHHE NONTSPKHBATH
HAIl OpefHgymuii maccak. A Kalk jKe, CHPAITHBAIT OHH, YIeHHKH
6yayT DECATL KOHTDOJbHHE DAGOTH HAH CAABATH DK3aMeHBI, rAe
OOJB3OBATBHCA INIIADraNKaMH He paspemaerca? 9T0 Ha caMoM jAene
CcepreaHhIil Bompoc, HO OTBeT HA Hero oueBugeH, Eciu Bama ocHOBHAA
oenb — o0ydeHne KaK DOATOTOBKA K 9Ks3aMeHy, TO Bl OyaeTe sacTas-
JATH IIKOJBHUKOE 3aHHMATRCH DeccMbicieHuol syOpesroti, Ecan xe
BAIla OCHOBHAA LejNb — obydueHWe ¥ pasBHTHE, TO K& NeDBHIH HiaH
BHfiger yMenHe HaxoaurTs uEGOpMENDNIO H NpEMEeHATE ¢¢. Ho Korma
OPHET BpeMA HeIOCPeACTReHROHN MOATOTOBKM K PK3AMEHY, CKAXKHTE
CEOHM NHTOMIAM NPHMepHO cleayiomee: «Ha sksameHax ¢Bom nOpa-
BHAA, CBOH 38K0HEl. ITonopHREY GOPMYJ TPHTOHOMETPHH BHI BRIYUHIH
B IIpOOECCe AX HENOCPEeACTBEHHOI'O HCNOML30BAHKA HA IPAKTHKE, SHA-
eTe, KaK CTPYKTYPHPOB&HBE OCHOBHEIe JOPMYJNBI, ONEHHMAH HX BaXK-
BocTh. Ho Ha sk3aMeHe He GygeT HArMARHEIX HocoOHit M MOJPYUYHEIX
CPeZICTE, NPHASTCHA HA STOT NEPHO] AKTEREAZHPOEATD IAMATE*.

3anepmiag pasroBop O GopMYJax TPUTOHOMETPHM, O0CYAHM ele
OfFH CYIOECTBEHHEBIA BOMPOC: KAK OOMOYL YYALNHMCSH IIPA DelIeHHHR
KOHKPETHOr0 JOCTATOUHO CHOMKHOTO ONPHMEPa OCYIIECTBATE YAAIHBIH
BHGOp To#l uHAM nHOHN dopmyanl, OZHH peUenT He BHIZLIBAET COMHe-
HH#: ecNH MOMEO HCIOJB3OBATh (GOPMYJALI DPHABEACHHA, TO ¢ HHX
H cJIegyeT HaYaTh. A KaK OHTH B OCTANBHLNX cayuaax? OKaspiBaeTed,
B TPHTOHOMETPHH, £CIH OepeTH Ha JKAProH, AeHCTBYIOT «TPH TYOEIX
3aKOHAs (B TOM CMBICJHe, UTO HX Oe3ffyMHOe «TYHOe» IpPHMeHeHHe
YACTO OKAJIEIBAETCH IIYTEBOAHOI 3Be3/ol pelleHNA NpHMepa):

Baxou Nt 1. «VBUgENR cyMMy — Jenait mpouzBedcHHEs,

3aron N 2, «VBHAEN OPOHABEAEHAEES — KEJNAH cyMMys.

Baxon Ne 3. «VBHIEeA KBaIpaT — IOHHMKAI CTeNeHb».

¥ ZHEHTENBHO, HO €C/IH Bhl He SHAETE, 38 ITO «3aHeNHTRCHY, C 4er0
HAY4TH Hpeofpa30EaHAe TPANOHOMETPRYECKON0 BHPDAYKeHUA, HaumHak-



T€ ¢ HCHONB2OBANUS OFHOTO W3 BDTHX BAKOHOB, M B GoJNBIIAHCTBE CIY-
uaes (o kpaiiEed Mepe Ha MIKOARHEOM YPOBHE)} BCE QJIOKHTCH YAAYHO.
IIpueefieM B KatecTBe HAMIOCTPALHHA nNpuMep 3 ne § 28, B KoTopoM
rpefiyercss pemnaTs ypaBEeHEe cos’ x + gin® 8x = 1. Cravana npume-
HHEM TpeTHHi 3aKOH — VBHAEB HBAJPaT, MOHMXKAN cTeneHE::
1 + cos 2x 1-coebx _ 1
2 2 s
cos 2x —coax =0,
Temepsb MOYXHO OPHMEHWTH IEPBEIM 3AKOH — YBHAEB CYMMY, Ae-
nafl mpouseegeHue;

+

=2 gin4xsin 2x = 0;

gin 4x = 0; gin 2x = 0;

xn

5

H ocTaeTcs TOILKO YUECTh, UTO NEPBAA CepHA COACPKHT B cele

i
#=gi x=

e
BTODYIO, & TIOTOMY OTBET MOJKHO SANHCATE B BHZe X = —-.

TEMA 6
KoMnnekcHblie Yucna

Hosexenrne gTolf TeMH B HaineM yueGHAKE 06YyCIIOB/IEHO HECKONL-
KAME OpEYnEaMH. Bo-mepsBriX, TemMa «KoMILIeKCHEIe YHCAAs Tpam#A-
IMOHHO BXOAWJIA B IPOIPDAMMEL IO MATEMATHKE I KJIACCOB CTApDIIEH
IMKOJE ¢ Yry0OeHHRIM H3ydeHEneM MaTeMATHKH. Boupoce o coBuage-
HHM OPOTpaMM B KJAACCAX ¢ YIAYOAeHHEIM H3yHUeHHeM MATEeMATHKH
(MaTeMaTHUECKHX KJAcCaXx) M B KAACCAX C HPODHABHARIM YPOBHEM
IpeNoAABAHNA MATEMATHKH K HACTOANIEMY BPEMEHH, K COMKAJNECHHIO,
He peIieH OAHO3HAYHO. Ham mporHoz cocTOMT B TOM, YTO Opodmis-
Hui YPOBEH: — 9TO B CPefEEM HECKOAbKO HHME, HeXeJAd ypoBeHb
MATEeMATHYECKHX KAacCOB, B peannnocts B 10 kaacce ¢ npodHAb-
HEHIM YPOBHEM MATEMATHYECKO# OOATOTOBKE GyJeT MHOrO YYeHHKOB,
KOTOPHIE B OCHOBHOI OIKOJEe OPOCTO VUMJAHNCH IO MATeMAaTHKe HA «XO-
POIIO* H «OTIHYHO* H ecaH O He mpodmaAHsanmusA, TO HA B KakHe
MATEMATHIECKHE KJIACCHI He momutm Gbi.

Bo-BTODHIX, 9Ta TeMA BRJIMMEeHA B I'OCYAAPCTBEHHBIH CTAHAADT
cpemrero (moxaoro) ofmero obpasosaHAR Mo MATeMATHKe (mpodmIn-
HuH ypoBeHs). A ACHOCTH NPHEeOeM BHACDHKY B3 CTAHAAPTA (Pas-
Jen «Yucaosuie 1 GyKBeHHEIe BRIDaXKeHHA): «KoMnieKkcHEe uHcna.
TeoMeTprueckada ARTEPIPETATAA KOMILIEKCHLIX yHCcen. HelfcrarTens-
HAS H NHAMAS YACTH, NOAYIb H APFYMEAT KOMILIEKCHOIO THCHA. AN-
refpamveckad H TPUTOHONeTpRISCKAA (OPMLI SANHCH KOMIIEKCHBIX
yncen. Apudmernvueckre AelicTBua HAZ KOMIUIEKCHRIMH YHCJIAMH B
pasHEIX (popMax sanmcu. KoMmaercHO conpsa:xeBHHe uwnciaa. Bosee-
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dernuie 8 Hamypaviyw cmeneny (popmyra Myaspa ). OCHOBHAR Meo-
peno oazefpuis,. (KypcHBOM B TEKCTE CTOHAADTH BhIZICJMCH MATEPHAN,
KOTODHI NOANe:KHT H3yUeHHNI0, Ho He BrAOUaeTca B Tpefopanua K
YPOBHIO IIOATOTOBKE BHIYCKHEKOB.)

B-TpeTsix, KOMIICKCHEEIC YHC/1a8 BAMHLL He TOALKO CAMH 1o cebe,
HO H KaK 00JIaCTh MATEMATHKH, B KOTOPOi B NONAYIO cAAy paboralor
AHAHHA ¥ YMcHHAH, HOAYIeHHRIS YYammmEMEcA OpH ofydenun anrelpe
H TpuroHoMeTpHau. EciH, HANpHMep, B CBASAHHOR Dnape yueOHLIX TeM
«TpurosoMeTpua» B «KoMIIeKCHEIe YHC/IA* METOAWJYECKHAH AKIEHT
ASNATE HA BTOPYIO TEMY, TO MBI TIOJNYIaEM TPHUMEDH! TOro, Kak B BAXK-
HOM pasfaene ajgreSphl IPUMEHAIOTCA TONBKO 4YTO NpoRAeHARE TPHTO-
HOMeTpHUecxkHe JYHKINH, YDaBHeHHUA M Tpeolpasopanuda. Ecam e
CTABHTE BO TUIABY YIJA TPUMOHOMETDHIO, TO KOMILIEKCHEIe YHCaA of-
pPasyIoT CBOETC POAA KOHKDPETHHHA IOJNroH AAA DOBTODeHHA H 3a-
KPENACHHEA TOIBKO YTO DOJIYICHHEY sHaBuii. HanpumMep, B TeopeMe
0 TPHEIOHOMETDAYECKO 3AACH KOMILIEKCHEX 1HCE)l CAMBIM Cepbe3HbIM
obpa3oM MCIOABR3YeTCA MOADGOHO N3VUECHHEAA B TeMe 3 YncaoBadg OK-
PYEHOCTD, TEOpEMa O NTPOU3BEACHEA H YACTHOM KOMILIEKCHBIX YHCEN
OCHOBAHA HA HOPMVIIAX KOCHHYCA H CHHYCA CYMMEL H PasHOCTH ABYX
guced. Takum ofpazoM, Tema 6 CaMEIM eCTECTBEHHBIM ofpaszoM mpo-
AOXKaeT TeMsl 3—5.

Bce ke He cTOMT HAUMHATD H3YYeHHe KOMIIJIOKCHBIX YHCEN C Te-
SHCA O TOM, ITO <...TYT Ba)KHA TpUrosoMerpmas. Ceasp ¢ TPHNOHO-
MeTpHell ecTEeCTBeHHO BOBHHKHET IOCJEe reoMeTpHYecKol HHTepiIpe-
TAOKN KOMILIEKCHBIX 4WHCeJ HAa KoopAmHaTHOM niockocth. Kyama
Oonee PyHARMEHTAJEHEIM CROMCTBOM HOJIA (MM CHACTEeMBI} KOMILISKC-
HBIX 9HCes ARIAECTCA €TI0 anzefpauvecicas 3amxrymocms, Ilepexon or
He#CTBUTEALHEIX YHCEN K KOMILICKCHEIM ABAACTCH NOCNeTHNM H 38-
BEDIIANOIN M IIaroM B0O BCeM HBYYEHHH IIOHATHHA 9YHCAA B MKOJHHEOM
Kypce MaTeMAaTHKH. B c:xaToM BHAE MOCAENOBATEABHOCTH I1€PeX0OR0B
orNx 2Z,0orZx @, or @ ¥ R n, saxonen, or R g C npeacrasnena B
raduuue Ha ¢. 228 yuebuuxa. M pekoMeHyeM HAYHMHATE RESASHME
KOMILACKCHEIX THCEJX ¢ TOre HiAH WHOro BapHauTa olcy)xpeHRA aToit
TabnHoe. BoT KpaTrRad cxeMa TAKOIO PA3TOBOPA.

a) HarypanbHEle 9ACcHa — Bel§s IMOHATHAN H XOpOIIafd, HO, Ha-
npuMep, YparHeRHe BUAA x + @ = b MoMeT He UMeTh KopHell, ecnn
MH pafioTaeM mOALKY ¢ BATYDANRHEREIMH THcaaMB. YTo0H Taxwe ypag-
HEeHHS BCErA HMEJNH KOPHH, BEOJAT HEaAbe WHCIA.

6) Heante yuena oONafaioT pALOM NPEeMMYILIECTB NepeX HATyPaidb-
HbIMH, HO, X IpHMepPY, YypaBHeRHe ax = b (rae a # 0) MoxxeT He AMeTH
HOpHelf B Uenpix YHeaaX. ITofs TAKMe YPABHEHHMA BOeT/ia MMeNlE KOPHH,
BBOOAT PANHCHANBHEIE YHCIIA.

B) B panponalbHEIX ydenax Rodsie nuHeifHEle ypapHeRHa ax +
+ b =0, a # 0 uMeoT Kopu, Ho 2T0 MoReT GHTE He TAK IS KBAXK-
DATHHIX YPABHEHHN ax® + bx + ¢ = 0, ¢ # 0. IIpAXoZNTCS PACIIEPSTH
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MHOKECTBO PAIMOHANBHBIX YHCEJ, NEPEXOAHTh K AeHCTBHTENBHBIM
YHCAAM.

r) B zefierparTensHEIX uncAax KBaJpaTHRE YpasHeHus ax® + bx +
+ ¢ = 0, a # 0 IMelOT KOPHHU, HO MOALKO €Al TACKpAMBARART D = b* —
— 4ac uweorpunarenes. Ecau D < 0, mo xopueitl ner. Hanpumep, geii-
gnmmx KOpHEH HeT y Hpocreimero KBaJpaTHOrG YpaBHEHHS

+1=0.

1) Teneps MBI DepexoUM X H3yUeHHIO MHOMKeCTBa C HOBHIX, KOM-
WIEKCHBIX 9HCE]. DTO MHOKECTBO BKAIOIAET B ¢cefa Bee AeiicTBETENb-
HBI@ YHMCAA, HO OHO IHHpe MHOmecTBa R. OxasuiBaercsi, UTO B PTHX
HOBBIX 9HCHAX X000e Keadpamuoe ypasrenue umeem kophii. Bojxee
TOr0, A moboe YpaBHeHAEe YeTBepTOH cTeleHHW, W JN0Ooe YpaBHEHHE
THCATHOR cTelleHH, ¥ BooGIye Ji0Goe ypaBHeHHe BUAR 4,2° + @, 2" ' +
+ ...+ 02 + 8, =0, g, # 0 AMeeT KOPEN B KOMIVIEKCHBIX 9HCNAX (OCHOB-
Had Teopema aareOpri). HMenHO 9TOT (PAKT M O3HAYAET aAzelpauve-
CKYI0 3AMICRYMOCMb CHCTEMEl KOMIIEKCHEIX YHCeN: ¢ aarefpanyecKkoi
TOUKY JPEHHA K KOMIIEKCHBIM YHCAAM YiE€ HeT HYMALL 9To-IHGO
AoOGaBIATE,

Kpatro rosopsa, C noaydaerca n3 R e¢aofapnenneMs TOJNBKO Of-
HOT'O HOBOT'O YMCIHA i, ZAfA KOTOPOro if = =1, u Becex MUHeHHBIX KOMOH-
panuit suga a + bl ¢ gelicreurensHEME Kosddurinenrany g u b, Io-
PAsSHTEABHO, 1TO IIPHA <A00SBNCHAN SANHCTBEHHOTO KOPHA CIHEIMAJIb-
HOT'O KBaJpaTHOro ypasHeHus x? + 1 = 0 MK nepexofuM K TUCIaM, B
KOTOPHIX | AW060e KBaJApaTHOe, H N0boe Kybuueckoe, u moloe ypas-
HeHpe A-f cTeNeHA MMET KODHH.

B § 32 peun MAeT 0 CHMKCOHEHN, BRHIUYMTAHNN, YMHOMeHUN B Aeje-
HAW KOMIUIEKCHBIX YHCEJI, JANACHHHBIX B Buje 2 = ¢ + bi. B sagaunn-
K¢ ML OTBOZUM 2aMeTHOe MecTo (M 32.5—32.9) geficTBHAM ¢ YACTO
MHUMEME YyBCcaAsMA 2 = bi. X cineayer orpaioTaTs He TOPOIACE, YTO-
OH DOTOM HE BOSHHAKJIO CACKHOCTEH B aprdmermyecKnX AelcTrBUax ¢
ynenaMi 00mero Buja 2 = 4 + bi. Xora Mul M BRIBOARAM GODMYNILL BIA

npoussenersd (@ + bi}c + di) u sacrrOrO ::3: N xaske B yueSHAKE

SaKAI0YAEM KX B PAMOYKH, HO HACTOATEJAEHO He COBETYEM TpeloBaTh
OT V9AIMHXCH BaVIMBATE STH (POPMYNHE HamaycTh. Camoe IIABHOE,
YTO0R YYEHHKH NIPOYHO YCBOW/H: B IIEPBOM CAydae HAAO PACKDAITE
cKOOKH N HCIONLIOBATE PABEHLTEO i2 = —1, & BEO BTOPOM CJy4ae HaAo
YHCARTEAh H JEAMEeHATENE AOMHOMKATL HA ¢ — di. Ilocne orpaborkn
JeJieHHA HA KOHKPeTHHIX IPHMepax CTaHOBHTCH JHAYHTEALRHO Hoxce
©CTECTECHHEIM OTACNLHOS BBENCHES HOHATHA KOMILICKCHO-COMPASKOH-
HBLIX YHCEA: BeAb OHH YK€ HAM 9HAKOME H XOPOIO NOMOTrAAH IPH
BRINOJIHEHNH ONEPALNN AeJeHHNA, XO0TA ONepalllA Nepexola K coupa-
HeHAOMY YRCIY Kpatine mpocTa ¢ anrefSpanuecKkoll TOUKH 3peHNE, MBI
yAeasceM €if DOYTH ABE CTPAHMKLI yIe0HHKA — CTONBKO Ke, CROJILKO
YMHOKOHEID B AejeRHI0. Bear 270 KadecTBEHHO HOBAA OHepanMdA,



¥ KoTopoit Her aBanora B ZelicTBHTeABHEIX uuenax. CpolicTea 1—86,
AOKA3aHHEE B § 32, NOKAZWBAOT, KAK HepPeXOon K CONPIMCHHOMY
YHEAY BRITNIAAAT AAA CYMMEI, PASHOCTH M HPOH3BeReHHA KOMILJIEKC-
REX 9Hces. HocTaTodHo 0ODBEMHBE COOTBeTCTBYIOMMUN naparpad
FAAMHAKA ME TOCTAPAMHCH OPraEd30BATE TAK, YTOOHI, BO-IHepBEIX,
ACTANBHO OTPABOTATE YMHOMKEHNEe HA MHNMYIO eJAHHNY { H BHAeNe-
Hue AelicreuTenpHol Re H MAHMolt Im yacTefi KOMILIeKCHOrO WHCHA,
H, BO-BTODHIX, IIOKABATE, KAK NPHMBHYHEIC THIOM 38834 (YpABHEHHA,
CHCTeMBl YpaBHeHHH, ODporpeccHH, 3aJ]JadH ¢ NAPDAMETPOM) BEITJIAJAT
B HOBoOil cATYammuA,

$ 33 xpaiine npocr ¢ dopManbHON TOYKKY 3peHHs1. B neM Her HoO-
BHIX OIpefilefleHHH, TeopeM M KaKuxX-1ubo AOKAISTENRLCTR. IIo cymje-
CTBY, Pe4b TYT HALT ¢ «pucoBaHAN . TouHee, 0 TOCTPOCHNHE MOJEHAH —
reoMeTpHIecKOM Hz00pakeHHH KOMIIJIEKCHHIX UMceJ B BHAE TOUEK
KoopauAaTHON mrockocTH. TeM He MeHee, ¢ METOZHIECKON TOYKE 3pe-
HEH A3N0enHb] MaTepnan kpafine asken. OH ABNAETCA CBOCTO DOAA
MOCTHKOM MEXAY BBeleHHBIMHM HOBHIMH moHATRAMU (§ 32) B BeeM
ALNBHCHIIAM MATEPHANOM, KOTOPHIHE (asmpyeTcs AMCHHO HA I'eOMET-
pHuUecKOHA MOAENH MHOMKECTBA KOMILJIEKCHHX uncel. ClefyerT MAKCH-
MWIBHO ARHO NOAYEPKHYTH AHANOTHY «HefCTBHTEeNbHME WHCHA —
KOODAHHATHAA IIPAMAA* H «KOMILNIEKCHBIE qHCAA — KOOpANHATHAH
IIOCKOCTHs GOPMATBHBIME OFBEKTAMNA B BX HATMIATHHM nsobpaixce-
AueM. BaskeH 2TOT MATEPUA) H /IS SAKPEILIGHHA CBABEH ¢ KypcoM reo-
METPHH, TAK KAK TYT pPedb HAET O BeXTOpax u o omepallAx HAK HUMM.
CyMMupya, MOXKHO CKAasaTh, UTo MarTepHan § 83 — »1o Busyanm-
sanmasa maTepuEaia § 32. HaGop ynpakxHeHHH B COOTBeTCTBYIOIIEM
naparpade 3agaYHAKA Ipepcrasiager coloit cepuio sagaHuil Ha
reOMeTPHIeCKOe HCTOAKOBAHHE PAasAHYHBIX aare0pamvyecKHdX CHTYA-
nuii: E300pAsHTE HA KOMIIEKCHOH ILMOCKOCTH YHCN0, MHOMECTBO
YHCEA HAH [OCAeHOBATEeILHOCTE WHCEJA ¢ TeM HAM HMHBIM YCAOBUEM,
HA300pAZATE MHOMRECTRO DEIICHAN AEPABREHCTBA H T. II. AKTHBHO HCIGIE-
ayioresa ofosHagennra Re 2 u Im 2 pgefierBuTensHolt 1 MuuMol uacrefl.

$ 34 — camu Goapmoil B no offseMy, M WO KOJANIECTBY TEOpEM,
M N0 YHCHY KpaliHe BAXKHABIX HOBBHIX MoHaTHil. B aTOM maparpade co-
eANHAIOTCA BMeCTe anrefpaddecKHe ¥ IeoMeTpHEYECKHEe UDEACTARJE-
HUA 0 KOMIJICKCHLIX 4HCAaX. MoAyvib, ADrYMERT, YMHOKeHNe H Je-
JICHA® ROMIJIEKCHREIX YACe) — 3TH MOHATHA noiapobno pasbupaiorcsa
Kak ¢ arnre(panueckoil, Tak ¥ ¢ reoMeTpmuecKeil Touer speHus. Ta-
Koe coeanHeHne OaaupyeTcA Ha TpUroHOMeTpHYecKol dopme 3anmmcH
KOMILIEKCHHEIX wmcen. YIMenro sgech ACOONBSYIOTCS 3HAHAA OO TPH-
TOHOMETPHH, NOJNy9YeHHhIe B TIARAX 3—5. BoapumMHECTBO IpAMEpOB B
yuyebHuKe, KAk ¥ GONBMIMHCTBO 3afaHAH 38JaYHHKA, HANPARAECHEH HA
oTpalfloTKY YMEHHS HOCTENEHHO NepeXofuTh 0T alredpamdeckoil
K TPHIOHOMETPHYEeCKOol GopMe zanucu. CHAYANA MOAYAE, 3aTeM Apry-
MEHT, HX I¢OMEeTPHYECKAR CMEICH, NOTOM CAMA TPHTOHOMETPHUISCKAS
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dopMa zanuch. Teopema 5 00 YMHOMCEHHH KOMILJIEKCHEIX URACEa B TDH-

roHOMeTpHIecKol (dopMe («MOEYIH HepPeMHOMKAIOTCHA, APTrYMEeHTH

CEJIATBIBAIOTCA ) NPEABADEETCA NPAMEPOM 5, B KOTOPOM STA TeopeMa
vz .2

NOAYYeHA A OFHOTO KORKPETHOTO MHCIA 2 = —— + i? = cos 45° +

+ i gin 45°, CHa9ANS BEMHCAKIOTCH ero crencHH 22, 2%, 27, noTom oHM
H300paXkaloTCA reOMeTPHUCSCKH H AeaaeTcd NpoueSeETHUYCCKHI BHIBOA
O TIpABHME <CAONMKEHHA APIYMEHTOBs.

HepaoaguaHOCTs KOCHHYCH H CHHYCH AEAACT HEOAHOZHAYHOH TpH-
rOHOMeTPUUYCeCKYIO (GopMy 3amucH: cos o + isin o = cos (& + 2rn) +
+ igin{a + 2xrn), n € Z. Cpena BceRO3MOXHBIX (POPM TAKON Fanuch
BHAEAAIOT OBREY, B KOTOPO KOCHHYC H CHHYC (GepyTCcA HMEHHO OT 8p-
TYMEHTA KOMILIeKCHOTO qucaa. Taxyio fopMy sanucid MBI HAZHIBACM
cmandapmuoll TPHrOHCMeTPHUECKOH hopmoil 3anmcH. Ilonygaercs
AOBOJABHO JAHHHEIR cAoBecHEIH ofopor, u B peansHoil yuebHoil npakr-
THRE C0BO «CTAHAADTHAA® AOBONLHO 9ACTO B PASIOBOPHOM PeuH mpo-
CTO NponycKkaioT. Bee e Kpailide BayXHO ACOHBATHCHA ACHOTO NOHAMA-
HHA TOTO, YTO TPHIOHOMETpHYecKHX GopM 3alHCH OHHOTO H TOTO Ke
YHCAa 2 MHOTO, & BOT CTAHAADTHAHA 3aNHCEH €AHHCTEEHHA.

U3 MeTogHuecKHX TOHKocTel HsyueHHA aroro naparpadsa orme-
THM TAKKe HAMNAZHVIO CBA3bh Meay HaoOparkeHHeM KOMIOAEKCHOTO

1
YHeIa 2 1 00PATHONO YHEAS L Hajfio TOUHO MOHUMATL, YTO PARSHCTEO

arg (%) = —arg (2) ecTh OPAMOE CAEACTBHE TeOPEeMEE b H oIpeAecHEHA
' L e 1 1
ancra . Jeficrearensno, O = arg1l = arg (z.;) =argz + arg(;)

3HauMT, Arg (%) = —arg (2).

Ob6paiaeM RHHMAaHHe THTATENAN Ha TO, Uro cBoiicreo T) momyna
JHIHG MPORJMIOCTPAPOBAHC EeOMETPHYECKHA: OHO CESAEHO K HepaBeH-
CTBY TpeyrojibHHKa, OfHAKO 3TO CBOHCTEO MOMKHO AOKA3aTh H UHCTO
anreGparveckn. HNeaaerca aro Tak. Ilyers 2, =a + bi, 2, = ¢ + di.
Toraa z, + 2z, = (& + ¢) + (b + d)i m goxasLIBAEMOE HEPABEHCTBO

|2; + 25| €|2,| + |2;| sammmIeTca B BEAE

Jao+cP+b+adP < Jat+0 + Je? + @2

Ob6e uacTH HepaBeHCTBA HeoTpunaTenbHul. Ilocie BO3BeAeHHA B
KBAADAT, PACKPHTHS CKOGOK M HpHBeAcHHS NOZKOGHBIX MOJSYIHTCH

HEPABEHCTEO

ac+bd < Ja2 + B2 - Jet + dt.
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OHo, QUEeBAAHO, EePHO, eCJIH €I'0 JICBAH YACTE OTPHIATEAbHA. Bonm me
JieBas YACTS: HeOTPHIATe/ILHA, TO NOCHE BOBeASHNS B KBAJPAT MONyUuM:
a*c® + 2achd + V*d® < a%c® + B¢ + atd® + bid%;

0 < ’c® - 2abed + a*d®;
0 < (bc — ad)’

Mocneasee HepABEHCTBO BepHO. BOIEpAINAsICh HAAM, MOAYUHUM,
YTO BePHO M JOKASHIBAEMOES HEPABEHCTEO.

JhoBonmTHEM npiaoKenueM K TeopeMe 1 (2,2, = |2, - |2;]) anna-
eTcs X0pOIIo A3BECTHOe U3 MCTOPHH MATEMATHKH YTBeDXKACHHE O HA-
TYPaIbHEIX YHcRax: «Ecin ABa umesa OpeACTABEMEL B BHJAE CYMMBI
KBAJPATOB IEJIBIX YHCEN, TO M IPOU3ReACHHE STHX ABYX UHCeJ TAKKe
OPeACTABHMO B BEAE CYMME KBAAPATOB HensIx amcens. [lekersarens-
Ho, ecima 1 = @® + b2, k = ¢? + d?, TO mo pPaBEHCTBY, IPOBEPEHHOMY B
AOKASATEABCTEBE TeopeMsl 1, nosyuaem:

nk = (a* + b*)(c* + d%) = (ac — bd)* + (be + ad)’,

¥ H3 OEJ0YHCHeHHOCTH &, b, ¢, d canefyer nenounciaeHHoCTs ac — bd B
bc + ad. Bes KOMIEKCHEIX Yucea ToaAecTso (af + V) e? + d%) =(ac —
— bdf + (bc + ad)® BHMTNAZNT NCKYCCTBEHHEIM,

Tlocne § 34 momuo 6Lno GH cpasy mepefiTH K BOSBEACHWIO KOMII-
JEKCHHIX YHUCeN B Henyio crenelb (QopMyna Myaspa) H TONBKO mocie
STOTO NEPEXOINTEh K HEBIedeRmio KopHe#d, Ho MBI pelllnnm mar 3a mia-
ToM pasofpaThCA CHAYAAS ¢ MIBJIeYeHWeM KBAAPATHHIX KOpHel M3 oT-
PRDATeABHRX AeHCTBHTENBHEIX 9HCEN, ¢ KEAAPATHEIME YPARHEHUAMH
¢ AcHCTBHTENRHKEIME KOh(HIHEHTAMH, ¢ KBAJIDATHEIMA KODHAMM H3
KOMIJEKCHEIX THCE M ¢ HIPOMSBILHEIMHE KBAJPATHHMHE YPABHCHAAMH.
Beap KOMONERCHEIE MHACHA B OCHOBE CEOeH M OBINM BEeAEeHH B Pea3yJib-
TATEe PACCMOTPEHMY KBAAPATHHIX YPABHEHHUI M KBAJSDATHBIX KODHeH.
Bech 2T0T «KBagpaTHHI» MAaTEpHaN cobpaH 1 mpefcTasaeH B § 35. Mna
HAXOMTCHHS Jz JAHB! ABA ciocola, COOTBETCTBEHRO B aarebpamuecKolt
H B TPHTOHOMETpEHUecKo# dopMe 3anmucH uYHCeRa Z (TeopeMH 2 B 3).
HoguepKHeM, YTO KAA COKPANICHHA AOKAIATENLCTBA TeopeMbl 3 Mbl
HCIOBbAYeM YACTHIHO TeopeMy 2. MeR Ay aTHMH TeOPEMAMH eCThH Ceph-
€3HEIC MEeTOAMYecKue pasinuuna, CopMyay U3 TeopeMul 2 TsaKeso 3a-
OOMHEHTH, OHA CAHIIKOM CHGKHA IO CTPYKRTYDe. OZHAKO HA HPAKTHIE
coBceM He 00A3ATeNIHHO ee 3aIIOMHEATD. JIOCTATOYHO NOHMMATE, YTO HA-

xoxpeHBe Va + bl osEAUaeT HAXOKAeHEe KOpHeH ypasHenus (x + gni)2 =
= a + bi B, COOTBETCTBEHHO, PEIICHHE CHCTEME YDaBHEHME

{x” -y =a,
2xy = b
B AeBicTEETEABHHX yAcHAax. PopMyna H3 TeOpeMH 3, HAIPOTHE, OpPO-

CTa AAA SANOMHHAHAA, KOTOPOe HeobXORMMO M ¢ IpAKTHIECKOH, B ¢
TeopeTHuecKoNd TOYEeK 3peHHA. Jlna o0neryeHEHsa 3Tol mpomeAypH ME
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oTAensHO GOpPMYHpPYEM AJINOPHTM M3BJIeUeHUA KBAZDATHONO KOPHA Jz.
Jror anropHTM (OpaBHAO) chAelyeT KaK MOXHO GoJlee THIATENRHO
orpaoTaTs HA ypoKaX. PelmmenHe KBAADATHHX YPDABHEHHH € KOMII-
JeKCHLIMH KOp(hpHUMeHTAMM He AONICHO BHIZLIBATL NDUENNIHANL-
HEX TpyAHOCTeH. Beap Bee opMYAR TAKOBH e, KAK 1 4079 AeficTBH-
TenbHHYX uBcel. C opranuzanuoHHOd TOUKH EpeHHs AobaBadercn
TOABKO OZHHE MOMEHT: cAeAyeT OTHeALHO PEeHIaTh BOHpOC O HAXOMKAe-

wne VD, Bosu B JeHCTBHTeNbHNX YHeHAX YYeHHKH O0XOATCs Of-
HFM PaBeHCTEOM TAna V144 = 12, 70 B KOMILIEXCHEIX THCASX HIBJe-

qeHHe KOPHA (HApHMED, V3 + 5i ) — 9TO OT/EAbHAS A JOBOIBHO KPO-
nornasasa pabora. B Terpagax ee ciaenyer oibOpPMIATL OTAeNbHBIM
nyurToM. Hakosell, Mhl ApaskgH {¢c. 268 1 ¢. 261 yuyeGHEKA) moAYeD-

KupaeM ToT HaKT, aTO V25 =5, ecam Mu pacemaTpaeaeM 25 Kak Aeii-
CTBHUTEJBHO® YHCHO ¥ KOPeH:s H3IBNEKACM B ,qeﬁmnwenbmx TACA&X.
A BOT ecqTH 25 MOHMMAETCA KAK KOMIJEKCHOE YHC/0 H eCTH KBAKPAT-

HB[ KOPeHD M3BJACKAIOT B KOMILIEKCHBIX YHCIAX, TO V25 = 15,

§ 86 — saxmoumrensamii naparpag rraser 6 mayHmEaeTes ¢ Teo-
peMul ((popMynri} Myaspa 0 BO3BeleHHMHM KOMIUIEKCHOTO YHCAA B Ha-
TYPANLHYIOC cTeneHb. TeopeMa sTa 06aAa7AeT BCEMH DDHSHAKAMHA Be-
nEKHX TeopemM: 1) oHa TpHEHANLEA, OCKOJALKY BCE, UTO HYXHO A8
ee HOKa3aTeIBCTEA, YiKe JOKAZAHO paHee; 2) oHA MMeeT NOJNe3HEEe cAeA-
crena. Texcr Ha ¢. 267 nmoareep:xkaseT Teauc 1: TeopeMa HA CaMOM
JieJie JIeTKO BRIBOXMTCH H3 IPABHAA YMHOMKEHHA KOMINCKCHRIX UHCEeT
B TpAroHOMeTpAdecKoM BHe. OcTansHOH MaTepmas naparpada MomE-
HO paccMaTPHEATE KAK HOATEepxaeHue reauca 2. U mepexoa x me-
JILIM CTeNeHAM, H BO3BeAeHHe B CTeIeHb YHCe] He ¢AHHEIHON OKPYXK-
HOCTH, M KM3BJIedeHHe KyO@uecKHX KopHeill, u dopMyau cos 3o =
= 4 cos® o — 8 cos ¢, sin 30, = 8 gin @@ — 4 gin? (1, ¥ HaxoRAeHHE CyM-
Mu 1 + coso + cos 20 + cos 30 + ... + coB RO — BCe ITO B OCHOBE
cBoeilt menomszsyeT dopayay Myaspa.

Quepanua H3BACUSHHA KYOHUeCKHX KOPHell H3NOKeHA B mocje-
JOBATEABHOCTH, MAKCAMANBHO NOBTOPAIINGH HINOMEHHE MATEDHALA
0 KBAZIPATHLIX KODHAX. CHATANA KOHKDETHBIE OPEMEDH ¢ ABYMA CIIO-
cofamMy BeramcaeHni (B aarefpanyeckoil 1 TpHroEOMeTpHYECKOH Pop-

Max daiimcn), satem BEIBOJ, OpMyInl ang f/i, H TOALEO NOCHEe DTOIO

$opMyIHpPOBKA TEOPEMM IPO HAXOKIEHHE ¥z. PasymMeercd, nocle
JTOr0 Ta Ke Teopema oopPMIeHa B BHIE HEKOTOPOTO NpaBaaa {anro-
prTMa). Ocofo oTMeTHM, YTO HA HPDAKTHKE STOT AATOPHTM He BCETAS
peanHayeM, B OTHHYHE OT CAYHiad KEagparHoro Kopua. lleno B ToMm,
IO HHPKYAeM B JHHEHKOH VIO BCeTrfa MOKHO DASINENATE MTOMOJIAM,
HO He BCETZa MOXCHO pa3/feIMTh HA TPHM DABHKIE YacTH (Ipobmema TpH-
cekHuy yraa). K xamnoi reopeme # npuMepy OpHBeAeH PHCYROK MXU

2 Anrcfips n mmans wat seamza. 10 k. a3



HECKOIBKO PHCYRKOB, BEITh MOsKeT IOPTOMY maparpad EMeeT AOBOJIb-
HO Gonemoil ofneM, XOTH yUeOHEIN MaTepHayl TYT AOCTATOUHO JIRKO-
HHYEH: JIeJI0 B TOM, YTO KOJMUYECTBO MPAKTHYSCKUX HPUHMEDOB ¢ ¢XO-

POITHMH S OTBETAMH JJIA KOPEeH ¥z CPABHATENBHO HEBENAKO,
OnuTanii DpenofaBaTens WIH CHEIUAAHCT HARSDHAKA OTMETHT,
UTO o0 3aBeplieHUA Beelf TeMul «KoMmnekcHbre yneas (H IMKOABHOM

ypoBHe) ocraerca nommara. He xsaraer roasxo dopymyns nua Yz,
M=, neperocHM 31T0T BOpoe B 11 Kiace. TaM MK KpATKO MOBTODHM

marepuan 10 kaacca, pasGepemca ¢ ¥z m saxomumm manomenue o6-
cy:;ACHHEM BOIpoca 06 OTLICKANEH KOPHEH NPOASBOJILELIX MHOrOYJIe-
HOB, T. €. OCHOBHOM Teopemoii anreGpel.

TEMA 7
NpoussodHan

IIpeaen, TpOoH3BOHASR, HETErpal... JJOMKHE! 9T NOHATHA BRI
YATLCA B NPOTPAMMY IMKOABHOPO KYPCA MATEMATHKH HIH Her? Fean
AOJUKHBI, TO SAY€M, B YEM MX BOCIHHTHIBAIOINAT K pPOIBABAIOIIAS IEH-
HOCTH ANIA YYEHHKOB, B KAKOM of'beMe H HA KAKOM YPOBHE CTPOIOCTH
HMINATATh WX B ITKONBHEIX YYeOHHKAX M HA YPOKAX aareOpel m HAYAN
aHanm3a? DTH BOIPOCH MOCTOAHHO RAXOAATCH B 30HE IOBHIIICHHOTO
BHEMAHHA HETATOTHYecKOl ofIecTBEeRHOCTH.

HonuTaeMca OTBETHTD HA NEPEbiil i 8mopoil 6onpock: HYIRAH JIA
COBPEMEHHOMY IIKOJLHRKY BJIEMEHTH MATeMATHUECKOrOo AHAJNHA3ZA,
39UEM OHH eMy?

B MeToaHRKe NPeNoAaBAHHA MATeMATHKH €CTh TPH KANYEBHX BOII-
poca: ¥mo npencdgeams, iai npenodaeams, 3gieM npenodasambv?
aaparrdt m3 9TAX BONPOCOE — TMOCACOARET, HC AMEHHO OH AOJNIroe BEpe-
M# OHJ He CAMBIM AKTYAJLHHIM. OHO U MOHATHO: B ARTOPDHTADHOM
obiecTRe (B KOTOPONM BCE MEI TAK AOJTO MHAN) He 00CYIRAAIOT 3a4eM,
o0CY AT TOALKO ¥mo U Kak. B coBpeMeRHOM O0LIlecTRe Ha REpBOe
MECTO BRIXOAHT BOTIPOC 3a¥en.

Ecnn B HeJaRHHe MNOZH! CONMANLHEIN 3aKa3 HAICNTUBAN NEeHArOrH-
YecKyo OBLIeCTEeHHOCTh HA TQ, UTO FJABHOe B OOpASOBAHHH — 0By-
ueHHe, IepeAaua MHPOPMAIMH, TO CeroAHA CONMSALHEIN 3aKas 3a-
RJAYaeTed B TOM, UTO MIaBHOe B ofpasopaHHH — paseHTHe. ITosToMy
eCJIH paHbHIe VIMIH MameNamiKe, TO CeroaHa yIaT Mamemamuxoli
{9T0, KOHeUHO, oJeMHUeCKOe ePeAeprUBaAnHe, TOYHee OYeT CRAsaATE
TaK: HAZO VUHTL MameMamiike 1 mamenamurolil).

Huxe ML HeCKONEKO pas OyAeM coLInaTeed Ha aKkageMuxa B, H. Ap-
Hoabda. JIORNAJ OFHOTC M3 KPYNHEHINMHMX MATEMATHROB COBPEMEHHOCTI
«JHecTHHe B MATKHe MaTeMATHYecKHe Mojgeans (cenrabps 1997 r.)
CONepRNAT BAXKHBIE MEICAH 0 mpoblieMax MaTeMaTHYecKoro obpasoBa-
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Hud. [lo ero MEeEHNIO, OCHOBHON TeAL10 MATEMATHUECKOr0O 06pasoBa-
HHS AONABO OHTH BOCOHTAHHE YVMCHAA MATCMATHYECKH HCCA6HROBATD
ABNEeHHS PealbHOrC MHpA. SHAYHT, HY:XHO HAYYHTDH IIKOJABHHKOB O+
CTABAATE MATEMATHICCKHE MOAEIH DEANBHEIX CUTYANHH (9T0 KAK Das
H ABAfeTcA cTep:XKHeBol nAceit pamero Kypca anrebpu T—11), a ana
9TOI0 OHM AOJIKHBI BIANETH MATEMATHYECKHM A3HKOM, OIMHCHEAIO-
MM yKasaHHEe momenn. llia MaTeMaTH4YecKOro HCCNeAOBAHUHA AB-
JNeHnil peanbHOTO MHpPA 0C060 SHAYMMBMME OKASHIBAIOTCH NOHATHA
npeaens H OPOASBOAHON, TAK KAK 9TO — OCHOBHHIE MOHATHA TOrO
ASKKA, HA KOTOPOM rOBODHT OpPHApOAA, onpereneHurilt soxotolt dona
obmevenopeyeckol XyanTyphl. BeayclIoBHO, BHIOYCKEMK cpefgHeil
INKONEL KOJUKEH HMETE Npe/icTaBJIeHne 0 npeaene W NpoussoaHoit, of
HX NPHMEHCHNA JUIA HCCACAOBAHMNA PCANBHEIX NPOIEcCcoB.

OGeyAuM TPeTHH BONPOC: KAKUM NODECH OHTH YPOBEHD IPEeAHAB-
JICHAA INEONRPHEKY MICMEHTOR MATEMATHYECKOTC aHANU3a?

Celiuac IOITH HHKTO He OCHADHBACT TE3HC O TOM, YTO ITKOJALHAA
MATEeMATHKA He HAYKA, A yueOHnill npeAMeT ¢0 BCeNH BLITCKAIOIHMA
OTCIORA MOCASACTEBHAMH, B yue0HOM npeMeTe He 06a3aTeABHO ¢odumo-
JATh 3aKOHHE HAYKY MATeMaTHKH (HampHMep, TaKHe: Bce HAYHMHACTCA
¢ AKCHOM, HeJIb3A HAUYRHATH A3y4eHNE TeopHH (e3 CTpOroro onpeaese-
HHEA OCHOBHOI'O NIOHATHA, BCE YTBePKASHKA HAJO JOKASKIBATD H T. II.),
3AUACTYI0 0Jiee CYIIeCTBEHHH JAKOHH NEeAATOrAKH # ocofeHHO —
ncExonornn. OnHpasgck Ha BTOT TE3HC, HAYHEM ¢ ODCY)RACHHA OYeHB
TPYAHOTC BOLIPOCA, KOTOPHIl Myduaer M yudTeneil, H ABRTOPOB yueGmn-
KOB, ¥ COCTABHTeJNell NMporpaMM, H YyUeHLIX-MATEeMATHKOB, METORMC-
TOB, IIEAATOTOB: UTO JEeNATH B INKOJe C IOHATHEM IIpemeJa.

Buun pasRile BADHAHTHI: OT HCIIOALSOBAHNA B IKose dopMann-
HOTO OIpefielieHHs Npefeda A0 NONBITKH BoobINe SaNpeTHT: YOOME-
HaHHe CAMOTO TepMHUHA «IpeAesns. Kax Bceraa, Tpebyerca oTOpOCHTE
Kpaiinne mosHEu U o6cyAUTH OpoblieMy ¢ HAYYHO-METONHYECKOH m
HCHXOJOMO-MEHATOTEYecKol TOYeK apeHnsd.

TToueny MONMTKA BBEHEHRA B MIKOAY CTPOIOro onpefefeHus mpe-
fena Grna apriori ofpedena Ha npoBax?

Bo-nmepBHIX, HAKO YYeCTH, YTO H B MCTOPHH MareMaTRKH HopMH-
poBaHHe HOHSTHA Hperena mno GonesHernsHo m tyro. IllpegenaMne
IIONBIOBAJIEACH HA HATVIAAHO-HETYNTHEHOM YPOBHE 38 MHOI'O BEKOB A0
BBEISHRAA PODMANLHOIC OnpeielcHnda, opepnoxendoro 0. Komu B
Hagane XIX B, J10 He cayuatino, seAb B o0nlunoM <& — § onpeaene-
HHAHRS TOI'0, YTO WHCAO b fBRAeTCH DpefesoM GyRxumnM y = f(x) opa
x2a(Ve>038>0VreDf):0<|x—al<d=|Hx)-b|<g),
SAJIO/KEHO BHYTDERHEE OPOTHBODEYHe: HA CTATHYECKOM ASHKE (A3LI-
K¢ HeDABEHOTB) ONHCAHA AMHAMHYUECKAR CHTYAUMS (Ipolece npubin-
JEeHHA K ODPOReNLHOMY SHAYCHHIO), JTOr0 AOAFO HE MOTJAR IMOCTHYDL
MATeMATHKH, 9eI0 y7 TpeGoRaTh OT IMKOJBHHKORB,
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Bo-BTOpEHIX, CHeAYET YIOMAHYTL 06 H3MePeHUM YPOBHSA CIOKHOCTH
ompefeAcHWH MATEMATHYCCKAX NORATHE. OaEH B3 cnoco0OB HaMepe-
AHBA CBA3AH ¢ YUCAOM KBAHTOPOB B onpefecieHun. Haupamep, mors-
THE YeTHOCTH DYHKIUHM — <«OSHOKBAHTOpHOE»: das awbozo x € D{f)
BEIOIBAGTCE PABEHCTRO f(—x) = f(x); B onpefeNeENH UPHCYTCTBYET
TOJIBKO OAWHE KBaRTOD ofmmocTA — «ans moboros . IloraTue orpanaven-
HOCTH PYHKIMHA CBepPXY — +«JBYXRBAHTODHOE:: cyiiecmayem uucno M
TaRoe, IT0 dag acex x € INf) srmonnaerca HepaeemncTBo fi(x) < M;
B HTOM ONpeReieRHI NPUCYTCTRYIOT ABA KBAHTODA: KBAHTOD CYIIeCTEO-
BaHuA J 1 KBanTOp ofmmocrr V. OQHOKBAHTODHOE CHpeRelcHME II0-
CHJIBHO CpefHeMYy MIKOJLHHKY, ABYXKBAHTODHO® (OrpAHHYEHEOCTE,
SKCTpeMyM, HauGoApIlee H HAUMEHEINGe 3HAYCHHA PYHKIINH, NePHO-
AUIHOCTL QYHKIMH) TPpeOyeT HANPANKECHAN €r0 YMCTBEHHHIX CHIA H
BAYMIHKEBOH, Hecneninoli paborrl YUMTENS; 5TO TA IVIAHESL, BBIOE KO-
Topoii B oimeobpasceaTeasnoi ITKoNe He NPHITAYTL. A Teneph BATNA-
HWTe HA OPHBEJCHEOE BRiIe (JOpMaNBHOE ONpeAesieHne Npelena — 3TO
onpefeneHne ¢ TPpeMA KBAHTOPAME, T. €. IO HaleH ycaoBHON mepap-
XHH onpefelieHHe TPeThEro YPOBHA CIAOMKHOCTH, He I'OBOPH YXKe O ero
NePperpyReHHOCTH SHAKAMYE MOAyAell B HepaBeHCTB,

Hrak, coBepIIEHHO OYSCRAAHO, ITO YIAMIeMYCcd B CHIY ero BOSDACT-
HHX ocobenBocTedl H HemocTATOUHON MaTeMaTHUYecKolt KYABTYDH
HE 110 CHJIGM «TDeXKBAHTODHOE» ONpPeAeNeHHe IIpefesa. SHAYAT, B MIKO-
e cIeAYeT OTKA3ATHCA OT aecmiol moderu (bopMansnOro ompepe-
JIeHHA), 3AMEHUB €¢ MAZKOli MOdeAbI0 — NATYATABHHEM IPeACTARIe-
HHEeM O Ipefgene.

B Hauazax MATEMATHYECKOrO AHANHSA €CTh TPH BHAA TpeAeia:
opefen qYHenopoll HOCREAOBATENLHCOCTH, Npeaen GyHENEH Ha Gecko-
HeYHOCTH M npefea ¢oynkmm B Touke. Ilpeaen ¢pyExomu Ha Gecko-
HeYHOCTH B poccriickoil ofSmeodpazoparensnoit mikone B mocHeiuae
TOAkl NOYTH He PACCMATPMBAETCH, YIOMEHAETCA (H TO, KAK IPABHIO,
ovYeHh HeBHATHO) ANIIb nNpenea B Toyre. Ha Aam BIraax, HAYHHATE
ciaeAyeT (nmocie PasroBODOB O mpefetie MOCHSAOBATCALHOCTH, YeMY
nocpANcH § 38) HMeHHO ¢ npegens Ha GECKOHEIHOCTH. DTO BUKTYET-
A AHAAKTHYECKHME CcOOOpakeHRAMH: €CJAH ONHPATHCA HA TAKHE
TIPHHOMON ARKAKTHKY, KAK CBS3h ¢ MKHIHBIO, CBASE ¢ HMEIOITAMCH
OIEITOM, TO NPHAETCA COIMACHTHCA, UTO NOHATHE NpeAela B TOUKe He
HMeeT FHAAKTHYECKOH HOZOIIEKH, B TO BpeMd HAK C OpeAeiioM HA
GeCHOHeYHOCTH B 9TOM CMLICJe Bce B Hopanke, Hanmpumep, mpouecc
OCTHIBAHUSA BOH B YaAflHUKe N0 KOMHATHOH TeMIIEepDATYDH MOZENHPY-
eTcd ¢ MOMOHILI0 IpeAeia Ha (eCKOHOTHOCTH. YUAMMCA SHAKOMO
NTOHATHE TMOPHIONTANBHON ACHMITOTHI, 4 HaaW'ume y rpadmxa $ymK-
LAY TOPHIOHTANBAON ACHMITOTH — 3T0 PeOMETPHYECKAA MOZAEND Npe-
nena dyuxnmm Ba GecKOHEYHOCTH.



B § 38 u 39 ynomunawTea reope- 7
ME 00 ApHGMETHYECKEX oNoepammax [
HaJ[ TPeAeAaMHE, PACCMATPHBAIOTCS
HeCJIOXKHEIe IPMMepH HA HX BRIYHC:
neane. Ho me ato raasroe. 'nasHoe,
YTOOHI yYANIHECH MOIJM I'eOMeTpH- Ny =7(x¥
YeCKH HHTEPOPETHPOBATH IANHCH -
lim f(x) = b xax cymecrroBaHUe ¥ 9]

rpadura Gyaxaun y = f(x) ropunson-

ctaapHOit acuMnTOTH § = b, M, ofpar- Puc. 2

HO, 'A% Ha rpaduK QYHKIHNH, HMe-

Nmell TOPHIOHTAJBHYIO ACHMATOTY, NEPEXOAWTE K AHANETHYOCKON

Nogead (¢ HCOONb3OBAHHEM CHMBOJA mpeena). Bakao HayuHTP HX

KOHCTPYHPOBATE 5CKH3H rpadrkos GyRrnnit ¢ sagaHuIMu cBolicTa-

MH, HaNpHMeD: nocTpouts rpadmx dyEkuEn y = f(x), aAna xoropoi
lim f(x)=3, lim f(x) =0, f(0) = 6, mpuveM PyERIUA HempepsIEHa

X o=p =00
Ba Beell umciosoi#t opamoil (pue. 2).

Boofme moboe ckoMpKO-HROYAR CIOKHOE MATEMATHYECKOE IIO-
BATHE JNIKHO H3YYATHCSH NOCTEIIEHHO: CHAMANA HA HATJIAXHO-HHTYH-
THBHOM, NOTOM HA pafoueM (ONHCATeNRHOM) YPOBHe, M TOABKO NIOCHe
2TOr0 MOXKHO BHIXOXUTH HAa (popmManpHH# ypoBeHb. C moEHATHEM
Opefensa MB B IIKoNe Ha dopMassEmi# ypoBeRs He BuxommM. Onpe-
JeleHHe Opegens YHCJIOBOH mocienoBaTeabHOCTH aaserced B § 88
CHAYAJIA HA HATVISAHO-METYHTHBHOM, 8 3aTeM Ha paloueM ypopHe.
OnpenencAua ke npefeda PYHKONU Kax Ha Gecxomeunocru: (§ 39,
n. 1), Tar ¥ B Toure (§ 39, n. 2) ocTawrca HA HAMAAHO-HATYHETHE-
HOM YPOBHe,

IIpm usyueRuE TPORIBOXHON OCHOBHOS BHAMAHHE CACAVET YASNHTE

e

u¥

MOZenn Alxi.mo %, €€ NeOMEeTPHYECKOMY H (HBHISCKOMY HCTONKOBAHIID

(2romMy noceaimien § 40, Ho nepBLle NPeACTARNIEARS O IPHPAMIEHHH AD-
I'YMeHTa, NpHpallleHHH PYHKIHE H © Npejelle HX OTHOMICHWS AaHH B
OIIEPEIKAIIIEM PelKEAMe yake B Korne $ 39). Bpag au ecTh cMEIch He-
JATH AKUEHT HA oTpaboTKy yMeHEH BEMWCIATE OPOMSBOAHYIO — 3TO
AOBONBHO HecTONesHOe 3AHATHE, OCYINECTRAREMOe N0 TOTOBRIM Dellen-
TAM, HAYEro He JAIOMWINM ANA pasBETHA. I'opasgfio BaKHee HAYUHTH
«BHJIeTE» NPHACKEHNS NPOHSBOZHONH, ONHpadck HA reoMeTpHieckHe
HUTICTPAIMY, HMEHHO <BHAETDL, & He NLITATHCA HX (GOpMANLHO AO-
KAZKBATH, TéM (0Xee YTO B IIKOJe HONLITKH CTPOTHX JOKA3ATENLCTE,
CKAMEM, TEOPEMEl O TOM, IT0 ecid ¥ > 0, To GQYHKIHA BOZPACTAET,
HIH TeopeMbl 0 HeodX0AAMBIX YCIOBHAX BKCTPEMyMa, o0pedeHHl Ha
npoeas. kna sroro HYKEH TeopeME DepMa ¥ Jlarpan:xka, KOTOpEe B
ofmeofpasoBaTeNsHON MIKONEe CTPONO AOKAZATL BCe PABHO He YAACTCH;
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BBOZAUTDH Xe uX 0e3 JOKAZATeNLOTBA, OMHMPAACH HA FEOMETPHUYECKHE
HAMOCTPANEHE, YTO0H HOTOM NPHEMEHATh TOABKO AIA JOKABATEILCTES
YHA3AHHHX BHIIE TeopeM, Hemesecoobpagao, — Jyunie HCOOJAB3OBATE
HHTYHIIHIO H BAMNIAJHOCTE HENOCPEACTBCHHO XA HYXKHHX TeOPeM.
Ho ywammecs JOMKHEL 3HATE, YTO ME JHINE 3HAKOMUM KX ¢ SJIeMEH-
TAMH MATEMATHISCKONC AHAAN24A (AMeloIuMy Soeinoe oBIEKYABTYD-
HOe 3HAYeHHe), uTe SOILOIMHCTEO TPOBOAMMEX PACCYKACHEN He Ipe-
TeHEYIOT HA GOPNMAABHYIO CTPOIOCTb, & ABAAITCA ARML NPABAOIIO-
AOOHEIMH paccy:XAcHHAME, ¥TO CTPOTHE AOKAZATENBCTEA GYAYT JaHE
B BYy3e.

B. 1. Aproana numert: «Ham Moar cocTonT U3 ABYX noaymapuii.
Jlezoe oTBeuaeT 34 YMHOJKEHNEe MHOTOYMAEHOB, A3KKH, MIAXMATHI, HH-
TPHFH U NOCASAOBATENBHOCTH CHILIOIHSMOB, & MIPA&BOe — 8A MPOCTPAH-
CTBCHHYK OPHERTANHIO, MHTYHIMIO H Bce, Heolxomumoe B peansHoM
KU3EH. ¥ “NMaTeMATHKOB-wcIACAHETeNed”... runepTpodHpPOBAHEO Jie-
BO@ Hoyymiapue, O0RYHO 38 CUeT HEZOPA3BHTHA HNPABOrO... JOMHHH-
POBAHME MATEMATHKOB 3TOTO THOA H HPHEBLJIO K TOMY 3aCHIBI) AKCHO"
MATHYECKO-CXONMACTHYECKOA MATEMATHEH, 0coleHHO B NpPEeNoJABAHUA
(B TOM 9HCcHe 1 B cpeAHeii MIKOMe), HA KOTOpoe OOIIeCTRO eCTeCTBEHHO
M BAKOHHO PEAr¥pyeT PESKO OTPHIATEJBHO. PesyirTaToM ABMAOCH
OORCeMecTHO HabmogaeMoe OTBpaIcHEE K MATEMATHEE B CTPEMJICHAS
BCEX HpaBATENEd OTOMCTHTE 22 IePeHECRHHLIE B MIKOJC YHIIKEHHS ee
H3HMYTONKEHAeM, Markoe mopenuposarne TpeyeT rapMOEHNTIHO pa-
GoTH obonrx moaymapiit Mosras. H DocoesHsaa nuTaTa: « BRIXOJIOIIEH-
HOe B GOPMaNHIOBAREOE NPENOJABAHME MATEMATHKH Ha BCeX YPOB-
HAX CHENANOCE, I HOCUACTEIO, CHOTEMOHR. BrIpocH nemie TOROMCHREA
npodeCcCHOBAJNBHAIX MATENATHKOB M HPeNofABATeNel MaTeMATHKH,
YMEIOIMX TONBKO 2T0 M He OPEACTARIAKMAX cefe BORMOMHOCTH Ka-
Koro-ambo Apyroro NpenofaBAHMA MATEMATHKH®.

Hrax, nepeuvill Aosynz: MeHBII® CXONACTHKH, MeHbNie dopManus-
M4, MeHBIIe ;KeCTKHX MoJgeneil, MEHEIIe OMOPEl HA JIEBOe NOJYIIAPHe
Moaral Bmopoli 203ynz: Gonbile TeOMETPHICCKEX WLTIOCTPAIMH, 60ab-
e HArAAKHOCTH, GONbIle NPABRONOAOOHHX DACCYHACHWH, Soapme
MATKHX Mozexeli, Gonbime omopnl Ha mpasoe moxymapue Mozral Ilpe-
TIOAABATE B HOCTOSHHOM PeyKHME JKeCTKOrO MONeIHPOBAHUA NErKo —
Hé HAZO AYMATH HH O NEeNENOJATAHAH, HU 0 MOTHBAIAHA, HH 0 OpoIe-
AeBTHKe, HA 0 OCHXQJCTO-HefaToTHYECKHX 3aKoHAX o0yJeHUA H pas-
BETHA, HCHOAB30BAT e B IIPENOJABAHMH DEKHM MATKOIO MOAENH-
POBAHHA TPYAHO — 210 Tpelyer OT YUYRTENAd TBOPYECKOrO IOAXOAA.
B namem yue6HHEE D0 OTHOIIEHHIQ K SJIEMCHTAM MATEMATHYECKOTO
AHAJHIA IPEBAIHPYET PEXXIM MATKOrC MOASJHDOBAHHS; NepeXon Ha
topManbHLIil YpOBeHs — JeJIO BRICIOMX yueOHEIX 3aBeAeHmil,

Hrax, mepeme apa maparpada raapxz 7 (§ 37 n 38) noceamenwn
nocjieaosaTeAbHOCTAM. Ilo GoNbIoMYy CUeTy MATEpPHAJ, COAepKATTH k-
C% B HAX, AMeeT (i IMKOABHONO KYpPC8) BCIHOMOraTeNbHHI XApar-
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Tep. 34ech CYIIECTBeHHE TPH MOMEHTA, H HMeHHO HA HHX COBETYEM
cAenaTh ynop B oGyyeRAN. Bo-mepepx, noEATHE OpeAean MOCTCROBA-
TeABHOCTH HHTYHTHBHO BOCHIPHHUMACTCH VIAIIMMHCH Jerye, YeM
DOHATHE NpeAena QYHKIHUM HeNpPePHIBHOrO ApryMeHTa, 4TO Lene-
co00pagHo HCOONbLIORATL IPU IEPBOM JHAKOMCTBE ¢ TeopHell mpeae-
n0B. Bo-BTOpHIX, OTKPHEBaeTca BOZMOMKHOCTD MOKASA UM BayKHON B
HOBOH U1 HAX MATeMATHIECKOH Mozesm — GecKoHeuHOH cyMMEI (T. €.
YHCAQBOIO PAAA) — HA OpHMepe CYMME GeCKOHETHOH reoMeTpIIecKoii
nporpeccud. B-TpeTeuX, 3aRNANEBACSTCH TeODETHIOCKAN Gasa And Bhe-
AcHEUA B rancHeHmeM (B 11 wiacce) TOHROIO MMOHATHA CTENEHHN ¢ HPDA-
OHOHANBHHIM TOKasaTeneM. OHa mpencrasaser cofoif cOBOKYIHOCTH
caegyiomnx GakToB, cHOpPMYAUPOBAHHEIX B yuelHMHKe:

1) eci 0 < g < 1, To NocAeAOBATENLHOCTE (@°) YOHIBAET;

2) ecnm g > 1, TO mocneaoBATENBHOCTD (G") BO3pacTaeT;

3) ecnE DOCNEAOBATENBHOCTh CXOAUTEA, TO TOABKG K ONHOMY Iipe-
AeILy;

4) ecnE NOCHAEROBATENBHOCT, MOHOTOHEA M OTDARHYEEA, TO OHA
cxoxuTcd (meopema Beliepusmpacca).

Ileperie aBa daxTa xommenrapuer ne Tpebywr. Teopemy Beliep-
wTpacca B HIKOJe JOKAsaTh HeMs3d., UTo e KacaeTcA TeopeMEl O
€AHHCTBeHHOCTH Ipefeia, TO IPH JKeJaHNH (2 I'NABHOE, IPH HAJM-
9HH BpeMeHH) AOKA3ATE €e B KJIAacce MOKHO, IPHIeM AOCTATOUYHO CTPO-
o H BE3AmHe. IIpABeseM 3TO AOKA3ATEABCTEO,

IIpenmonoxKuM, ITO NOCAENUBATENLEOCTD (If,) HMeeT ABa Pa3Iny-
HHIX mpefena: lim y, = b u lim y, = ¢, npaueM b # ¢, BampuMep b < ¢.
BossMeN ABe HemepeceKaiOI[HeCsH OKPecCTHOCTH To4ek b m ¢ (pue. 3).
Tak xaxk & — npesea NOCACAOBATEIBHOCTH, TO BCA MOCHEAOBATENB-
HOCTH, HAUMHAS ¢ HEKOTOPOTO HOMEepAa n,, NOHajaeT B OKPECTHOCTH
Togre b. TAK K4K ¢ — npefes NocleJOBATENLHOCTH, TO BeA MOCHEA0-
BATEJBHOCTH, HAUMHAA ¢ HEKOTOPOrC HOMEpa N, NOmafaeT B OKpecr-
HOCTb Toukk ¢. IIycTs n, — HanGoammee B3 wmcex n,, n,. Torpa no-
AYIAeTCH, TTO, HAYMEAS ¢ HOMEPA 7y, BCS MOCHCAOBATENLHOCTS CO-
Zep’KHTeH ORHOBPEMEHHO B B OKPECTHOCTH TOYKH b, H B OKPeCTHOCTH
TOYKH ¢. A 9TO HEeBOIMOKHO, IIOCKOJABKY OKPECTHOCTH MbI ¢ CAMOIO
Havana BHOpaNIR HeDepeceKaOIAMHECA. Hanle npeanoso:xeHne HoBep-
HO, CAeAOBATEALHO, ABYX DASHHIX HpeAeNiOB V¥ NOCJHeNOBATENLHOCTH
OBITE He MONeT,

06 ypoBHe NPeXPABACHHE YIAIIUMCA NOHATHN OpeAeas QYHRIER
Ha GeCKOHEUHOCTH M B TOUKe, YeMy TocBaimieH § 39, MuI yKe roBopH-
A7 Bulnte, M BHORS DOAUEPHHEM NONE3HOCTE OPAMEPOB HA KOHRCTPYH-
POBaHHE TeOMeTPUYECKHX MogeJeii dyHKRIMHA c sapaHee 3aZAHHHME
cpolicTBaMH, BKJIIOUAA CYIllecTBOBAHME Iipefesa. IIpuBeseM mpmMmep
OAHOTO H3 TAKHX DEHOMEHJVe- UYL, Sy
MLIX SafiaHHii (ABANOrHYHLEIEe VII- b ¢ ]
PAlKHEOHHEA €CTh B 3a7aYHHKE), Puc. 3
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Hocrpours rpaduk dyrxuum y = f(x), obnazaomiet pceMu yrasas-
HbIMM cBolicTBaMH: a) !i_]&f(:) = 2; 6) }i_.polof(x) = 5; B) f(3) me ompeze-

neno; 1) f(0) = 7 (oxEA B3 BO3MOKHARIX rpadmaeckHx moaenedl mpes-

CTABJNEHA HA pHC. 4).
B mxone gnd suraacaeEua lim f{x) AocTaTouHo 3HaTh TPE 06CTOA-

X=rd
TeNncTBa (Bce OHHE B TOf MH MHOM cremeHH YOOMSKYTH B yaebnuKe).
1, Bee GyHKOMH, KOTODHE BCTPETAOTCA B IIKONBHOM Kypce MA-
TeMaTHER (PAITHOHANBHEIE, HPPANHOHANBHEIS, TPHrOHOMETPHYCCKHS
H T, A.), HeEPePHBHL! B M060# TouKe, B KOTODPO OHM OIpPeACHeHEL.
Habmvn caopamm, ecad f(g) cymecTsyer, TO }1_13 f (x) = f(a) (cm. npn-

Mepu 21 3 B § 39).
2. Ecom HaXO BHYHCARTL

xt—a % ng(a)=0,

TO B cAydae, Korga f(a) # 0, numyT

A9 | o,
hm o =

OPAMAA X = ¢ SBASETCA B HTOM CIYYAe BEPTHKANBHON ACMMIITOTOI
rpapuka QYRROUH Y = M—)— o1or QAKT YIOMHUHAETCA B yueOHHKe

£}
nosaHee — B § 45. *
3. Eciu ¥ fla) = 0 n g(a) = 0 (B MaTeMaTHYeCKOM SHANM3E 3TOT

cnyuall HagmBawT O0HYHO Tak: «HeoNpeZeleHHOCTh BHAA -g-), TO YTO-

OBl BEIIHCAHMTD

Ax)
lim G



HY)XHO BHINOJHATL TOXKAECTBEHHHeE npeobpasoBaHHEA Apobu %
B mpocTeifimmux cayuaAx HeoHPeAEASHHOCTE HOUE3EeT B MOMEHT COKpa-
menus apobu (cM. opumep 4 B § 39, a TakMe NpPUBeAeHEOe BO BTOPOMH
JacTH AAHHOTO nDocobusa pemenne N 39.32),

BeckMa CYIECTEeHHEIM B IJIaHe OPOABHKEHHMA YYAIIAXCA B OCBO-
eHHH MATEMATHYECKOIO A3LIKA ABjgercda I. 3 § 39, rae DpoBegeHA
BCA DOATOTOBRTENLHAA PAGOTA IO KOHCTPYRPOBAHNIO OCHOBEON Moje-
JH — Opom3BOAHOIN. BEOZATCA ODOHATHA NPHPAINCHAA ADTYMEHTA H

mpupamenns pyEKnEN, ofosEadenns: Ax, Ay, x + Ax, fix + Ax), %

H Aaxxe (B npuMepax 6 u 7) alj%% A pyropi y=kx + mu y = a2,

To ecTs PaKTHYECKH Omepe:;KaloIMM of6pasoM BEIBeAeHH (POpPMYIH
MIA BHYHCICHAA OPOHBBOAHLIX VKASBAHHEIX GyExmuil (ecrecTBenHO,
6es ymoMuBEaEESA TepMHBEA H 0GO3HAYCHHMA TPOH3BOAHOMN). 3amernm,
9T0 AHAJIOHYHEI® YIODAKHEHHA HMEIOTCA H B COOTBETCTEYIOILEM IA-
parpade safaTHMKA.

Engeroe nonoxesue B riuase 7 aaanmaer § 40 «Onopepencame
IpOoNsBOAHON» . OH HAUMHAETCA € ABYX KAACCHYECKHX 3afad — 3aja-
9H 0 CKOPOCTH M 38aYH O KACATeJARHON, — Ipomece peiieHAA KOTO-
PHX OPHBOAUT K HOBOHM MaTeMaTHdecKoidl MoAenH — Ipefeay OTHO-
IHeHHSA NpHpAITeHNA PYHKIHH K IPHPAIEHHIO API'YMEHETA OPH YoIo-
BHH, YTO OpHpAOIcHHEe APIYMEHTA CTPEeMHTCA K HyJ. B yiebHERS
ECKOAB3b CKASAHO O TOM, UWTO MHOTHe 3&8AAYR H3 APYTHX obaacrelt
BHARHH OPHBORAT B Mpoliecce pelleHUa K Takoi xe mozemn. Ilpm
BO3MOXHOCTH CIeAyeT HANOJHHTb 9Ty MBICHD KOHKPETHRM cofepika-
HueM. IIpuseaeM aAsa dUsAYECKNX OpHMepa.

1) Ecnn 38ROH HM3MEHEHHS KONHYECTBA JNEKTDHUECTBA BRIpajka-
erca dopuynoil @ = @ (1), rne § — BpeMA, H eCHH depes HoepedHoe
ceueHHe MPOBORHHKA 38 BEpeMiA Af HPDOXOZHUT KOMHYECTEO MeKTpHYe-

c'rnaAQ,'ro% — CpelEAA CHI& TOKH, 8 MTHOBOHHAR CHJIS TOKA B

MOMEHT BPEMOHH I BHpAKacTeH GopMynok
I= lim A9

At =0 M.

2) Ecau 3aKOH pACHpefeleHHMA MACCH B JHHeHHOM HeofHOpOA-

HOM CTep)KkHe BHpsxaeTcE dopMynoit m = m(l), rae | — pamea 3ac-
TH CTOPIKHA OT HAYANBHOM N0 TeryIelf TOURH, M eClH HA YYacTKe

Am
AnUHEH Al cocpepoToueHA Macca Am, To A~ cpemEas IJIOTHOCT:
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PacHpefieIeHNa MACCH, & AHHeHHAS IVIOTHOCTE BHIpaskaeTcAa dopmMy-
noit
... Am
p= lm -

ITpuanRnRANLHOE METORONOTHUECKOe 3HAYEHWE MMeeT BHIBOJ,
HOTODHIX AengeT YYATENb HE OCHOBAHMM PACCMOTPEHHA KOHKDPETHRIX
saaad. Pagnagrnie safxagn B3 pasEeix obiacreil saasuilt MpUBOIAT K
oxaolf 1 TOH e MaTeMaTHUeCKOR MogeH. A UTO TAKOe MATEMATHKAT
OT0 HAYKA 0 MATeMATHUYECKHX MOXeAdX, 3HAYMT, €C/IH MHIHEL BhIIBH-
raeT Ha IIOBECTHY AHA HOEYIO MOZeNb, Ae/I0 MATEMATHKOB CIeIHAANE-
HO 3RHATHCH OCBOCHHEM 5T0H HOBOE MOAENM B OTPHIEBE OT €8 KOHKper-
HOTO COZIEP)KaHHA. SAHATHCA H3YUeHHEM HOBOH MO O3HAUAET, YTO
HyxHo: 1) npucroATh el HOBRI TepMuE; 2) NpHAYMATH JJIH Hee HO-
Boe ofo3HaueHHe; 3) H3YYUTE UPABAJIA OLEPHPOBAHMA ¢ HOBOH Moge-
AL10 H chepy ee npuMeHeRHA. Jia paccMaTpHBaeNOH MOASAH HCOOME-
8YeTCA TePMHH npou3eodHan 1 ofosuadenne i, & IPABHNAA ONEPHPO-
BaHHA E oepa OPHAGKEMOCTH MOJAEAH H3VIAWTCA B HamleM yielHM-
Ke B AanbHeITAX Daparpadax.

B n. 2 § 40 npuBeAeH NATHIIATOBRIA ANTODHTM OTEHICKAHWA IIPO-
nasonEolt dyrkmum ¥ = f(x), KOTOPHIM MN 3aTeM HEOZHOKPATHO
noap3yeMcs B yuefHuKe, ClesaeM IBa CYIIECTBeHHLIX KOMMEHTAPHS
K HeMy.

1. ITeppuiit mar anropuTMa BRIAAAT TAK: ¢sadbBKcApoBaTL SHA-
yenme x, HaliTH f(x)». Kasanock OH, 9TOT HIAr He HYKeH (KaK Opapd-
210, B INKOJIBHHX YIe0HARAX €0 HeT), HOCKOABKY H B CAMOM 3aA8HHAK
copepsuTca f(x), 1 3aech MCIONB3YeTCH Ta e 3annch f(x). Ha camom
Jese 9T0T INAr OYeHb BaKeH KAK ¢ METOROJOrHYecKOod TOUKH 3peHHA
(sanmcr f{x) B HCXOAHOM SAZAHMHM F Haé NePBOM IATe OZHHAKOBH IO
dopme, HO He IO COREPIRANHIO; B 3ANAHHYU X — IICPEMCHHAA BENAIHHA,
8 HA epPBOM IIAre — IOCTOSHHASA), TAK H ¢ ICHXOJIOIO-NIENATOTHYE-
CKOlfl TOUKM 3PeHMA — 9TO STAI COCPeAOTOYCHHA Ha 3ajade, BXOK-
JAeHHA B NpPOLECC pPeIleHHA.

2. Hensasa pomyckarsb, wrolsel NOHATAA OPHpPAINEHAE apPryMeHTA H
npHpalieEne QYHKENA HOABHANCE BICPBRLIC IPH BREAeHHE HPOH3BOA-
Ho#t, Begb 3fiech YKASAHEHEE IOHATHS He Helb, 4 CPeACTBO AId YCBOE-
HEA HOBOTQ moHaTaEA (mpouaBopaHoit). IloaToMy MLl M BBeJH YKASAH-
HEie TEPMHHH H <«CTPaHHEKEe» O00O3HAUEHHHA C TPEYTOJLHHKOM OKOJIO
IepeMeHHOl €O ¢CTPAHHMM? IPOYTEHHEM («AeNbTa HMKC»*) B Npeibl-
aymeM naparpade, 4TO0H ydali@eca ycIeXH EpnobpecTHE XoTa Om

HeGoNmmol OOMT HAXORAeHEH AY, Ax, %xy- B Zame Opefesaa Nocaexn-

HEre OTHOIDCHHA.

Bagepmasa pasrosop o § 40, NPOKOMMEETHPYEM SAKMIOUHTEIbHbIS
npa abzana aToro naparpada. QueHp BaXKHO HAYYHTH ITKOJLHMKOB HO
rpaduKy onmcHBaTE cBOficTBA QVHKIMMN, NEePeXOAUTh OT saiaRBol
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reoMeTPHYECKOM Mozenn (rpadbuka) K BepbansHoil (cnosecHoil). Ha-
JMYKe B Kypee aarefphl H HAUAN QHANH3A JOCTATOYHO GONBLHIONO YMC-
aa cpoficrs GyAKOMIA NOBBONSET CASAATH HPONECcC YTeHHS rpadura
HMHETepPecHLIN, PA3HOODDASHLIM C JUTEPATYPHOH TOUKK BpeHHA B MHO-
PONJIAHOBEIM, ¥ UEHHK AOJIKEH YMETH COCTABHTE HOBOJABHO YeTHH
«CJIOBeCHHI opTPeT» QYHRIME OO ee rpaduky. ML DOCTOAEHO OPH-
Y4aJM €ro BHfeTh N0 rpadury oljacTh onmpezeneHuA GyEKIRH, ee
YeTHOCTE WNH HeYSTHOCTh, MOHOTOHHOCTS, OrPAHNIeHHOCTS, Hanb0oaL-
[Mee B HAHMEHbIlee 3HAYEHHA (PYHKIHH, HeIpepPHBHOCTE, OOJACTH
sHaveHuit Qyarnum. Beiio 65 HEMIOXO HAYYHATH YIAINXCA CHEMATD
¢ rpapERa QYEKOMH B HHPopManHio o ¢e auddepeRnMpYeMOCTH.
Kak «H8 raasops onpefienTh, ZuddepeHnEpYeMa Mu GYAKIHA,
rpaduK KOTopoil R306paMeH Ha KOHKpeTHOM pucyuke? OTBeT HA 3TOT
BOGPOC K&K pas H JaeTca B KoHIe naparpada. Ecna B Hexoropolt Tou-
Ke K rpadpuRy PYyHROHEM MOMHO TPOBECTH KACATOABHYI0 (MHOTAS B
TAKHX CJIYIAAX TOBOPAT O «IMAAAKOCTH» JIHHAM, Hzobpamalomed rpa-
¢uK PYHKIHNH, K X0TA ¢ TOYKH 3peHHA POpMANLHLEIX pPe3VALTATOB
MATEMATHICCKOrO AHAJNH3IA 9T0O HE COBCEM TOYHO, B IOKOJE PTOT Tep-
MHE IOPH XeJaHAH MOMKHO YOOTPe(AATE), He NAPAJLICABHYIC OCH Op-
BMHAT, TO dyarnua anddepeanupyema B TOYEKe, Ecin dte MBI HENeeM
«TOYRY CTHEA?, «TOYKY 3A0CTPEEHE* HJIH TOYKY, B KOTOpoi# Kaca-
TeAbHAA K MpadpHKy NapannenbHa OCH OPAHHAT, TO E oroil Toure npo-
H3BOAHAA GYRKINA He CYINecTEYeT, QYHKORA HeanddpepeRmmpyema.
B § 41 paspaborad TeXHHYECKHMI ANNAPAT AJA ONEDHDOBAHMA C
HOBOH MOgenbio — peub Hjer 0 PopMyNax H NpaBHAAX BEIYHMCACHWA
npomzBoAnLIX. OfpamaeM Balle BHHMaHHe Ha TO, uTo Habop dopMyn
IudxpepeHINPOBAHNNA IOKA KpaifiHe ya0K, OH BKAIOYAeT B cela Beero
8 ¢opMyn AN OTHICKARRR NPOM3BOAHLIX GyHKUMI ¥ = %), rae fix) =C,

x, kx + m, x%, %, Jx, sinx, cos x. B aroM me maparpade, HO

noagHee, nobassres popmynn maddepernmposanns zuu tg x u ctg x,
a TaKXe AAA HyExomE ¥y = x"(n € N). TpaaumuoHHO HA YISHHKOB
cpasy ofpyHIHBAIOT Bee opMYbl, BKIIOUAS OPORARONHEE CTeNeHHEX,
HOKAZATENLHEIX H JorapadpMmdeckux pyaxnumii. Ha mam sarnsag, 2To
HeYKETATeABHO, 38 O0IWANeM POPMYA OHH IePecTAHYT BHACTL MABHOS —
HCXOAHYI) MATEMATHYECKYIO MOReNE. B HAlneM Kypce NpOH3BOAHEIE
CTOIeEHOH, NOKAZATENHHOR H Jorapadpmuueckolt dyExnuil moasarca
B 11 Knacce, 3TO MOZBOJUT B COOTBETCTBYIOHIMX MECTAX Kypea MOBTO-
puTh thopmyre @ npasEaa AuddepeEINPOBAERA U, 9T0 ocoleHHO ¢y~
IEeCTReEHD, pasHhle CJIy4YaH NPHMeHeHHS IpOHsBOAHOH,

CoreTyeM o6paTHTE: BENMAHEE YIAINMXCH HA TO, ITO €CTH OPMY-
abt puhdepeEnTEpPOBAHESA (A8 KOEKPeTHHIX dyHrnuii) u ects npasu-
Aa puddepeHINPOEAHAA (FAddepeHIAPOBARHE ONICPALIN CHOKEHEST,
YMHOMEHHRA, AeneHEnn). CiaejnTe 3a TeM, YTO6K BAINM YUYCHEKH

He TOBOPHJAH «NPaBHA0 AuddepeHIUpPpOBaHNA JYHKOHN ¥ = X°» HAHN
43



sdopuysa gadhepeHIUPOBAHNA CYMMEIs; ofpaTHTe HX BHHMAHUE
TAKIXEG HA TO, YTO IPH BHYHCNCHAH NPOWIBOAHEIX MEI PAKTHYECKH
HCOIONB3YeM ABYXIIATOBHIN anropuTM: cHauaja HPUMEHAeM TO HJIH
HHOE npasuro AudbepeHINPOBAHMA, & 3ATEM HCNOAB3YeM HY)RHEIC
dopmynve.

IIpopomman ofcyRaeHHe MeTOZUYecKHMX ocolennocredt § 41, ob-
PATHM Bae BHHMAHWE eIne HA TPH OOCTOSTENLCTEA.

Iepeoe o6cmosmeavemeo. Popuynit auddepernuporaEna GyHK-
nulk y = J;,y=sinx,y=coaxoooﬁmamamawemoncauoxm-
yaze naparpada, & ZOKASEIBAIOTCA [I03AHEE, [IOC]e PACCMOTPEHHA DA
OPUMEPOR, JTC — 2AEMEETAPHAA NELArOrmvYecKad yIOBHA {«¢MeTox
OTCPOYeHHOIC HOKasaTenbcTBas). Ham BeceM HeobOXoanMo, 4TOGH yIa-
Higecd OpROGINANNCE K UTeHHIC YielH0# auTepaTyphl. Jladg aTore cie-
AYyeT ¢03aaTh KOMGOPTHEIE YCIOBHAA, BRIPARAKIONECH KAK B JOBOJALRHO
MATKON MaHepe NOZAYH MATEPHAJNA, TAK H B TOM, YTO0H JOCTATOYHO
CAMKHLIC BEINH He MOARAANNCHL B HoUaTe naparpada, He oTNYruBaIu
ux. IloeTOoMYy B mesIOM pAZe MeCT Y9eGHMKA ME IOCTYNaeM Tar e:
coofimaeM HeKOTOPEIE (GaKT, HPHBOAUM PHMEPE €10 HCIMIL30BAHAA
(urolLl qmTaTenh NPHEREK K HOROMY daxTy u mpHOolpen HexXOTOpPLIHR
OOZ0KATENBHEIA OIIHT ero MCHOJb30BAHHA) H TOABKO HOTOM IPHBO-
JAMM COOTBETCTBYIOIMISS AOKAZATEARCTEO (00 9TOM ME YiKe rOBODHIH
BEIIING, B TeMe 5),

Bmopoe obcmoamenvcmeo. ObpaTnTe BHNMaHUe Ha O10YHEL XapaK-
TP DOCTPOCHMA CHOTEME! YHDAIKHEHME B COOTHETCTBYIONIEM naparpade
BAJOYHARA: CHAYANA NPeANATACTCH CePHA YUDAyKHeHRH, rae TpebyeT-
cd HaliTH DPOMSEOAHYIO BaAAHAON QYRKIEN, 3aTeM JHAYCHHE NPOUI-
BOAHON B KOHKPeTHON TOUKe, IOTOM NTHOBEHHYK CKOPOCTEH, AaJ6e —
yrioBo# xoadPHDMEHT KacaTeAbHON, BOOCHSACTERHE —— YIOX MEXAY
KAacaTeJbHOH K rpadury GYHKIME B 38JaHHOH TOUKe H 0CRI0 abcuHce.

Tpemse o6emoamervemdo. IlpuMepnl, CBABAHELIC ¢ KacaTelIbHON
K rpadbnry dyEKNNE, IONE3H0 HAYHHEATE DENIATE A0 TOTO, KAK BbiBe-
AeHO of0mee YpABHeHHE KACATEABHOH (TOUHO TAK e, KAK YIPAXHe-
HUA HA OTHICKAHHe HAMMEHLIUero H Ham(onninero 3HauYeHHd PyHK-
IHHM cjAefyeT PEelIATh B Kypce aaredpn 7—9 KIACCOR, eCTeCTBeHHO,
fed HCOOML30BAHNA NPOMBBOAHOM, UTO MK M ZeaadH B Hauiux yuel-
HUKAX M 38JAYHHKAX). DTO JACT BOSMOMKHOCTH VHALIMMCS AOCTATOY-
HO XOPOOIO HPOYYBCTBOBATH I'eéOMETDHUECKHIA CMBICH MpoU3BOfHON B
MOATOTOBMUTECA K BHIBOAY YPaBHeHHA KacaTenabHOH B ofmem BHERE.
C aTol nensio m npaseaen npunep 2 B § 41, rxe TpebyeTca COCTABUTH
ypaBHeHHe KacaTeNbHOH & napaGone y = x? B Touxe x = 1 (aHanOrH9-
HEle VIPARHCHNS NMEIOTCA H B COOTBETCTBYIONMIEM maparpade sanavu-
mnka). Keratn, B gavane § 43, rae BHBOHATCA YPABHEHAE KACATENb-
Holl, BHAMAHNE YYAIMMXCH KAK pas B o0pamaeTcs Ha TO, YTO HEKOTO-
PHIA ONKIT OPOBEACHHAA KACATSNBPHMX M COCTABNCHRA YpaBHeHWH Ka-
CATENBHHIX HMH V)Xe HAKOIJICH.
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Hecxoanxo cioB 0 § 43. OfparaTe BHUMAHME HA TO, UTO B yuel-
HAKe, BONPOKH CAOXHBIENCA Tpaagnouy, afcoueca TOYKE Kacanmsa
obosBauaerca He X, & OvKBoil g. 9T0, KOHeYHO, HE 09eHD CYIIECTBEH"
HO, HO NoNesHO B GoJNlee CAOEHWX CAYIaAX, ROrAa afcmucca TOIRH
KACAHIA HeH3BeCTHR B OHA (PAKTHYCCKH BHICTYIIAET B POJIE HAPaAMeTPa.

B ygefmnre u 3axaunpie sn Bafifere 8Ce OCHOBHLIC CIMIKETEHI, CBA-
BAHHHE ¢ 38A894MA HA KacaTebHYIO!

— COCTABACHHE YPAPHEHMA KacaTejJrHol K rpadpury $yHEIUH B
TOUKe, NpERajemxamei rpaduxy;

— npoBefeHHEe KACATeNLHEOH Dapa/ieNbHO 38ZAHHON MpAMOM;

— OTHICRAHNE YTAa, KOoTophil KacaTennHaa ofpasyeT ¢ MOMOKH:
TeABHHIM HaIpaBieHHe ocH abcmnce:

— OpoBeAeHHe KACATEALHON H3 TOUKH, BHemIHel Ho OTHOIDOHHIO
K 3aXAHHOMY IpaduKy;

—- HeCTAHAAPTHEIC MeOMeTpPHYCCKHE CIOMeTHI, CBASAHHLIE ¢ KacH-
remnHoR (§ 43 sapnaunuKa).

§ 44 noceamieH HMCCHEZOBAHHIO OYREKOMIL ¢ IOMOIIBIO IPOHIBOA-
Holl. O1a TeMa — cpoeolpasHas JaxmycoBad GyMaERa, ¢ MOMOIIBIO
KOTOpO#t mpoBepgeTcHa MeTOAHYECKAS KYJILTYPA VUBTENS MATeMaTH-
KH. Begr sgeck peYr HAET O TeOPEMAX, HeolXOARMOCTE 3EAHHAA KOTO-
PHX N0 CYIIECTBY B ABHAACH periaiomelf mpmunnoil BBejeRua oae-
MEHTOB MATEMATHYECKOr0 AHAJH3A B INKONBHHH KYDC MATEMATHKH.
B T0 e EPEMA HX CTDOr0Oe ZOKA3aTeARCTEC TpeliyeT 3HAEUA MHOIHMX
$axTOB MATEMATHUCCKOTO AHANMAA, KOTOPLIE B MIKONE HE PACCMATDH-
patorcs. Kaxoit nyre seibpars yunredro: cooGIINTL TeopeMil Ge3 Jo-
KasaTenheTBa B e3 KOMMEHTADHEB, OTPAHHUKTLCA HATIAZHO-HHTYH-
TABALIMM NPE/ACTABICHEAAME ¥ NPABROBOAODHHIMH PACCYHACHHAMH,
NONKTATECH JATH CTPOTHEe AOKA3ATENBCTRAT

B yuebaurax m yueGEEX mocofmax aaa obmeobpasoBaTeabHofl
MKOJK BCTPEYAIOTCA DASNMYHBIe BApPHAHTH. Hanpumep, Takoit: Ges
HOKA3aTeALCTRA, HO ¢ ONOpOi# HA rpadHEYecKkEe HMOCTPanHn dopMy-
mapyerca Teopema Jiarpamika, a 3aTeM ¢ ee TOMOIDBIO CTPOTO OOKS-
SEIBAETCA TEOPEeMa O CBASH 3HAKA MPOMIROAHOM C XapaKTepOM MOHO-
TOHHOCTH QYHKOMH Ha NpoMexkyTKe. C Hameld TOYKHE 3PeHAHA, BTO —
He AyuIIn# BAPDHAHT, OoH HejdormueH (4 no GOJBIIOMY cUeTY HeKOH-
HeITYANER): 3a4¥eM ASBATH NEOMETPHUECKYID HILMIOCTDAIMIO TEoDeMbl
Jlarpasma, 6C/IH MOMKHO ¢pPasy JATH PeOMETPHUECKYIO HILTIOCTPANHIO
TOIO, YTO A1 IMKOAK CYINeCcTECHHEee “— CBASH MeXXAY SHAKOM IpOHa3-
BOAHON B XAPDAKTEPOM MOHOTOHHOCTH (GyEKuan? MAorpa Boapaxaior,
TOBOpH, uTO TeopeMa JIarparka BaKHA cAMA HO cele, BeXb HeAAPOM
e€e HASHEBAKT OCHOBHOH Teopemoil ArdupepeEnRaNBEHOrO HCUACKEHHA.
D710 BepHO, HO JIMIIL HPA YCIOBMH, WTO OHA ARTHBHO pafoTaeT (KakK
B BY30BCKOM KYpce MATEMATHUECKOTO SHANHZA), B mikojge e OHA He-
NoAB3yeTed NHUINL OAMH DA3 — B YKASAEHOM Bhume ciaygsae. K gemy
e JJOMATH KonbA?
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Bropoif papuaHT, KOTOPHI HCHOJb3yeTcd B YIeOHHX nocolmax:
SANCHAKT CTPOIHE AOKASUTENLCTES NPABKONOAOGHLIMY DACCYRACHH-
AMH, OCHOBAHEBRIMH HA (GHINYECKOM HJIH IeOMETPHIECKOM CMBICIE
npouspopsoii. C pame# TOYKH 3peHAS, HTO BIONHEES NPHEMICMO, HO
JAUmL OpH YEAOBUH, YTO NPABRTOMOAOGHEIe PaccyHIAeHUS He BLITAIOT-
¢ 38 AOKASATEABCTBA (UT0, K COMANCHHAIO, CIUIOIE H PAKOM BCTDEYA-
ercd) — TAKAA NOAMEHA NOHATHE HAHOCKT SHAYATEHbHEN ymepb
$OopMUPOBAHNI0 MATEMATAIECKON KYAbLTYDH MMKONILHHKA.

HuesH0o BTOPo# BADHAHT ¢ YKASAHALIM AONONHHTEJIBHEIM YCIOBH-
€M H COCTABASET KOHIENTYANREYIO 0cHOBY § d4. Tercer sroro naparpa-
da BpAX M NOHPABHTCS PEBHHUTENAM MATeMATHYECKOH CTPOIOCTH, OHH
OOBABAT HANOKEHHe MaTepuaia JerxosecHnM, Hae 210 He Gecnokont.
TnabHOe, uTolH H3AKeHHEe HPABHAOCH yUMTeAaAM, OBLIO JOCTYNHO
yiaIZHMcA (M HX POAHTEJEAM) H (PaKTOJOTHYECKH He IPOTHBOPOIRJIO
MATOMATHEe KAl Hayre. JasaiiTe He 3a6RBATE, YT0 B MIKMJIC ML JIUITE
SHAKOMHM VUAIINXCA ¢ JIeMeHTAMH MATeMATHUCCKOTO AHAINSA, COCTAB-
IEOIAMA CYIIeCTESHAYIO YACTE O0INeYenoBevecKoil KyAsTYPH, Gop-
MANLHOS H3YICHHAE PTOTO NpeAMeTa — YAeHA BhicInel MaTeMATHRE, H3Y-
yaeNoOH B By3aX (YTO HeOAHOKPATHO NONYEPKHABAETCA B YUcOHHEE).

B § 45 ynoMuHaerca 06masa cxeMa MCCAeZOBARAA cRofteTs dyHK-
IHA ¥ IocTpoeHNd ee rpaduia, peipaloTaHEAA B Kypce MATeMATH-
JeCKOre AHAAH3A (ANS HOCTATOYHO CIOMHHX CHYYaeB, IOYTOMY B
IIKOAe MBI ee BO Beell mojHoTe He Gepem). IIpuBenem a1y cxeMmy.

1. Ofizacrs onpegeneana GyHKOHA.

2. HecneaopaHue QYHKIHMHE HA NePHOAHIHOCTD.

3. Hceneporande QYyHKIHHE HA YETHOCTD.

4, Hyau QyHKUHE, TOIKH PAIDPHIBA, TPOMEKYTEN SRAKOIOCTOAHCTRA.

6. HeenenoBanne NoBeAeEHA OYHKOAH ¥ KOHIIOB HPOMEKYTKOB
ofnacTn onpefleleHHA, OTHICKAHHE ACHMIFTOT.

6. Heenepopasne QYHEKIHE HA PKCTPEMYME H MOHOTOHHOCTE.

7. oeTrpoerne rpadnka GYRKOHEA 110 TOIKAM (C YIETOM Pea3yih-
TATOB NPOBSHEHHOrO HCCAeROBAHNA).

IloAcHAM BREYTDEHHIOW JIOIBXY ¥T0i cxeMbl. B n. 1—4 daxTaaeckn
JacTCH OTBET RA BOTIPOC, 20€ cnefyer cTpORTL Tpebyemplli rpaduxk; B m. §
u 6 maerea oTBET HA BONPOG, KAk CIPONTL rpadmi. Ecmin MBI aHACM, D¢ B
EAE CTPOMTE TPad®EK, TO OCTASTCA JIMIUD BHINONHATE CAMO MOCTPOSHME
(1. 7). ObparaTe BHUMAHKE, 4TO B MpaMepax 1 u 2 B § 45 M npupep-
AHBaeMcs aToli cxeMH (HO, PASYMEETCH, C ECTECTBEHHEIMH KYIIIODAMH).

B § 46 pegs upeT of OThICKARMH HanGONBIIHX H HAMMEHBINX SHA*
germd $pyExknuil, 3a BpeMs H3yYeHHA Kypca aareSpel B 7T—9 xiaccax
IO HameM y4e0HHKAM M 3afaMHHKAM YYeAHKH HAKOMMIM JOCTATOIHLIA
ONHKT OTHICKAHMA HAWOONBIIErO H HANMEHBIIOro IHAYCHEH PyHKIMRA.
Yame RCETD MBI DOIIANH 3TY 38449y ¢ MOMOmMbIo rpaduka pyHKIpEH.
B HeKOTOPHIX cnydadx morm Hafirh Hauboasinee B HaAMMeHbINee 3HATE-
HHMA JyBERNuM B Ge3 momomu rpaduka. B Gosiee CIOKHEBIX CIyYasx AIA

46



OFHCKAHNA HAHOOALIETO H HAMMEHRIIre 3HAYCHAHR QYHRIHE HCITONL-
SyeTCH NPONIBOAHAA. ITY MEICL, BEICKABAHHYIO B Hauajge Oaparpada,
cAegyeT AOBECTH O YUAIMMXCS; OHM AIHH ITOHAMATD, ITO IPOHIBO/-
HAH B JAHHOM CIyJae — He NAHANGA, & JHINL OAHO MO BOSMOMHLIX
CPEACTB AAA AOCTH:KEHHA HeMH (Jajee MBI ellle pAG BEepPHeMGA K STOMY).

Hauboasmyo TPYAHOCTS ¥ YYATIMXCA BHIHBAIOT SHAAYH HA Of-
tEME3ann0. MBI ODpegnaraeM pemaTh AX OO OOEIMHOMN 1A BEamux
y4e0HAKOB cXeéMeé — B BHAE TpeX 2TAII0E MATEeMATHYECKOTD MOAENH-
POBAHMA: COCTABJCHHe MATeMATAYecKOl Mozenn, pafora ¢ Moxensio,
OTBeT HA BOIPOC 3ajaYd, — K deMy IIKOALHHKH, YYUBIIHeCH IO Ha-
muM YIeSHUKAM ¥ 38JaURKKAM B 7—9 Kiaaccax, apEerKmE,. OGpaTa-
Te BHEMAHHE, 9TO B yUeOHHKe A8 KAMNOr0 H3 ITANOB JAHM HEKOTO~
pHe peHOMEHAAINY MeTOANYecKoro InaHa. IlpusefeM MX 3fech H
cHaGANM AOMONHHTEJALHEIMH KOMMEHTAPHAMH.

Iepppiii o1an, Cocmasaeniie Namemamuseciolt modeau.

1) IIpoARANH3UPOBRB YCJOBHA 3aJA9H, BRIZEIHATE ORMUMUIUpYe-
XY 8CRUNURY, T. €. BOIHYHHY, 0 HAanGonpHleM HAM HAUMEHLIICM
SHAYCHAR KOTopoii uAeT peun. O6osHAULTe e Gykpolt ¥y (mam S, V, R,
t — B 3aBHCHMOCTH OT babyasl).

2) OgHy H3 YHACTRYIOIMKEX B 3aAa%6¢ HEH3BSCTHRIX BeRUYHH, Yepes
HOTODPYIO CPABHATENBHO HETPYAHO BHPASHTE ONTAMH3HPYEMYIO BelH-
YHHY, OPHMMNTE 38 Ke3GaUCUMY REpeMernylo H ofosHaIbTe ee OyK-
BOii x (M xaro#i-1uGo mHOl GyKxBoii). YeTanoBuTe peaNbible PAHAIB
H3MCHEHHA He3aBHCHMOl nepeMeHHOM (B COOTBETCTBHH C YCIOBHAMH).

3) Hexopa us ycaosuit, BripazuTe y uepes xr. MaremMaTmueckad
MOZens 3afaun GyAeT cOCTABNEHA, €CHH BH IOJYIATE AHANHTHIECKOE
BHIpasKeHHe pyHKNUR ¥ = f(x) B yKaxeTe ee ofaacTh onpefenenua X,
KOTOPYI0 HAIJH HAa BTOPOM HIATe,

Bropoli aran, Paboma ¢ eocmasiennoil Modervio.

4) lns dpyaxonn y = f(x), x € X naiiaure y,,.. BIB .. (B 30B0-
CHMOCTH OT TOTD, 9TO TpeOyeTca B VCIOBHH).

Tperuii sran., Omeem na onpoc zadaviu.

5) Baech caAeAyeT HDONYIATH KOHKPETHBHI OTBEeT HA BONPOC 3AAATH
(HcMONBEAYA TepMHUHE H $albyny, 3aX0KeHHHEe B VCIOPHAAXR), ONEDa-
fAICk HA PEBYJLTATHI, MOJYYeHHBEIE Ha 2Tame pAGOTHL ¢ MOJEJBIO,

KoMMeRTApHH K NATH maraM IDOAIGEeHHOre LAAHA.

IlepBELit mAr MAaHA He TAKOH OYeBHAHEIN, KAK MOMKET [IOKAZATH-
cA Ha MepBHi B3rJA/. 3a/iaua WHOrAA MOXeT GHTh chopMyEpoBaHa
TAK, TTO Hé 0IeHb MOHITHO, O KAKOH ONTHMHIHDYeMOl ReTHYHHE HAET
peus (XoTA oGHIYHO BCce GhIBaeT cpasdy sicHo: Hafita Hawboxpmuf
ofbeM, HAHTH HARGONBINYIO INOLGAL, OOPefeUTs HAMMeHbBIIes Bpe-
Ma 7 np.). Tax, B npumepe 6 § 46 cnpamnUBaloT: KAK ABHTATHCH
Kyphepy, 9To0k npulbuiTs B pafinesTp B kparaaiimwit cpox? Tyr yua-
ImeMycH CHefveT 3aayMarecs. B sagate peur Baer o BEIGOpe Mapmpy-
Ta, HO TeM He MeHee ONTHMHSHDPYEMAHd BEJMYNHA — BPOMA.
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YerpepTriil mar NAaHEA — 2T0 CAMOCTOATEALHAA YHCTO MATeMATH-
YecHKas 38JAYA BHYTPH HCXOZHON 58JI8YH ¢ PEANLHBIM COACPIKAHMEM.
Ha 2ToM mrare HCXOAHAA PealibHAH CHTYaIHA HAC He HHETepecyeT (Yo
THIHYHO AJNA BTOPOTO DTANA MATEMATHUYECKONO MOSENMPOBAHHA), ML
AYMAEM TOTBKO 00 OTHICKARIH Y, s HIR ¥, AA9 QYHKIOAH, COCTABJICH-
HOS HA TpeTheM LIATEe, HA IPOMENKYTKE PeabHLIX MPAHHI H3MEH
HedaBHCHMOH nopemenHON, HAASHHONM HA BPTOPOM mAre, ECTECTREHHO,
YTO JAIIE BCOTO Yopos HIH Yoo, HAXOAHTCA ¢ HOMOIILIO HpoKsEoaRoii. Ho
BAINK YYeHWKH He NOJEHH JYMATE, ITO 5T0 38K0H; JIA HAPYIICHUA
CTEPCOTHON MBIIICHNS HEILI0X0 GRIo GH MOKASATH HN ONAH-ABA HpH-
Mepa, TAe HapGojblIce WD HaEMeHbIee 3HAUCHHE MYHKIHHM MOMKHO
HalTH Oes NPoOMspOAHON, ¢ NOMOILBIO BINEMERTAPHEIX AIIeOpaUecKEX
WIH TeOMETDHYeCKAX paccy:inewnii. Bor oaga 3 TaAKAX 3azadq.

8axaqa. Fs pcex TPeYTrONLHAKOE ¢ JaAHHBIM OCHOBANWEM 4 H A8H-
HbIM YIJIOM NPH BepHIMHe 0. HAlTH TPeyroAbHUK ¢ Hambomsmed Guc-
CEeKTpHCOM, NpoBeleHHOH K OCHOBAHMIO.

Pemenue. Hepoutil cnocod (anarnumuvecruil).
1. OrravEsEpyeMas Bexmumaa — JmHA GEccekTprcH AD (puc. 5);
obosHAIMM ee OyxBoit y.
2. ObpasuM HesasHcEMOI nepemenHo#t yron €, obfosEavEM ero
G6yxBO#l x; peasbHble FPABMIL M3MEHEHHA X TAKOBR: 0 < x <%t — o
3. Ilo TeopeMe cHHYCOE (XA TpeyroasHUKa ABC) umeem:
AB BC asinx
m = m,mm,AB= sino *

Teneps NpEMEeEAM TEOPEMY CHHYCOB K TPeYroAbHEKY ABD:
AD AB
snB - snD
Orcrona HAXOOUM, UTO
a gin x gin (x + o)

sinaaln(x N %)




4, IIna GpyAKmAA
asinx sin (x + o)
sinusin(x + %)

Hao HAKTH Y. HA HETEpBate (0, £ — o). IT0 conpsa:KeHo ¢ onpexe-
JIeEHLIMA TEeXHWIECKAMH TPYRHOCTAMH (HANpEMED, CBA3AHHBINH C
aaddepeanuposagem QYEKIHA, ¢ PElNIeHHeM COOTBETCTEYIOUIEro
TPArOHOMETPHEYECKOTO YPABHEHHA).

Bmopoti cnocob (zeomempunecxuii ). IlIyers ABC — opun us Tpe-
VTONRHEKOB C BAJAHHAEIM OCHORAHHEM H SAJAHHKEIM VIJIOM OpHM Bep-
mmEe (pEe. 8). OnMireM OKOJNO HEro OKPYRHOCTE, TOI'IA BEPIIHHK
BCEX TPEYTOABHHKOB C OCHOBAHAEM 4 M YIVIOM ¢ IDH BepPINBHE JeMAT
Ha ayre BAC; oawH H3 TAKHX TPEYTOALHHKOBR — pABHOGeApPeHEEIH,
ofozaavaM ero BA,C. Ilposeaem Guccexrpacy AD Tpeyronsaura ABC
¥ Guccextpucy A, D, Tpeyronsuuxa BA,C. NoxameM, yro A,D, > AD,

IIpoponmumM o0e GHCCEKTPHCH A0 NepecedeBHA ¢ onucamuaol OK-
PYRHOCTEIO — TOMKOH mepeceueHus Gymer cepeauna M ayru BC (pas-
HHe Bnucaniule yrauw BAM u MAC onmEpawoTca Ha paBHEue AyrH BM
n MC). A\M — auamerp OKpYRHOCTH, noaTomy A, M > AM. B 10 e
BpeMa MD > MD,, torga

AM - MD >AM — MD, 7. e. A,D; > AD.

Hrak, sanfoasmyo 6mccerTpucy mMeeT papHobeapeHEHRIH Tpe-
YIOJIBHEK.

PUuc. 6
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TEMA 8
KomOuHamopuxka u sepoamHocmb

B cooTBeTcTBHE ¢ nmHCEMOM MuancTeperBa ofpasopanus Poccuil-
croil Gepepanuu or 23 cenrabpsa 2003 r. N 03-98un/13-03, vaunnaa
¢ 2008/2004 yuebSHOTO rOfa B COepRAHNE MIKONBHOTO MATEMATHUEC"
Koro o0pasoBAHNA BKIYEHH SIEMEHTH KOMOHHATODHMKM, CTATHCTH-
KH H TeOpHH BepoarHoerTeil, KoTophle (yAyT BBOAHTECA B TeUCHHE TPeX
JIeT, B KauecTBe anpobanun. 3a 910 BpeMA ZoKeH GLITE HAKOIUIEH ONEIT
IpemOfAABARHA HJEMEHTOB CTATHCTHKH H TEODHE BepOATHOCTeHd, ocy-
IecTBICHA NEePenoAroTOBKA yunTeaeli. B aror mepmopn sagaHEHA DO
BEPOATHOCTH M CTATHCTHKE HE JOJKHL BRIIOYATECA B NATEPHANL ANA
AFMHAHNCTPATHRHOIO KOHTpONA. JNeMeETH KOMOERHATODHKH, CTATHC-
THKH H TeOPHH BepPOATHOCTeH He GYAYT EXONHTE H B MATEDHAIE] JNA
WTOroBO ATTOCTANAN BRNYCKHHKOB OCHOBHOH mironti. Kag cxasaHo
B 9TOM IACHME, ¢...HIYICHHE 3IeMOHTOB KOMOHHATODHEN, CTATHCTHKY
¥ TeOpHH BepOATHOCTeH B OCHOEHOH B cTapmeif IDKoNe cTaHeT obaza-
TEABHEIM LOCJAe YTEeD:KAeHHS GeZepaZbHOTC KOMIOHEHTA TOCYHap-
CTEGHHOIO CTaHZapTa 0biero oGpasoBaBENSs.

PasanuvHeie BapHaHTH obeMA H XapaKTepa HIOKEHHA HJeMeH-
TOB KOMOHMHATODAKH, CTATHCTHKH H TeOPHH BepoaTHoCcTed (Gonmee
KPATKO, CTOXACTHKH) E cpefHeil IIKoJe HeOAHOKPATHO MOABNAIHCH
B ofcy:RAANACH HA NporAKennn nocaeAnnx 10—15 ner. Illepphie Bep-
CHH, BXOAWSOIAEG B NPOeKTH O0A3ATENLHOIO MHHRMYMA COZCPKAHKA
ofyueHnd MATEMATHEES, BRAKWIAAM ABHO MAGLITOYHLIH MaTepuan
BILTOTE A0 IIOTHOCTEH HEeNPEePHMEBHO pachipeAcieHHbIX CAydYaliHLIX Be-
JHYHEH, HX MATeMATHYCCKOTO OIKHAAHMA M JUCOCPCHH H T. 1. B gefier-
BYIOOIeM CTAHAADTE MATEMATHYECKOro OOpABOBAHWA 3adHHKCHDPOBAH
ofrbeM cTOXacTHUeCcKOTO MaTepHaja B (opme, Gosee mpHIrogHoH Ana
BKJIOYCHNS B PAMKH TPAAMIMOHHKIX Kypca amrefpul 7T—9 m Kypca
anrebpH B Hauan MaTeMaTHUecKoro aHannsa 10—11. Bo msfexanne
HeTOYHOCTel IPOXHTHDPYEM CTAHEAPT B IO CTOXACTHYECKOM TacTH, OT-
HocaAmelica K npoduasnoll mrone:

«Tafimuunoe ¥ rpadudeckoe NpeAcTABNEHHe AAHHHX. Jucaoguie
xapaxmepucmuxy pados OGHH®X.

TloowepenHrli ¥ OTHOBPEMEHHBIH BHOOD HECKOMBKUX 3JIEMeHTOB
H3 KOHEYHOTO MHOMecTBa. DOpMyaH YHCIA NEePEeCTAHOBOK, COYETA~
prnit, pasmemennii. Pemmeame romBmEaropurix saaad. Popmyaa Gu-
BoMa Helorona. CpolicTea GRHOMBANBHEIX KOaddhummerTOB, Tpeyrois-
mug Iackana.

OnemeRTADHREIE H CAOKEHEEe co0rrmHA. PaccMorpenne enydyaee H
BEePOATHOCTE CYMMBI HeCOBMECTHRIX COOHTHN, REPOATHOCTL NPOTHEO-
nonoxHOre cobritnd. Ilonamue o nesacucumocmu cobumuit. Bepoam-
HOCMb U CMAMUCMURECKAR RACMOMaE HACMYNAEHUR cobbimus»,
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lpr BanwcaHERW HACTOAWSH BepcHH yue0HHKA HO anrefpe H Ha-
YajJaM aHANF3a Aad TpodunbHON MKOME MEI B NEPRYIO OUeDERs OpH-
CHTHPOBAJINCH HA IIPHBEACHHYIO B CTRHAAPTE TeMATHKY. B TO iKe Bpe-
M4, no Hameid ofenxe, B OmERalinTae HECKONBKO JOT B KAACCAX, 00y-
JAINHXCA MATEMATHKE HA OPOUALHOM YDPOBHE, BIOIHE MOMKET OKa-
BATRECH ZAMETHOS KOAWYECTEO YIOHHKOB, KOTODEE NPAKTHIECKH HHE B
Kakoif Mepe He OLLIN 3HAKOME ¢ SIeMEHTAME KOMGHHATODHKM, CTa-
THCTHKH H TEODHH BepOATHOCTel 3a BpeMa 0GyueHHMA B OCHOBHON
mxoae. YUIUTHIBAA 9T0T GARTOD, ML HATHHASM HITOMeHRAe 310 TeMED
¢ npocreiimero (B0 OCHOBHOIO) DpaBHIA KOMOHMHATODHKM — NpAaBHNIA
yMuHO:ReRHA. B § 47, kpome co0CTBEHRS NDABANA YMHOMKEHH T, OCHOB-
Holl AKDEeHT JelaeTcd Ha BEIBOJ ABYX OCHOBHEIX KOMOHHATOPHEIX ¢op-
Mynx: P, = p! — ANA IACAA NEPECTAHOBOK — W 2° — g 9ucaa Bce-
BOSMOYKHEIX MOAMHOMKECTE MHOMKECTRA, COCTOSNIEr0 H3 It SAeMeATOB.
ParTOPHANN NOABIAIOTCA PAHBIIE CAMOTO IOHATHA «IEPEeCTAHOBKAS
mpocTo Kak yRoSHE cocol coRpamenHoil 3anucH OTBETA BO MHOTHX
KOMOMHATODHBIX SAJAYAX, KOHKPETHEHIE NPHMEDPH KOTODHIX pasofpa-
HEl pAHEE ¢ HCHOALIDBARANEM NPABHIA YMHOXeHNA. M HauHHaeM ¢
IPABHJIA YMHOMCEHHS, HHTEPIPETHDYA €ro KaK MOACIeT YHCAf KJe-
TOK B IPAMOYroabHON TalaHIe, saTeM M3JaracM aro :Ke IPABHIO,
HCHONLAYA ACPEBO BOIMOKHEIX BAPHAHTOB. JIBe OCHOBHLEIE TEOPEMH,
KAK H NPaBMJIO YMHOMKEHHS NNA /I He3ABHCHMBIX HCIBITAHHN, ZOKA-
SAHEI METOAOM MATEeMATHYECKOH HMHEYKIMEN, NpHBeAEHO CTPOroe on-
pefciieHEe NOHATHA NePECTAHOBKH DJIEMEHTOB KORETHOr0 MEO/KSCTRA.
B coorBeTcTRYIOIIeM naparpade samauHmka, KpoMe KOMORHATODHRIX
BAJIAY, AMEIOTCH M YHUCTO anrefpanvecKHe 3ajaHHf HA BHUHC/ICHHE
sHaueHn# gpobelt ¢ daxropmanamm, ynmpomenue B npeobpazosaEEs
OyHBeHHRIX BRpaXeHRl, peileHne ypaBHeBHIl, JOKASATENBCTBO Hepa-
BeHeTS M T. 0. Hanpamep, pemets ypasuenue 0,125n! = (r — 1) — 90
HIH AOKAZATE, YTo pl > 4" nupu n 2 9.

Ecan B § 47 »3 JAEHEOr0 MHOJKECTBA NPAKTHUECKM BCOTIa BRIGH-
pancs odun sneMeHT, TO ciexywuuii nmaparpad DocBgieH BHOOpPY
HEeCKOALKUX HIEMEHTOB H3 IANAHHON? KOHEUHOrD MHOXecTBa. § 48
HAYKHAETCA C 00CYXIeHnA 38/JAYHA O 3AN0JHeHAN Ta6NMOE pesyasTa-
TOB BCTPeY HEeCKONBKHX KOMAHZ, O NMOACUETE YHCHAS PYKOMOKATH
NMe¥AY BCTPeTHBINHNWCH APY3haMH, 00 onpefeneHHAn YHCAf ARAATO-
HaNell MHOTOYTOJBHHKA, JTH NPOCThe HPHMEPH MJIABRO NOABOSAT K
OTAENLHOMY PACCMOTDEHHIO YNCJA HEYIOPAAOYEHHHX BHGOPOB deyx
3JIeMEHTOB H, COOTRETCTBEHHO, K BRefeHnI0 cuMpona C2. TToToM moas-
astores GoOpMyNH gas umens A2 pasMemenuit Kax HOIOCDeACTBOH-
HOe OpHMeHeHHe NpaRHfa yMHOmeHns us § 47 m yeramapiaueaercs
CBAZh MEKAY A,f K Cﬁ. TontKo mocle ITOre ME BBOANM oblIlee NOHS-
Tae udcna Cr couerannit. Boobine, NpaKTHiecKy Beage B YTolk Teme
MH CO3HATeARHO BHIGHpAEM HMEHHO TAKYIO HOCIEAOBATENLHOCTH H3-
NOXeHNA: CHAYANE KOHKPETHBI® OPDAMEDLI, 2aTeM o0CyIRJAeHHe IOy~
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YeHHKIX POSYABTATOB H BhlAJEHHE TOTO HOBOI'O MOHATHA, KOTODOe HX
olrreauEAeT, H TONBKO TOCHAE 3TOTO BBeACHYE HOBOTO TepMMHA B ofo-
sHaveand. IloguepkaenM, 9T0 DOPAAOK, IPH KOTOPOM CHAYANA BBOSHT-
cu HoBHi cuMBon (Hanpumep, CY), ero Hassamme (<« U3 5H N0 Kas),
CJIOBECHAS PAacTIMGPOBKA (¢UHMCIO BEIGOPOB...»), M TUIBKO HOCHTE ITOro
PACCMATPHBAIOTCH KOHKDETHHIC NMPHMEPH M BEHYMHCICHHS, OPEICTAB-
NAeTCH HaM B 3TOH TeMe MeTOAMYECKH HeCOCTORTeNHHEIM.

B § 48 BOsSTCA HE TONBKO CONEMAHLR, HO ¥ PA3MEWEHUR, JOC-
TATOYHO nogpolHo paccMaTpuBaerca Sunom Hunomona. HpasegeHnl
AOKA3ATENLCTBA MHOIEX KOMOMHATOPDHEX (PAKTOB: YHCIO BEHGOpPOB
ABYX SJIEMEHTOB M3 1 JAHHHEX, GopMynn gas AY, C* ¥ ceass mexay
BaMu, dopmyna 6uaoMa HrloroRa. Ilourn BO BeeX 9THX AOKABaTENB-
CTBAX B moaHOK Mepe paforaerT MeTof MAaTeMATHIecKOl HENYKIHN
H MAaTepHan Opepsizyuierc naparpada. JdocTATOYHO ITHPOK CIHCOK
npEMepos u npuaoxenmist, Hanpumep, popayra CF = C* | + ¢}
ABHO BHBOANTCs n3 SopMyn zas C,, a ua GmEoMuansno# dopmy-
a1 Hyoroma, npumenesHoil ¥ uacTHOMY cayuaw dopMyanl Myaspa
(cos x + i sin x)* = cos 5x + i sin 5x, HOMYICHE BRIpAKEHES A% co8 Bx
H gin 5x gepes cos X ¥ sin X cOOTBeTCTREHHO, HpPYrUMH CIOBAMH, NOA-
JePKHYTA H CBASL ¢ TeMOl « KOMIJIeKCHLIE JHCHAas.

B coorseTcTByOIeM Haparpade safauHEEKA OTMOTHM YOpaskHe-
HEA 48.18—48.20, B KoTOPHIX TpelyeTesa HCCASAOBATE IOBeeHIe TOk
Ban mHOll nmocaenoBaTe/IbHOCTH, CBA3AHEON ¢ QOPMyNaME dHCAn CO-

5 4

YeTAHMN IWIN DasMeImenulf, HanpaMep: I?_—;, é%: WLIH AM.B'raunx
safavyax HAa HOBOM KOMOMHATOPHOM MaTepHalle NPOHCXOAMT MOBTODE-
HEe rpadburos 6azoBrix GyRrnmii: kpaaparasHOl M ApobHO-IMHeH-
Bolt. KpoMe TOro, HMeIOTCA 3aaHKA HA BEIYMCACHHAE NMPEeACIOB UHC-
JIOBHIX mocaegopaTensrnocTedt, Tem campiv Hoparl yuelburii MaTepnan
HATSIPHPYETCA B PAMKH YiHe TPAAHIMOHHEIX HAA Kypca axrelpul u
HATAX AHAJNFZA TEM.

Yncna C! noaenmiorea B xoMbuuaTopure TPEXAL, CHAGANA KAK
YHCIO coMeTaHut HS » SCMEHTOB 10 k¥ — B safaunuKe Takol Doaxoxn
Hemoansyerca B M 48.5—48.13 (noacuer, BRI9HCIEHHEA, CPABHEHHAA
mo BenuupEe B T, .) 7 48,14—48.17 (HenocpeACTEEHHOS HCROML30-
BaHHe B KOMOHHATODHKE). BaTeM Kax YHCAOBHEe KoabdrmuerRTH NpA
PA3JIOXKeHNH BHpaykerusa (a + b)° B cyMmMy ogHOWIeHOB, T. €. B 61HO-
Me HrloToRa (B 3agauEnKRe 910 N 48.24—48.27). HaroBen, KaKk uHc-
N2, PaCcUONOKEHHEE B Tpeyroanpure Ilackana (Nt 48.28 n 48.29).
SaxmouHTeALHAa 367%a4a 48,30, B xauecTRe eme OQHONQO MpUMepa HC-
none3opaEnd GunoMa HeloTOHA, coeHHAET BMECTe H HEDABEHCTBO
BepHy/UIN B A0KA38TENLCTBO TOTO, YT0 lim¢*=0,0< g < 1.,

B—=00
Marepuall saxJOGIETEASHOro B 910o#l TeMe § 49 +Cayuaiinnle
cO0MTHA M EX BePOATHOCTHE» NpecieAyeT PAJINYENG yIe(GHEe HeJd.



C opnoil cTOpOHEI, 9T0 SHAKOMCTEO ¢ HOBMM HNOHATHEM BEPOATHOCTHA
chayqaitioro coburua. HageeMcda, 4TO JIA 3HAUHTEABHON JaCTH yye-
HHEKOB 910 OyJeT NOBTODEHMOM IHAKOMHIX Betliell. C camoro nauasna
HBJIYKEHRA MBl HACTONYMBO IOAYEPKEBACM, ITO HCIIO/IbBOBAHAS KJIAC
cHuecKof BepoATHOCTHONR ¢XeMEl — 9T0 paloTa B npocTeiimedt modeau
PeaANBHOCTH, HO He B caMoil peansHocTH. Ilepesiii e pasofpapnnill B
§ 49 npumMep sagaun lannneo Faymned, KOTOPadA, BUAUMO, SBISETCH
OAHAM H3 NEePPHX HCTOPWISCKH H3IBeCTHELX INPRMEDOB HOACHUETA Be-
POATHOCTH, TIOKAGLIBAET BOBMOMKHOCTD PA3AUYHLIX OTBETOB IPH Pas-
AUNHOM MOACIHPDOBAHNH KOHKpeTHOM curyannn. C apyroit cTopoHH,
HOBHIi{ BePOATHOCTHSIN MATEPRAJ ABJAACTCA TeM yIeOHBIN DONHIOHOM,
HA KOTOPOM SARDEILIAITCA KOMGHHATODHLIC BHAHHA H3 NPeAAYyINe-
10 § 48, B HOBLIX CATYaNHAX HOBTOPACTCA H ZAKPEIAACTCH TOABKQ
uro npoiifesnnil Marepuan. B-TpeThHX, HaM BRXKHO KaK MOKHO eC-
TecTBeHHEES NOAOHTH K HeSABMCHMAM IOBTOPEHUAM HCIIHTAHHAA C ABY-
MA HCXOAaMHA. OT0 HamfoNee BAREAA ¢ IPAKTHUECKON TOUKH apeHnAA
BepOATHOCTHAA MOZeNb (MCOHITAHHA DepHyJAHn), MMEIONIAR 3HAYH-
TEJRHOE YHCHO Npuaomennit. Boxee noapobuo ucnwmTanua Beprymnm
GyzayT paccMoTpeHH B 11 Kaacce, a B KoHIE 10 Kiaacea BaXHO YCTAHO-
BHTH «MOCT MEKAY NPOLLIHM ¥ GYAVIIEMs, MEXAY COAeDRAHHSM
yae0HOTO MATOpHANA B BBYX DASHEIX KAaccax,

H B yuebHHUKe, H B 8AZAYHUKE IPHMEPH H 3aI89H MOYXHO VCJIOB-
HO ragsccudunuposarh Tax. CHagans NpeAROREHE 30XaUH HA HEHo-
CpeACTReHHOe HCHOABIOBAHHE KAACCHYSCKOH BEePOATHOCTHOM cxeME
(N 49.1—49.8), Hoacuer pepoaTHocTeit cayualiHux cofTHil Haym-
HAeTCA ¢ sajaaHnll, cpEsaHHEEX ¢ BEIGOpoM mpocrefiiero AAA Kypea
MATEMATHKH O0BeKTA — HATYP&IALHOTO YHCAA. Bo Brex ciaydasx BEI-
Oupalor ABYsHAYHOS YMCeN0. PacCMOTPeHE TAKIKe NeOMETPHYECKHE H
EATPOBHE MOZEJH BeDOATHOCTHHX CHTyaumii. OTMeTHM, 9T0 B 9T0M
IMKJe 388" A0 HAXOKACHHEA BepOSTHOCTER XBATAET NIPOCTOTO IIepe-
Gopa Bcex BOSMOMKHOCTeH 0e3 CHCTEMATIMECKOrO MCIONL30BAHHT CO-
yeTanuil ¥ pasMenmienaidl, PopMynALHaA KOMOEHATOPHKS DOSABHTCH B
oTOM naparpade uyrs nogxe, JpyruMn croBaMH, B 9TOM MecTe yueb-
HAKA MH AejIaeM BTOPOH MeTOANYeCKHH KOHOSHTD: CHAYARA 38004H ¢
IpocTHNM HepefopoM BoaMOXHOCTel, IOTOM — ¢ NPABHJIOM YMHOM(e-
HAS B TOJIbLKO HOTOM — C ACHONbIOBAHNEM GopMya ang A m C*.

3aTeM creAveT KOMIEKC BOOPOCOB, CBA3AHHLIM ¢ IPAaBANIOM CYM~
MBI B $opMynoli BEPOATHOCTH CyMMEl ABYX cofniTuil, 3xech, Bo-mep-
BHX, CJEAYeT OTAENLHO H aKKYPATHO pasofpaTscd ¢ cyMMON m mpo-
H3BeAeHHeM ABYX coOmTud (TeopeMmm 1 2 2, M 49.9—49.186).
Bo-BTOpEIX, HeOGXOZMMO NOKA3ATE HA KOHKPETHLIX DPHIMEDax, Kak
pa§_m*aer oTa opmyana, HAOPUMeED, TIMATEIHHO oTpaboraTs GOPMYIE
P(A) =1 ~ P(A), P(A) = 1 — P(A), cRAIRIEBAIONIEe BePOATHOCTE COOEI-
THH H BOPOATHOCTS NMPOTHBONONMEHOTO eMy cobriTud. C aTolfi Heasko
PACCMATDHBAKTCHA cAeAcTBHA 1-—5, npuMepw 3 W 4 yuebEmKka u



Ne 48.17—48.22 sanaannka. Bo HsbexxaHme AOBOJBHO YACTO BCTDe-
YAWINErOCE B BEDOATHOCTHHIX 38JAYaX NSIHIOHEN) TEMATHYCCKOTO
PasHOoOGpASHA, BO BCOX JTHX 38JAYAX MBI OIDAHMMHJIMCH OXHOY, TAK
HasueaeMo#t ypHaopofl, cxemoill: pasHoIBeTHEHIe INADPE BHTACKHBAKT
A3 TEMHOI0 SIIHMKA B OOACYUTEHEAIOT BEPOATHOCTHE PASIHYHEX COGLI-
ruii. HapaAy ¢ yMeHHeM BEIYHMCIAATL BePOATHOCTH, B HOKOTOPHX H3
THX 38489 HeoOXOAMMBL TAKRIKE SHAHMA O MOBEAeHNH APOOHO-IHHeH-
Holf QYEROHH H BAATeHHe NpocTeiimell TeXHIKON HAXOMKACHHA Opeae-
JIOB mociaeRoBaTeNbHOCTell. Te NVHKTH, B KOTOPHIX CAefyeT nepeiTa
K OpeAeay IPH 2 — 00, NOATOTABAUBAIOT K HIYUCHUIO B XanbHelimrem
«6GOoNBIIOro» YHCA HERABHCHMEIX NOBTOPSHHEE OAHOIO H TOTD e HC-
HETAHRA H ABIAKTCH CBOCIG DOAA NMPONeReRTHXON RBeAeHHA MOHA-
THA CTATHCTEYeCKOH yeToMIHBOCTH B HpocTeiimnnx dopM saxons 6oab-
HIRX YHCeEL

Haxomen, Xopomo H3BeCTHHIC M3 HCTOPHM HAVKH ABe 38T8YH
xe Mepe (npamMeps 5, 6 u TeopeMa 3 yueGnuxa) n M 49.23—49.30 oo
CYIIECTRY ABNAIOTCSA SATOTORKOM Ang paceMorpenus B 11 kiaacee mo-
CeAOBATEABHOCTEH HenuITABRN Bepayiiam B mepexofs K HOPMAJLHO-
MY 38KOHY pacnpefelenns, BopoueM, B 10 Kaacce aTH 3aa9n CASAY-
€T BOCTIPHHEAMATE KAK €CTECTBEHHOS IPORWIKEHEE NPeARAYIIero IHK-
JI8 33729 ¥ NOJyYeHHe OTBETA HA BOIPOCH THIA +A 9TO NOIYIHTCH, €CHIH
3TOT NpOIlece NOBTOPATE MHoOrQ pag?s». THINIHAA DOCTAHOBKA BOOPO-
ca OpeACTaBNCHA, HAPAMED, B N 49.28: «ByxBr pycoxoro axdasura
HADHMCAHLI HA KAPTOUKAX. BEl cAy4YaiiHO BRITACKHBAOTE OAHY KADTOY-
Ky, uaraeTe GYKBY, BOSEpADIaeTe KAPTOUKY ¥ NoBTopaeTe BrIfop. Kak
TOALKO NOABHTCH IAacHaA GYKBA — NpPOLOEAYPA JAKAHIABACTCH.

a) KaxoBa BepOATHOCTE TOTQ, UTO HEKAKHMX NOBTOPEHHIH He mDoTpe-
Gyerea?

6) Karopa BepoATHOCTE TOT'O, UTO XBATAT ABYX IOBTOPeHWMIi?

B) Kakona BepoATHOCTE TOTO, YTO XBATHT HMEEHO 1t IOBTOpPeHmi?

r) HaliguTe npesen 2ToH BepPOATHOCTH OPH 1 — ©0,%

Ilocae COOTBETCTBYIOINX BRIYHCNEHWHE B MYHKTAX A)—B)} MEH pe-
KOMEHAYyeM rpadnvecKH H300DAZUTh NOBEACHHS NOCASA0BATSALHOCTH
HadigenHEIX BepoaTHocTell. Toraa HaTAAAEO GyAeT TOHATHA ACHMIITO-
THKA BX DpRsuwKkends ¥ HyJ0. AHAROMAYHO ClIefyeT NOCTYIIUTE H B
N 49,22 B), 49.25 B), 49.27 B), 49.29 6). Pemtenng »THX 38744, KAK
H APYFHX 3aAa4, OTMEUYEeHHEHIX CHMEBOJIOM @, IOMEIIeEH BO BTOpo#
YACTH HACTOAINETO TOCoGHA.



YACTH 2
PewieHue HeKOMOPbIX YNP@KHEHUI U3 3qdaYHUKa

fhasa 1
§1

1.21. HaitTH Bce mDeNOYHCASHEBIE 3HAYCHHA NMAPAMETDA 4, NPHA
KOTOPHX 00 KOPHA VDABHEHHS — NeNble YHCRA:

Ba+2f+2a-1)xt+a’-5a—-4=0.

PemreHue. [IocKONERY B 38816 pedl HAST O ABYX KOPHAX ypas-
HeHHd, GaKTHYEeCKH NPEeAHOAATAeTCH, WTO YPABHEHHEe — KBALDAT-
HOB, T. €. @ + 2 # 0, H, cAeXOBATEALHO, MH HMeeM NIpaBo npeolpa-
S0BATE VPABRHEeEHe K BHAY IPUEBEACHHOTO KBAADATHOTO YPABHEHHA:

- 2 _Bg_
2+ ?_f;‘ + & 0?2—4 = 0. Ecnn KOopHHN ypaBHeHMS — Nejbie
9HCAA, TO KO3DPUUHEHTH NPDHBEAGHBOTO VPABHEHUA —— HeJBle YMC-

2¢ -1 5
o373 —28-gyg.emEe

%8, B YACTHOCTH, %‘?T_zl — menoe gHceno. Ho

YHAT, % — mesA0e YHCAO. JTO BOSMOKHO IPpH CIeRVIOLIIHX JHAYEe-

HHAX napamerpa a: -7, -3, -1, 3.

Paccsorpam ceoGoqHEIR wien IPHBSASHHONO YPABHEHNS GLT?F,

OH TOMKe AOKeH GRTh meaniM unciaoM. HeTpyaHo yGemmThCst B TOM,
9TO MPH KAXKAOM W3 HANAEHHEIX BHIIC SEAYCHWI TAPAMETpa 3AlHCAH-
HOE BLIpaeHHe NPHHEMAET LenQdnciedHoe 3HaueHwe, TaxumM ofpa-
30M, YKa&3aHHEE UeTHpe SHAYCHUA IPOILIN M 4Yepes BTOPOe HCIHTA-
mue. Ho nesouncnensocts Koadhdmnaenros — aums reobxoanmoe, HO
He AOCTATOYHOE YCHOBHE CYHISCTEOBAHHSA MeNJOUMCAeHHBX KODHelf.
TpugeTca OIA KaXXA0TO HS HANNPHANX SHAYCHHA AaDAMETPA COCTABHTE
KBSJPATHOE YPABHEHHE H MPOEEPHTh BAJIAYME NEJIOYHCAEHHRX KOpHei.

Ecnu @ = -7, T0 ypaBHeHHe ODpHHHMaeT BuA xZ + 8x — 16 = 0,
neasix KopHeit Her. Ecim a = -8, To ypaBHeHWe NpHHMMaeT BAZ
xX + Tx - 20 = 0, nenux xopmedt Her. Ecin @ = —1, 1o ypaBueHnne
npuHEMaeT BUE X2 — 3x + 2 = 0, ypaBHeHWe NMeeT ABA MEAHX KODHS:
1, 2, Haxonmen, ecnu ¢ = 8, TO ypaBHEeHHME NpPpHHHMAET BUJ X2 + x —
— 2 = 0, ypaBHeHHe ¥MeeT JBa NEeNLX Xopra: 1, —2.

Orper: -1, 3.

1.25. r) JoxasaTb, 9TO eCJH NPH HEKOTOPOM HATYPANSHOM 3HA-
wermn n wacao 8% '? — 8n — 9 pesmrea ma 64, To M umcno 8%t -
- 8(n + 1) - 9 Taxxe genuTca HA 64.
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Pemenne. 3**‘-8(n+1)-9=93""*-8n - 9) + 64n + 84.
B noayueHRHON CcyMMe TPeX CAATAeMBIX KAXKAQOEe CJATAeMOoe AeNRATCH
Ha G4, 3BAYHT, H CyMMA AeNUTCA HA 64.

B sazauHmKe npeaiaraeTcs YUANIHMCA NPOBEPHTH HANAIHE
DeHMOCTH /A n = 1 u mogyMaTh, I1d KaKHX eIe 3Ha4YeHHI I HMeeT
MecTO Aenumocts, IIpu n = 1 supaxenne 3*'*? — 8z — 9 ofpamaerca
B 64, 7. e. fJenurca na 64. Bame Mi JoKasanm, 9TO €CIH HPH HOKO-
TOpPOM HATYpANLHOM BHAUYCHHH 1 4Hcao f(n) = 8% *? - 8n — 9 gemmren
aa 64, To u wmeno f(n + 1) = 3%* — 8(n + 1) — 9 TakmKe FeymATCN
Ha 64, Hocroasky f(1) : 64, ro r f(2) : 64; u3 f(2) : 64 cmegyer, 9TO
1(8) i 64 u r. a. TakuM o6pasoM, MOJYYAEM, UTO PAKT ASNIHMOCTH
HMEeT MECTo Aid MoBOre HATYPANLHOIO YHCIA . DTO — NpPONeReBTHRA
METOAA MATEMATHYCCKON HHAYKONA.

1.57. Haiit Bce mapsl nenwx umcena (x; y), YAOBAESTBOPAIOIMIMX
QHEIO:

6) 86x* — y* = 27; 1) x* - Txy + 62 = 18.

Pemenue. 6) Hpeobpasosas ypasdenne K Bugy y° = H4xf — 8),
yoempaencsa B ToM, uT0o ¥ ! 9, amoromy ¥ i3, T.e. y=3t t € Z.
Torjia 3afanHoe YpaBHeHHE MOJKHO Nepenucarts B Buge 36x% — 92 = 27
H Jpanee (2x — t)}2x + t) = 8. IIpousBejenre ABYX HeALIX UMCeN
MOMeT PABHATHCHA YACAY 3 B YeTHpex cayuaax: 1 m 3,3 mn i, -1
g -3, -8 n -1; cooTReTCTBEHHO NONYYAEM JYeThIpe CHCTeMbl ypaBHe-
Huit:

{2x—t=l, {2x—t=3,{2x-—t=—l, {2x—t=—3,
2¢+t=8; [2x+t=1; |2x+2t=-8; (2x+1 = -1.

DTa COBOKYIHOCTh CHeTeM NMeeT 4 pemmeHna: (+1; 1), coorrerer-
BeHHO HaxoZuM 4 napu smauenul x, y: (1; 3), (1; -3), (-1; -3),
(-1; 8).

r) Ecau neBy10 T8CTE YPABHEHHS PASJIOKHTH HA MHOKHTENH,
monyvuaM (x — y¥x — 6y) = 18. Ecte 12 posMoxHOCTe®k AN4 TOTO, 9TO-
61 npoussefeHNre ABYX nednx yucenx Opiao pasHo 18: 1) 1 u 18; 2) 18
11;3)2u19; 4) 91 2 u 7. A. PaccMaTpRBATE COBORYIHOCTD 12 cm-
CTeM HE OYeHH-TO IPHATHO, €CTh CMEICA IPOBECTH AalbHeRImIHe MC-
CNeLOBAHESA. 3aMeTHB, HANpuMED, TT0 x° — Txy = 18 — 8y%, nenaem
BHIBOA O YeTHOCTH YHcaa x° — Txy. Ecia B »TOM BHDAKEHUH X —
HeYeTHOe YHC/I0, TO H [ — HeUeTHOe THCH0. 3HAYHT, napH (X; y), B Ko~
TOPEIX X — HEYEeTHOe UHCJID, f J — YeTHOe 4YHCJ0, MOJKHO He pac-
CMATPHBATE. DTO BHAYHAT, YTO Cpazy MoyHO ordpocmETs napsl (1; 18),
(-1; —-18), (3; 6), (—8; —6), (9; 2), (—9; —2). OcraeTca pemMTH COBO-
KYIHOCTh IIeCTH cHcTeM. IlesouncieBEHX pemennii @e Gyaer HE B
ogsoi Hz HUX.
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3.20. OrveruTe Ha yHcAoBOH npaMoit Touru A(1) v B(4). C noMo-
B0 OUPKYAA M ITHHefKH NoCTPOHTE TOYKY:

) cVT% 6 pa-7); »E(E) ne-E.

Pemenne. a) Ha orpeske OB KoKk HA AHAMETDE CTPORM MOJYOR-
pPy&HOCTE. C meaTpoM B Touke B NpoBOARM AYTY OKPYKEOCTRE Pajuy-

COM, PABHEIM BA (7. ¢. pagaycoM 3), OHa DepeceRaAcT NOMYORDYHHOCTE
B Touke K (pmc. 7). Ha nmpaMoyronsEoro TpeyronsEEka OKB Baxo-

EaM: OK = J‘? . OcTaeTes JUINE OTACKHUTL HA NOJOKKETENLHON mOTy-

ocnorpeaonOCm,mOC=OK=J’?.
6) Or TOUKA A B OTPHIOATENHHOM HANMPABRJCHHH OTRIAXEIBAGM OT-

pesox AD = OC; moayuum TouKky D -7) (pme. 7).

B) ¥asomm oTpesox OC, mojyaam ToOURY P(2V7); npoBefieM M3
TourH O NpOHM3ROALHHMN JyY ¥ OTAONHEM HA HeM 7 eJHHHUHELX OTpe3-
KoB (oTpeskos, paBHux OA): OT, =TT, =...=T,T,=1.

Ipopenem upamyw T.P, a sarem npamywo T,E || T,P. Toraa noxy-
anM, aro OF = = = 72,? (pmc. 8); E — mRcxoman ToIKa.
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r) CTponM UpAMOYTOJIbLHKIH TpeyronsHuk OAL, ¥y ROTOpPOTO KaTe-

TAMH cayaxar OA =1, OL = 2, amno'renyaaAL=J§. Hanece paceym-
JAeM, Kai B IYHKTAX a) U 6).

§4
4.28. PemuTh ypasHeHHe:

a)[x]=x; OG)[x+5]=1-2x; B)[x]=%; r)[ﬁe‘":—l]=x+2.

Pemenne. &) [To onpenenennio [x] — uenoce 9ucao, 3HAYHT, H
NpaBAS YACTE YPABHEHHHA, T. €. X, — nenoe dyncao. Ho mia mwoboro
IEeJOro YHCAA, N0 ONPEAENeHRI0, BHINOMHAETCH paBeRCTEO [X] = X.
BEaunT, KOpPHEM YPARBHEHHWS CHYEHT J000e meoe Iucio.

6) IIycTe x + 5 = ¢, TOrAa YpPABHEHHE MOJKHO IIEPDEeNHCATL B BHAL
[¢]1 + £ = 6. Orciona, KaK U B IYHKTe ), CJIEAYET, IT0 ¢ — Heaoe Ync-
a0, Ho Torpa [t] = ¢, n monyuaem, uTo t +t=6, 1. ¢. £ =3, a x = -2,

B) [lepenucar ypaBBenue B BHAe X = 2[x], NPEXOAAM K BHIBOAY,
10 X — menoe gHcao. Ho Torma [xj=x, x =2x, x =0,

r) Iyers & I 1_ t, Torjia ypasHeHHe MOYKHO [I€PEeNHCATh B BHAE

[t1= 4t + 1, Orcopa caepyer, 9ro 4 — meaoe wucno. Jaree, o onpe-
Henennio, [t] < ¢, a[t] + 1 > ¢, T. e. AOMKHE OAHOBPeMeHHO BHIOJI-
BATHCH HepaBenceTsa 41 -+ 1 < &, 4¢ + 2 > . F3 oTolil cCHCTeMEI Hepa-

BEHCTB HAXOAUM, YTO -% <t< —-%,ncoomercmnao, ——g- < 4t < -E.

B npoMexyTKe (—%; —%] COASDIKUTCA TOMBKO OXHO LEJIoe UMCH0; UIce

ao -2, Hrax, 4t =-2,ax =4t -1 =-3.
OTeeT: a) moboe mesoe THcaHo; 6) —2: B) 0; 1) —3.

4.27. ITocTpouTE Ha KOOPAHHATHOH miocKkocTH xOy rpachAR cooT-
HOLIeRHA:

a)[x1=); OxI>[k »BxI<: lx-1]>[y+1].

Pemenue. a) Ilyeth [x)={yl=n,ncZ. Toraan< x<n + 1,
n<sy<n+l, ncZ I'padnr 5T0if COBORYITHOCTH CHCTEM HEDABEHCTE
"aobpamen Ha pHeyiHKe D,

6) Ilyets [¥] = », 1 € Z. Toraa [x} > n, 1. e. [x]  n + 1. Ho x > [x],
aHAYMT, ¥ # n + 1. Hrak, peus #eT o DocTpoeHHH rpadiKka COBOKYII-
HOCTH CHCTEM HepaBeHCTB X » o+ 1, n < y<n + 1, n € Z. I'padmx
m30DpakeH Ha prcynxe 10.

B) Paccyxpaaa KaKk B NyHKTe 0), OPDHEXOAMM K BHEBOAY, ITO pedb
HAeT 0 HOCTPOEHHH rpadiiKa COBOKYITHOCTY CHCTEM HEDABEHCTB ¥ = n + 1,
nsx<n+1, n€Z; rpapux usobpaxken Ha pucyHke 11,
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DIlyere [y +1l1=n,n€ Z. Toraa[x-1]>n, T e.[x - 11> n + 1.
Hox~1>2[x~1],sgauur, x -1 2> n+ 1, x 2 n + 2. Nanee, na
coornomenusd [y + 11=n zenaem suiBog, aTon < y+1<n+1, T e.
n-1<y<n.

Hrak, pedr HAET O MOCTPOSHMH TPadiKa COROKYIHOCTH CHCTEM
HepapeHcTE X > n+ 2, n— 1 € y < n, n € Z; rpapux maobpasked HA
pHCyHEKe 12,

&9
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3 ®y=[1-x ®y=[+4; Dy=|

4.32. IToctporTsh rpaduk GyEKIAA Ha oTpeske [—4; 4}

Pemerne. a) 'padpur pyaxuun y

Ha pucyHEKe 13.
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6) Ilepsii cmocol. Byaem asurarscs no orpesky {—4; 4] chesa

HADPABO.
Bemx=—4,Toy=[1—-x]=[6]=5.EBcmmxec(—4; -8, oy=4.
Eemu x € {(—3; —-2], ro y = 8. Eenm x € (—2; ~1], 1o y = 2. Ecan
x€(-1;0, Toy=1. EBeau x € (0; 1], 70 y = 0. Ecmma x € (1; 2], To
y=-1. Ecma x € (2; 8], To y=—2. Bcau x € (3; 4), To y = —3.
I'padux nonyuernoli xycounol dyaxouw naolpanen Ha pacyHke 14.
Bropoii cnocol. y = [1 — x] =[-x + 1} =[-x] + 1. IloeToMy MOmxEHO
noayuuTs rpaduk ¢pyrxman y = [1 — x) us rpaduxa dysaxmm y = [x],
IPeACTARNEHHCIO HA PHCYHKe 13, ¢ moMombi0 ABYX npeobpasosanmii:
CHMMETDHE OTHOCHTENBHO OCH OPAHHAT (HOAy4YHM rpadhuyr GyEKIHH
¥ = [x]) B napannensHOro mepeHoca NONy4eHHOTO rpaduka Ha 1

BBEPX.
B) Hocrousky [x + 4] = [x] + 4, rpadux dyEknun ¥y = [x + 4]

MOYXHO DOJNYIHATh B3 rpadmxa dyaknunm y = [x], DpeacraBaeHHOrO HA

pucyHEe 13, ¢ IOMOIBI0 DAPAAICIBHONO IepeHoca Ha 4 BBepX,

r) Hoerpous rpadue GyEKINE y = 1 ;x (puc. 15). Teneps Oy-
AeM EBHTATHCA NO oTpesky [—4; 4] caeBa mampaso:
xe[-4;-3]=22<y<25=>1=2;
x€E(-8;-1]=1<y<2=[yl=1;
x€EC-11]120<y<1=>[yl=0;
x€(1;3]>-1<y<0=[yl=-1;
x€(3;4]1>-15<y<-1=[y}=-2.

a1
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Taxmm obpasom, GyEKIES Y = [I—Tx’ x € [-4; 4] npeacTaBnaeT

cofot xycounyro byHRIUIO
(2, ecrnt -4 < x & -8,
1, ecim -8 < x €-1,

y=10, ecmm -1 < x <1,
-l,ecrnl < x <3,
(-2, ecrm 3 < x <4,
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Tpaduk npeacranieH Ha pucyake 16.
4.33. Tocrposrs rpadu ynKmun ma orpeaxe [~4; 4
Dy=th Oy={l-2 Dy=lx+4: ny={37

Pemresme. a) 'pagnuk nsobpaxen ma pacyase 17.

6) Hockomsry y = {1 — x} = {~x}, rpadBK MOXKHO MOAYYHUTH U3
rpadEKka, NPeACTABNEHHONC Ha pHceyHKe 17, ¢ noMolkio nmpeobpaso-
BAHNS CHMMETPHM OTHOCHTENLHO ocH opauHAT (puc. 18).

B) IlockonbKy ¥ = {x + 4} = {x}, rpadur byxuun y = {x + 4}
COBmajiaeT ¢ rpadnkoM dyEknum y = {x} (cMm. pmc. 17).

7k
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Puc. 19

r) BocnoanayeMea teM, uto {a} = a — [a). ITocTponM rpadrk byHEEK-

IMH Yy = 1;.: (cM. puc. 15) u, Apurasces no orpesky —4 & x & 4 cuepa

HAanpaso, 6yAeM ONYCKaTh COOTEETCTEYIONIAe OPAHHATEL BHHS HA JHC-
JI0, pABHOE IIeJIoN YacTH opauaaTel. 'padax Gyrknnu y = {1 ;x} npeg-
CTARNEH Ha pHCYHKe 19.

4.34. a) Hyers a € [—4; 0]. Hailt oTpesork HaUMeHbINel IuNHHL,
coaepxamal pee auerna A 5a + a’.

Pemenne. ChaoxkrocTs 10t 38218UYH JIHIUL B ee HeNPHBHYHOMR
dabyne. DarTHYECKH peyb HAeT of OTHICKAHHN HAFMMEHLINErO B HAW-
Goupimiero suavenutt dynxmun y = Sa + a2, g € [-4; 0]. Mcromziit orpe-
30k — ofiacTh 3EAYeHmN arol dpyrrnmm. Haxogum: y,... = (—2,5) =
= —~6,25; Yuu = Y(0) = 0; E(f) = [-6,25; 0]

§5
5.16. r) Permts Hepasenerso |x® + Tx| < 4x + 10,

Pemenue. 3TOT NpUMeD BPAK AM NPEICTABAACT Kaxue-aubo
TPYAHOCTH JJA VIHTENA MATEMATHKH. IIpHBOJAHM €0 pemieHHe 3/1eCh
H3 YMCTO MOTOAMYECKHUX coobpameniuii: ecTh HECKONBKO MOAXOMNOB K
PEIIEHENIO HEPABSHCTBA ¢ MOAYJIAMHE H B Kai(AOM KOBKDETHOM OpHMe-
pe HYMEO yMeTh BHIGpaTh Haubosee panuoHATLHEE.

Iepprit cioco6. Ecnn x2 + Tx 2 0, o |x* + Tx| = 22 + Tx & aapan-
HOe HePABEHCTBO IpUHUMAeT BuA X° + Tx & 4x + 10, Ecmz x* + Tx < 0,
10 |[x* + Tx| = —(x? + 7x) 1 sagaEAoe HEPABOHCTBO MPHMEMMAET BHJ
—(x? + Tx) < 4x + 10. Taxum ofpasoM, peyb UAET O PeIIEHMH ABYX
CHCTEM HEDABEHCTE (COBOKYIIHOCTH CHCTEM):

{x’-!-?’x)o, {x’+7x<0,
2+ Tr<4x +10; |{xt + T2) < 4x + 10.

Pemime nepryio cEcremy, noayanMm: 0 € x & 2; pemws BTOPYIO
cHcTeMy, DoayunM: ~1 < x < 0; o6reAUENE HalifjeHHLIe pelieHHASA
cHeTeM, moxyyam: -1 < x € 2,
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Bropoii cnocol. Mmeem: 4x + 10 > |x2 + Tx| > 0. SmaunmrT, saa6H-
HOe HepAaBeHCTBO — HepaBeHcTsO BuAa |A|l € B, rze B > 0, Koropoe
PABHOCANBHO ABOWHOMY HepaBeHCTBY —B < A < B, Takam ofpasom,
38JaUa CBOJUTCA K PeINCHHIO CHCTeMHE HODABEHCTB

4x + 10 = 0,
x2+ Tx < 4x + 10,
x2 + Tx 2 —(4x + 10).

TpeTuii cuoceb. TIoCKOARKY, KAK ME OTMETILUIH Bhinté, BRIMOJ-
HAeTcA HepapeHerBo 4x + 10 2 0, o6e uacTH IAJAHHOrO HepaA-
BEHCTBA HEOTPHIATENLHLI, 4 HOTOMY BO3BEJeHHE HX B KBAJPAT €CThb

OCHNLHOS NpeolpasoBaHie HePABEHCTBA. YUTEM IOPH 3TOM, 4TO
A|* = A%, Taxum o6pasoM, 3a3498 CBONUTCI K PellleHRI0 CHCTeME He-
PABeHCTB

4x +10 20,
{(x? + Tx)? < (4x + 10)%

5.19. 6) HaitTn Bce 3HAYCHEA a, NPH KOTOPHX |X — 2¢ + 43| = a,
ecnu |x ~a|=2-a.

Pemenue. M3 ypasmenusa |x - af = 2 - @ Haxozum, uro arbo
rxr-a=2-4,7.e.x=2, mbox—-aga=a—-2,7T.e. x=2a - 2.
TloacTaBHB KAXKEOe H3 HAMAeHHBIX BHAYCHHH X B HHTEpPeCYIOIIee BAC
BEIDAJKEHRNe, MOJYIAM COBOKYIHOCTL YPaBHEHMI:

|2-2a+a?=a; |(2¢—2)-2a+a¥=a.

Pelnan meproe ypaBHeHHE, eCTE CMECA OODATHTH BHEMAHEE HA TO,
YT0 AMCKPAMHHAHT KBAAPATHOTO TPexwunena ¢° — 2g + 2 orpunare-
JieH, A NOTOMY TPeXwieH NpR A0HX SHAYSHEAX ¢ NPHHEMAET HOX0-
ATENBHbIE SHAUCHHAMA, T. €. |2 — 2a + a¥| = 2 - 2¢ + 4%, Bnagur, Hep-
BO® YPABHEHMe COBOKYNHOCTH npHEAEMaeT Buj 2 — 2a + o? = a, oTKy-
Ag Haxomum: g, =1, a, = 2,

Bropoe ypaBHeHHe COBOKYIMHOCTH, T. €. ypasHeHme [a° — 2| = a,
opH yeaoruu g # 0, B CBOIO oUeDeAk CROAUTCA K COBOKYIIHOCTH FBYX
ypARHeHMI:

a’-2=a; a*-2=-a.

IlepBoe ypaBHeHne HMeeY ABa KOpHA: 2, —1; H3 BuX yeuormo g = 0
YAOBJETBOPAET JMINbL IePBEIf HOpeHb. BTopoe ypaBHeHNe HMeeT IBA
ROpEA: 1, —2; B3 HEX yeaopHe g # ) TAKKe YAORJNETBODAET JMAINL
nepBHE KOpeHb.

OreeT: 1, 2.

8.20. a) Kaxme sHAYCHAS MOXKeT NPHENMATE |x — y|, ecant |x — a|= 17,
ly — a| = 162

3 AureSpa H Havaue WaT. aEamEsa. 10 k. 85



Pemernue. Ha|x — a| = 7 cneayer, uro x, =@+ 7, x,=a — 7.

Hs |y - a| = 16 cneayer, w10 y, = @ + 16, ¥, = ¢ — 16. Bnaumr,
lx - yl=|x, — gl rae =1, 2; k = 1, 2. ina yRasaHEWX YeTHPeX
BADHAHTOB HMOXYIAIOTCH ABA sRaYcHES: O 1 28,

5.21. 6) Haifru pce BOBMOVHBIC 3BAYCHHS BHPUJKCHERA i‘g;——"'s,
ecmn |x - 1| < 5.

Peme nue. Pemus BepasercTso |x — 1| < 5, monyunm —4 < x < 6.
POaxTHYeCKH peuh HEeT of OTHCKAHHH MHOXKeCTBA 3HAYeHH GyHK-

mm y = (E2EES 2 e (45 6).

KpappaTesiit Tpexunen x* — 2x + 5 pocTHraeT HAMMEHBIIETG 3HA-
YeRH% B TOUKe X = 1, 970 3HaUYEHHe PABHO 4; B KOHOEBHX TOYKAX 38-
JAHHOTO HHETEPBAJIA KBAAPATHHN TpeX'wIeH NPHHHMAET 3HAuYcHHe 29
(B Touxe x = —4 u B TOUKe x = §), MHOKeCTBO ero sHaveHWH Ha HATED-
pane (—4; 6) ects uHTepBAN (4; 20). CoOTREeTCTBEHHO MEOKECTBO 3HA-
geHHi HATepecyOmedi Hac QyHROEE — HHTEDBAN (a{?;l).

§6
8.15. Joxazars, uro Ana Awboro n € N BHEIONHASTCA DABEHCTEO:
ayt-NN+2.2+...+n-nl=(n+1)-1;
1, 2 n 1
O)gtgttmrm =1 G+

Pemenne. a) lIpu n = 1 papencreo pepro: 1 - 11 = 21 - 1.
IIpeanonoEem, TrooRo BepaompE =k 1 - 11+ 2 - 21+ ...+ k- Bl =
=(k+ 1)l - 1, MloxameM, ITO Porja oHO BepEO M ONpu n=k + 1, r. e.
JoraReM, wro 1 - 11+ 2- 21+ . +h - R+ G+1)k+1)=(k+2)1-1.

Beavomgene, (1 - 11 +2 - 21+ ...+ R - R)+ kR + 1)+ 1=
=((k+1N~-D+ER+1Ne+DN=CF+1NA+(k+1)-1=
=h+1)k+2)-1=(+20-1,

IIo npEEORNY MaTeMATAYECKOH HHIYKIRY JAOKA3LIBACMOe paBeH-
CTBO BepHO Aia moloro HATYPaXLHOTO 3HAUCHMA 7.

6) Ilpu n = 1 paBeHCTBO BEPHO: 7‘.{!— =1]1- §1i IIpesnonosxAM, 9ITO

OHO BepHO NpU 2 = &
1 + 2 + +L =1~ 1
TR T G+

JIokaxeM, SITO TOTZIA OHO B€PHO H OpA 1 = k + 1, T. e, ZOKAXKeM, ITO

1, 2 k kel 1
atgtetarot e =t Gro-




B camom pene,

1 2 k R+1 1 E+1
(ﬁ*ﬁ"'“*mm) + u:+2$f=(1‘(k+m)+ G+ =
k+2 k+1 1

=1-\G+oi @+ =1~ G+

IIo OpHENHNY MATeMATHUYSCKO! MHAVKIHA ZOKAALIBACMOE PARCH-
CTBO BEPHO A4 JIOHOT0 HATYPAALHOMNO JHAICHAA 7.

8.17. r) HoxrasaTs, uTCe ANA JA060r0 HATYPAABHOTOC YHCHA 7 » 3
BHIIONHACTCA HepaneHcTso 5° > 3n2 + 10n.
Pemenne. Ilpu n = 3 HepaseHcTBO BepHO: 5° > 3 - 3% + 10 . 8.
IIpegnonoxkam, 4To OHO BepHO Opr » = k (k 3 3):
5* > 8k + 10k. 1)
JdoxraseM, 910 TOrAa OHO BEPHC K OPpH 1t = k + 1, T. e. JoKAXKeEM,
91O
51 > 3(k + 1) + 10(% + 1). (2)

M3 (1) cuexyer, w0 5 - 5* > 5(3% + 10k), 1. e. wro 5**! > 1542 + 50k%.
Ecnu Mbl ZoKaKeM, 4To

15K + 60k > 3(k + 1) + 10(k + 1), 3)

TO HepabeHCTEO (2) Gyaer AoKaA3aHO.
Hmeem: (15k2% + 50k) — (3(k + 1)* + 10(k + 1)) = 12&* + 34k — 18.
HaiigeM xopHH DOJYYEHHOTO KBAADATHOrO TPEXUICHA:
go.=17% J445
1.2 12 “

Keagparumit TpexwieH DonoKHTeNIeH Hpn k > %ﬁé

OH NPDHMHUMAET MONOEHTAABHHE sHAYeHAd npu & & 3.

Hrak, sepasercTpo (8) BeprO, BepEO B HepaseRcTBO (2). Tlo nprA-
IHNY MATEMATHYECKOR MHAYVKIIMHA AOKASHIBAEMOe HEPABEHCTBO BEPHO
AR MOBOTO HATYPAJIBHOTO 3HAYCHHA it & 8.

, TeM Bosee

6.19., HokasaTs, oTo AnA moGoroe HATYPANBHOIO 3HAYCHHUA 74 BH-
HOJIHAESTCA HEPABSHCTBO:

a)%+§15+...+(n—_:'1)§<1;
LN U N qn R |
Optgt@mt -t @myyr<q

Pemerne, D10 mpaMep, KAK MHOIKA T'OBOPAT IICHXOJNOI'H, ¢HA

pa3pyImIeHHe CTEPEeCTHNA»: 37ech BHIrofiHee HCMONLBOBATHL HE METOA
MATeMATHYEeCKON HHAYKOHAM (¢ HAM BOSHHKAIOT TeXHHYECKHE CIIOM-

HOCTH), A APYyTHE PACCY)KACHHUS.
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a) BoconbgyeMcesa TeM, ITO -2!;, < -1-—.!—2-, —;g ST H s meIR <
1
< FTES % 3Ha4uT,

1,1 1 1 1 1
?+§!+o.a+(n+1)g<1.2+§'."§+ooa+n(n+1)—

2=+ 42 +...+%(1n—1;}—;)—”=
(-3 + G5+t (-7 =1- T <r
6) BocosbayeMesa TeM, UTO

1 1 1 1 1 1 1 < 1
B C1'5°9 "5.9°18 T 9-18* (dn+1¥ T (4n - 3)4n + 1)’

3nauur,

2 -
=12

1 1 1 1 1
?+§g+i'§'+...+(4n+1)a<l 3

1 1
913 T 1T Ur-DEn+9 =

-5 .18-9 (4n + 8) - (4n - 1
P (4n—1)(4n+872)=

=%[(1_%)+( _% + §-ﬁ)+"’+(4n1—1-4nl+3)) =

-il-zw3) <2

1
5-9

+ +

6.20. Jorasare, 10 ANA 106010 # € N BHIOAHAECTCS HEPABCHCTBO:

1 1 1 .
a)7§+7§+...+7m>4n+1 1;
6) g5 + 5+t g <2mrl-L

Pemenwue. a) Ilpn n = 1 HepaseHCTBO REPHO! 71-2- > 2 -1,
TIpeATONOXKHEM, YTO OHO BePHO UpH 1 = k:

1 1 1
72'+T3+...+7m>dk+ 1,

OKAXKEM, UTO TOTAA OHO omnpr n =k + 1, 1. e. fJoKaKeM,
b za BEPEO H P! A
910

1 1 1 1

A S e gy gl CRE Bk SR




Hmueem: .
(F+F++ ) 7g) - VEv2-1) >

>(WE+i-1+ 2= - (k+2-1) -

2+1

_ 1 _ _ - -
—Jk+1+m Je+2=4Jk+1 el

- VE+1E+2-VE+1)
v+ 2
Hrax, BepaBeHCTBO (4) Bepro. Ilo NpHERROY MaTeMaTHuyecKol

HEIYRUME JOKAIHIBaEMOe HePABEHCTBO BepHO AIA MOGOre HATYDANb-
HOTO 3HAMEHES N.

>0‘

6) IIpe n = 1 HepaABEHCTBO BEPHO: 'Jli <2J2 - 1.
IIpexnonoxeM, YTO OHO REPHO IPH 1t = k!

71-2-+71§+...+7¢—1<2Jk+1—1.

Joraxem, 9T0 TOTAA OHO BepHO H ipu #t = k + 1, T. e. HoKaxeM,
o

1 1 1 1
7§+7§+“'+Jk+1+4k+2<2Jk+2"1‘ (5)
Hmeeom:
1,1 1 1
((75+7§+"'+Jk+1)+slb+2)_(2”3"'2_1){

<(@E+1-1)+ 22— - @F+2-1) =

=2k +1+ s - Wk + 2 = - 2R+ 2 - Vk+1) =

.1 2 - JE+1-JE+2
TWNE+2 Vk+2+vE+1 NE+2WE+ 24+ VE+ 1)

Hrax, sepasencerso () sepno. Ilo npurnuny mMaremarugecxofi
HHAYEOAH ROKASHBAEMOE HEPDABEHCTBO BEPHO A JIOGOTO HATYDAND-
HOTO SHAYEHHA R.

< Q.

6.24. a) MokasaTts, 9o (6** + 8"*% + 3") ¢ 11 ana nwboro HATY-
PAABHOIO 3HAMEHHS 7.

PemeHnue. [Ipe n = 1 yreep:xaenve sepHo: 6 + 3° + 3 = 66,
a66:11.
IIpesmonoKHM, UTO OHO BepHO IpE 1 = k: (6% + 8*'2 + 3% : 11.



JoxaxesM, 4To TOTJA OHO BEPHO M Ipu # = 2 + 1, T. e. AOKaKeM,
qTO (6Sb+8 + 3.i+8 + 3&!!) 11

Hmeenm: 6*+2+ 3" %+ 3**1=-386.6"+83.3**+ 3. 8" =36(6* +
+ 3% + 35 - 33(8**? + 3M.

B nmonxyueHBONR pABHOCTH NEePBHA MHOMHATEN: BRIMHTASMOIO (YHc-
a0 33) asHo pemurcda Ha 11, a Bropoil MHOXKHTENh YMEHLIIIAEMOTC
FeauTena HA 11 o mpeanonoennio. 3HaUAT, pasaocTs nenuares Ha 11.

Ilo nprHEDANY MaTeMaTHYecKoH HEAYKIHE AOKA3LIBAGMOe YTBepPIK-
JieHMe BEpPHO Aas A1060T0 HATYPAABHOTO 3HAYUEHHA N,

6.26. 6) IlocneaoRaTeNLHOCTS (G,) 385aHa PEKYPPEHTHRIM COOTHO-

(- hn(2n - 1)
5 :

menwneM: &, = 0, a.,, = a, + n® Hoxasars, uro a, =

Pemerue. Ilpu n = 1 yreepxaerne BepHO: 00 YCIOBHIO &, =0 H
no upopepaeMoil gopMyse a, = g—lL
IIpeanonoxuM, 9T0 OHO BEPHO npn n=£k:

(k- 1)2k -1)
ak= 6 .

JokanieM, 970 TOrAa ORO BEpHO K npa n = k + 1, T. e. AoKaMeM,

qT0o
Rk +1X2k + 1)

1= 6

B camoM zene,

a§;1=at+k2= k_lﬁzk_l +k2=

_ k2R +8k+1) _ KE+1X2k+1)
- 3 - 6 .

IIo npHENUDY MATEMATHYCCKOH BHAYKIHE JOKASKRBASMOS VTR~
ZeHHe BEDHO AAd JAWG0ro HaTypaIbHOrO SHAYEHWA 2.

6.29. Nokasars, 910 A0H0E HATYpANBHOE YACHO /2 > 4 MOJKHO Open-
CTABHTE B BMAe B = 3m + 5n, e m ¥ n — UeAkle YHCAR,

Pemenwue. Illpe 2 = 5 yreepoxaende sepeo: 5 =3 -0 + 6 - 1;
anecs m =0, n =1 (ecTk H APYrue BAPHAHTHL: HANpHMeD m = -5, n =4).

IIpeamono:RuM, uTO UHeya0 k£ > 4 MOXHO OPeJCTABHTE B BHAE
k=3m+ bn,

Torgak+1=3m+6n+1=3m+ 2)+ 5(rn —1)=3m, + bn,, rae
m,, n, — Lejkle THCHAA.

Ilo opHADANY NATeMATHISCKOH HEIYKIHN JOKABHIBAGMOE VTBEPK-
ReHUe PepPHO AAA NiOGOre HATYPANBHOIO uMenaa /i > 4,
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inasa 2

§7
7.38. Haitva rakme sHavenmna b us obnacTu onpezenernus D{f)
_1-3F Tz -22 ]
dbyaxoun y = ~+ 30 +» AN KOTODBIX:

a)(b+1)¢D(f); B)(d+1)cD(f), (b- 1)< Df);
) [b+ 1; b+ 2] < D(f).

Pente nue, OfnacTs onpefencHits GyHKLIMN 34ASCTCA YCAOBUAMIE:
2% —Tx - 2230,
x+30=0.

PellIHR 3TY CHCTEMY, NoayunMm: x < —30; 830 < x < -2; x > 5,5
{pmc. 20).

a) MomKxHE BRINONHATHECA cleayiomue yeaoruda: (b + 1) € D(f),
b € D{f). 3uauur, Touxa b + 1 aoRHA DONAJATE B HE3ANITPHXOBAH-
HEIe YIACTKH YHCA0BOH mpaMoil niA B BRIKOAOTYIO TOIRY —30 (puc. 20),
B TO BPEMA KAK TOYKA b ZOMKHA NOTIANATS B SAIITPUXOBAHEYIO YACYE.
ST0 BO3MOKHO B ABYX CAYIAAX, KOTOPEIe XOPOMO HINIOCTPHEPYIOTCA
uepresom: 1)+ 1 > =2, a b < -2; 2) b + 1 = -30. B nepsoM cayuae
oonygaeM: -3 < b < —2, a Bo sTopoM — b = —81. IrE H TOIBKO »TH
SHAYEHHA b YAORASTBODPAIOT YCAOBHID 3AHAYH.

B) JoMmKHK BHIIOJHATHCH cilepyiomme yeaosmsa: (b + 1) € ID(f),
b € (). BuaunT, TourE b - 1, b, b + 1 AOKHEI OAHOBPEMEHHO NONA-
AATEH B 3AI0TPHXORAHHBE HA PECYHKe 20 yIacTKM ynciopoil npamofi.
D10 GyBeT EMETh MeCTO B CACAVIOIIEX CAYIANX:

1)b-1 55,5

2)b+1<-2,b~-1%-80,b=-30;

3)b+1 < -30.

Penme cocrapyieHHLIe HEDAPEHCTBA B CHCTENH HEPABEHCTE, HOJIYUMM:

b»6,5:;-20<b< -8;-30 <b<-29;-81 <b<-30;: b <-81.

r) Orpesox [b + 1; b + 2] Gyaer UEAUKOM COREPIKATHCA B 3AINTDH-
XOBAHRHX HA PHCYHEe 20 NpOMEeEYTHAX B CHeAVIOH[MX CAYIANX:

1d+132>5,5;

2b+1>-30,adb+2< -2

8)b+ 2 <30,

Pemms cocTaBjemnnlie HOPARSHCTBA H CHCTEMY HEDABCHCTE, HOAY-
THM;

b>4,5;-31 <b< —-4; b <-32.
Huip R Y YUy,

-30 -2 655 *
Puc. 20
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7.48. r) IIycre MHOMecTBO sHadeHMI GyHRIMH ¥ = f(x) ecTs
orpesok [-3; 5]. HaliTm Bce menouncieHANe 3HAYEHUA QyHKIAn
_ _ =)
=e5-7x

flx) _ (fx)-6)+6 _ ] _
Pemenne.ﬁ_nx)- 6-fn " 6-1® 1. Ilo ycnosuio

-3 < f{x) £ 5. 3gaunT, HCNOAB3YA CROMCTEA THMCAOBHIX HEpPRBEHCTB
H ToT $axT, ure 6 — f{x) > 0, mocnexoBaATENH HO NONYIAEM:
-3 < fix) < 5
1<6- 1f(:c) < 9
1
6 Q 6 _ﬂx) < 1,

1o 8 <.

3 6 — f(x)
1,

OcTaeTcs NMIOL 38METHATH, UTO B OTpE3KE [—5, 5] COAEPIKEHTCAH

mecTs nenamx ancen: 0, 1, 2, 8, 4, 5,

2
7.47. 6) Haitta MBOecTBO sHaveHn# GyHknum y = fx—fTs
Pemenne. OcuopHo#t cnocol pelleRHA TAaKHX 3aJa4 HIBECTEH:
HAAO DOCTPORTE rpadur GYHKIMH H ¢ ero noMoieio BafitTu E(f). Ho
yTobH NOCTPOUTE rpaduk sanaHHOil GYHKOHUH, cHeAyeT NPOBECTH ee
HCCHeAOBAHME HA SKCTPEMYM ¢ IIOMOIIBI0 IPOHSBOAHOI, Tero yuainue-
cd noKa He 3RAIT. IlocTynaM DO-ApyroMy: BEIACHUM, NPH RAKHX SHA-

8
+1 — @ HMeeT KOPHH. Muomxe

CTBO TAKHX 3Ha4deHUNl g COBNAJZaeT ¢ MHOKECTBROM sHavYcHEH Qymk-
Fiaze:
x2+8
Hmeem: 71 =a; x*—ax + (8 — a)=0; D=ga®+ 4a — 32. Ypaz-

HEHHE HMEET ROpHW, e @ + da - 32 2 0, r. e. a < -8, a » 4.
Buauur, E(f) = (—o0; —8] v [4; +c0).

8.31. Ilyers dyaxmma y = f(x) onpegesnena Ha uHTeppane (—1; 1)
H BOSPACTASET Ha HeM. PelliuTb:

a) ypasHen#e f(3x + 2) = f(4x? + x);

6) HepaBeHcTBO f(8x + 2) < f(4x? + x).

PemeHnue. a) ¥z pospacTanad QYHKOAH CAEAYeT, 94T0 3x + 2 =
= 4x* + x, oreyas HAXOAEAM: X, = 1, x, = —0,5. ITo ycaoBuw PyHK-
nua y = f(x) onpegenera Ha uuTepsane (—1; 1), sHaYAT, ypaBHEHHE
f(3x + 2) = f(4x* + x) caeAyeT pelIaTE NpH ACTONHATEALHOM OTPaHN~
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yenun: ~1 < 3x + 2 < 1. s ualineEEniX ABYX KopHell ammis BTopoil
YAORJETBOPAET 9TOMY VeJIORMIO, MTak, KOpDHEM YPABHEHNA ABRAAETCA
yueao —0,5.

6) U3 Boapacranaa GpyHKIHE caeayeT, uro 3x + 2 < 4x® + x. Kpome
TOrO, JONMKHEL BEIIONHATLCA yenosua: -1 < 8x + 2 < 1, =1 < 4x% +
+ x < 1. TaxuM o6pasoM, 3aAa4Ua CBOZHTCA K PEeIIeHHIO CHCTEME He-
PABCHCTB

8+ 2> -1,

&+ 2< 4 +x

42 + x < 1.
Pna-rycncreuy,noaymu::%ﬂ<x<-%.

AganoruyHo pemaerca N 8.32.

8.38. PemuTth ypanHeHBe:
B) Jx + Jx - 3 =48 - 6x — 2%
D*+4x+9Jix +1 =9.

Pemenne. B) OfI3: x » 3. Abcnucca BepmuHL Dapabonn y =
=48 — 6x — x* pasma —3, snaunT, QyHKnua y = 43 — 6x — x? yOuBaer
Oopa x » —8 EH TeMm Goaece npu x 2 3. B To me Bpema byHKINA

y= J; +Jx-8 BO3PACTAET OPE ¥ » 3. 3HAYHT, 3ajaHHOEe YPABHE-
Hre HMmeer He Gonee ogsoro xopma. IloabopoM HaxoAMM eXMHCTBEH-
HHIM KOpeHE YPABHeHHA: X =4 .

r)OnN3: x » —%. IpeoGpasyeM ypaBHeHHe K BMAY vdx +1 =
=ﬁﬁ.%ﬂmy=(x+2)*+5mpaermnpnx>-2n
mﬁo.ueeupnx)—%. Kpome Toro, osa npHEAMAET TONBKO IIOJO-

HuTenbHEe sHadeund. [Ioeromy QyHkmua y = (x_-l-g)’ﬁ yOnIRaeT

npnx>—%.BmmeBpena¢ymcnnay=J4x+1 BOSPACTAET TIPH

x> —-;II. 3HaYAT, 33JAHEOS YDABHEHNS HMeeT He GoNee OQHOTO KOPHA.
IMoaGopomM HAXOAHNM EAMHCTReEREIN KopeHb ypasHeHHA: x = 0.
8.48. Halita sanMeApmee B Hamboabmee sHaveHns GyHKIAN:
o2 o dx-4
Vy=2+7 O¥V=F grTm
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Pemenue. a) Jleppuit cuocol. Ecsm x =0, To ¥y =0. Ecau x = 0,
10 npeodpasyeM QYHROHEIO K BHAY ¥ = 21 .Emmx)O,mz+; #2,
T+ =

apauur, 0 < 21 <1.Ecunx<0,-rox+%<—-2,anam,
x4+ =
X

1< 25 <o,
x+=
4

TaruM o6pasoM, Ve = —1s Vo = 1
Bropolit cnocob (mo oﬁpaan.y J'~& 7.47). PaccMOTpHM YDABHEHME
x'Tzf_l =a, 1. e. ax° - 2x + g = 0. Ero AmcKpuMAHANT paBeE 4 — 442,

0H HeorpruaTesneH opu —1 € ¢ & 1, IIpu sTEX B TONIBKO HpH STAX
3HAYECHUAX APAMETPA YPaBHeRHe HMeeY KOpHHU. Konuu nmonydenso-
TO OTpeska COBNAZAIOT ¢ HANMEHBIIMM W HARGOIHINTAM SHAUEHHEM

Q&eﬁmm&mmmoﬁapemem,npmemxm

x—1
HepBnili B3 HAX. Hpeo&paayeu@ynmmnnmy—ﬁi’:’?j

Ecmx=1,Toy=0. Ecam x # 1, T0 GYHKOHIO MOXREHEO BANHCATE B
1 -1 4

mey:m Eeom x > 1, mT+x 1 # 2, sEavuT,
4 x-1
0<x—_l—1——;—<21,.Ecunx<l,mxT_l+;~f—-1-<-2,mm,
4 +x 1
1 1
2<-ﬁ<0.

4 -1
Taxnm o6pasoM, Y. = —0,5, Yeuus = 0,5.

8.47. Halirn HagMeHbINee 3HAYCHHe PYHKIHHE:

8) y =|x| + |x - 2|;

By=|x-1|+|x-8|+|x-5|;

ny=|x{+ix-1|+..+|x-nlneN.

PemeHue. a) Peur AAeT 0 KycouHO-JNEACHBON JYEKERR, KOTO-
PYI0 IOCAe PACKRDHITHA SHAKOE MOAYJEH MOMHO SATACATH TAK:

2x - 2,0 X > 2,
y=12 eem0<x < 2,
2-2¢,ecm x < 0.
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19
/
14
2
0 2 % oli| 13| |5 e
Puc. 21 Puc. 22

T'padmk ¢yurnuE npejcrasied Ha pucyEke 21, y... = 2.
6) Peur naer o xycouno-muneitnoll pyaxnuu, Koropyie nocae pac-
KPHTHS 3HAKOB MOAYAel MOXHO SAIIMCATH TAK:

3x - 9,ecmm x = 5,
x+1 ecmu3d3<s x < 5,
T—-x,ecmmls x < 3,
9 — 8x, ecamx < 1.

I'padux GyEKIME OpeAcTaBiIeH Ha pucyHKe 22, y... = 4.

Ecss PH XOTHTE PACCMOTPETE ¢ yaamjaMuca obmmii caygati, mpen-
CTANIEHHHH B 3aaHMT I'), TO €CTH CMAIC] NPOAHANHNIHEPORATE CATYA"
DHH ¢ KYCOUHO-TuHeiHsME JYHKINAMA U3 OYHKTOB a) B 6). Honesso
O0pATHT, BHEMAHHE VIAIIEXCA HA TO, 9YTO B cAydae YeTHOIO UHCHAA
craraeMbix ¥ QYHEIMH HMeeTCHd CTAIBOHAPHEIH KYCOK (KAK B IYHKTE A)
Yy =2, ecim 0 < x < 2, Ha KoTOpOM GYHKIMA ¥ AOCTATAET CBOErO HAM-
MEHBIICTO SHAYCHAA). ECHH Ke YHCIO CAATAeMLIX HedYeTHO, TO CTa-
IHOBADHOTO KYCKA ¥ QYAKOAA HET, A HAHEMCHEIIOrO CBOEr0 SHATCHEA
OHA AOCTHI'SET B TOM TOYKE CTHIKA, B KOTOPON HPOHCXOAHUT H3MEHe-
HAe XapaKTepa MOHOTOHHOCTH GYHKOWH AAH, DOCKOABKY MBI HMeeM
Felio ¢ InHeHHEME QYERONAMH, HEZMOHEHHE 3IHAKR YIJIOBOro Kasd-
dunrEenTa (KaK »T0 68110 B OyEKTE §) B TOUKe X = 3; B HMeHHO B aTOl
«TOYKR CTHIKAS (PYHKHHUA AOCTArACT CBOSIO HANMEHLINETO 3JHATCHNS).
H enje Ha 0AMHE MOMEHT CTORT O0PATHTE EHAMAHWE: OPH 38 AHHAHE pac-
CMATPHBAEMEIX KYCOUHO-IMHeNHMX GYERImi BoBce He 00A38TEIBPHO
B 3aIECH YCJIOBHIH cJIefHTHL 38 TeM, YTOOH CTHIKOBAA TOUH& B OZHON
CTPOKe YUMTHEBAJACH, & B ApPYroif HeT, MO’KHO OBLIO B BANMCH BCEX
VCIOBHIE HCMONLAOBATE SHAKHM HECTPOTMX HepDABEHCTE.
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0128 k-1% n=-1n *
Puc. 23

r) OrMeTnM HA uHenoBo# npamoit Touxu 0, 1, 2, ..., n (pre. 23).
Ha xaxpoM H3 DOXYYEHHHX OPOMeXYTKOR (HX Bcero A + 1) sHarm
MoayJieil pacKpPHEBAIOTCA ONPeACICHHEEM 00DasoM, B B HTOre OJAyIneT-
ca maneiinaa Gyaxnus Bapa ¥ = ax + b. Ecom Ha yaacrxe [k — 1; k],
rpe k=1, 2, ..., n, yraopolt xoadpdunuent aupgelinolt pyErRIUE HOKO-
IKHTENIEH, TO CBOEI0 HAMNEHHIIErO 3HAYECHNS OHA AOCTHIA€T B JEBOM
KOHIE OTPesKa; eCAd YIJoBoil KoahPHMIHeBT OTPHIATENEH, TO CBOETD
HAMMEHRBINETO SHAYCHHS OHA AOCTUIAeT B NPABOM KOHIIE OTPE3KA; eCIH
e yraoeoit kosdupEOEesT paBeH Hya0, TO PYHKIHEA NOCTOAHHA.

Ecnm x # n, To, PAacKpHE SHAKH BCeX MOAyJel, noayuuM JuHeii-
HY1I0 PyErnuio Buaa y=(n + 1)x + b,.

Ecam n - 1 € x € n, TO, pacKpLIB BHAKH BCeX MOAYJAeH, HOIyUHM
nmHeliryIo dyEROUIO BEAA ¥ = (n — 1)x + b,. Hexo B ToM, uTO Beero
aMeered (n +1) CAATAOMELX, NIPAYEM ABA NOCHSAEAX TAKOBRL: X — (2 — 1)
H 2t — X; B PeayJABTATEe HX CIOKEHHA X U —X B3AHMHO YHHUTOKATCH.

IIpoBeAa AHAMOrHMYABIS PACCYRACHAA, MOMHC YEBARETH, ITO €C/H
n—-2< x<n-—1, To, paCKPHIE 3HAKH BCeX MOZyJeil, moxyuumM JH-
Belinyo pyaemuo e y=(n - 3)x + b Ecmmn - 8< x < n - 2,
TO TIOAYyYHM JWEeNHY0 GyEKImo Buga ¥ = (B — 5)x + b,. BooGmge
ecnE N —m < x« n-—(m~1), 70 toTyInM AiHeliHyI0 QYERIHIO BUAR
y=(@—-(2m - 1)x + b, ., HanMeHELIIEr0 3HATEHNUA PTH KyCOTHO-JIH-
velinag PyHKEAA AOCTHTAET IGO0 HA TOM YUYACTKe, Ifie OHA NOCTOSHHA
(ecnu Taxopoii nMeeTca), ANGO B TOUKE, B KOTOPOH CXOAATCA AMHEHHAA
dyERIIA ¢ DONOXATEARHEIM YTAOBEIN Ko3(XpHIHeHTOM (CHpaEa OF TOY-
KHM) B JuREeiHAR QYHKIEA ¢ OTPHRATEFHEM YIJIOBEIM KoaddHIHeH-
TOM (cHeBA OF TOUKH), OT0 ViKe OTNMEIANOCH BHINE B NYHKTAX &) E §).

Ilycre » — geTHOe YHCHO, n = 2k, B >TOM caydae cpefiH YKASAH-
HEIX BHIlI¢ YIAOBHX Koodbummerroe(n+ 1, n—-1,n-83,n -5, ...} e
6yAeT KoaddbumaEeETA, PABHEOTO HY/MO. PaceMoTpEM 2TH RoaddHIIACHTH
Goaeec obcroarensno: 2k +1,2k—-1,2k-3,2k -5, ..., 2k—-(2m - 1), ...
BriacHEM, KOrZa HpPOH3OHZeT cMeHa SHAKA YIVIOBOIO Koad«bHIMenTSa.
Ecmmm=k,m02k-2m-1)=2(k~m)+1=1;ecaum=k + 1, TO
2k -(2m - 1)=2(k - m) + 1 = —1. Urax, eciu m = k, 70 HA YHaCTKe
n—msx<n-(m- 1) noanyunM anHelinyo QYHKIMIO BHAA ¥ = X +
+ b, .;,aHAYUACTRE 2 — (M + 1) € X < n — M DOAYIUM JHHeHHYIO
byEROE0 BAAA ¥ = —X + b, . ;. HanMeHbIIEr0 3HA9EHAA PYEKOHNA KO-
CTMIAeT B 4TOUKE CTHKAS, T. 6. BTOUKe X =n-~m=2k—k=k.

Brauchum spavenmwe dysxmm y = x| + |x — 1| + ... + |x — n|
B TOuUKe X = k:

pky =kl +|k-1]+|k—-2|+..+|L|+]O| +|& - (& + 1)| +

+lk-(R+2)|+...+|k-2kl=k+E-1D)+E-2D+...+1+
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+1+2+...+k=2(l+2+3+...+k)=2-&;—u=

A 7+
=k +k=(3) + 5 - 2B
IIyere Teneps B — HedeTHOR YHCHO, i1 = 2k — 1. B aTOM cnyuae HA
yuactre [k — 1; &k} dysknna nocrosana. B caMomM aene, HA 9TOM y9a-
CTHe ANA paccMaTpuBacMoft PyHRumEM y = |x| + [ — 1] + |x — 2| +
+o.tlx-G-1D|+|x-k|l+|x-E+ D]+ .. +|x - (2k - 1)| opn
PACKDHITHER MOAyael nepsile B caaraeMerx pacKpoOIOTCA CO 3HAKOM +,
a OC¢TAIbHBIEC § CAATAcMEIX PACKPOIOTCH CO 3HAKOM —. B MTOre Ha 3TOM
YYacTKe DOJydHM:
y=x+(x-1)+(x-2)+..+(x-(R-1)+E-x)+
+k+1-2)+k+2—-2)+.+Ck-1-2)=(+(k+ 1+
FER+D+ ..t +E-D-(A+24+..+(R-1)=

N T \y
=k k== (25,

3710 H ecTh HaHMEHbLIICE IHAUYCHHEe PYHKNHEH,
n+
Hrax,ecmn—qemmemcno,mym=ﬁ4—22;ecmn—neqer-

HOB YHCHO, TO Yuumu = !%!E

8.49. a) Hailry nauMentinee u Hauboapliee sHadeHudA QYHKIUYH
y = 2% — 4x ua orpesxe [-1; a).

Pemenue. ¥ oroii 3agaun co sBoxHe 3aypaanoi dabynolt Tpyn-
HOCTh TOJLKO OAH& — HAJIEUHe IapaMeTpa a.

Haiigem acupccy pepmmHE napadonsl ¥ = x2 — 4x, nonyuaM: —x = 2,
Baaunr, npu x < 2 bysruua y = x* — 4x yGusaer, a opu x > 2 —
pogpacTaer. JlancHefimve paccy:AeHHd 38BHCAT OT TOrO, MONANA JH
Toura 2 B 3aJaHHBER OTpe3oK MM HeT.

Ecmm -1 € g < 2, To Ha [-1; a] pynaxnous ybripaer, creqoBaTeb-
HO, Y = WB) = 8% — 48} Yoo = W(-1) = 5.

Ecnst a > 2, TO Y, = (2) = —4. Uro Kacaercd EarnGoNbIIEro 384~
YeHHHA, TO ero (JYHKIHEA ZOCTHTaeT AR(o B TOURe x = —1, ®m TOoTAA 3TO
3HAaYeHHe paBHO b, Aubo B TOUKe X = g, U TOTAA PTO 3HAYCHHE PDABHO
a® — 4a. CpasENM 9TH 3HAYEHNS, BHIACHUM, KOrIa HAHNCOALIIMM 3HA-
geHHeM QYHKIHWE ABJIAETCA NepBoe H3 HHUX. PemHB HepaBeHCTBO
5 > a® — 4a, nonyamm: -1 < @ < 5. IloCKOABKY ME DacCMETPHBASM
caydak ¢ > 2, To noxyuaem: 2 < a < 5. B oaroM cayuae ¥y, = 5.

Ecnu g > 5, 10 b < a® — 4a. B sTOM cayuae Y, = a° — 4a.

Ecam, maronen, @ = 5, 10 5 = a® — 4a. B sroM cnyyvae y_ .. = 5.

Hrax, ecnn -1 X a <2, 10 Y,..=0— 44, f=;ecom2<a<h,
O Youw = L+ Yours = 03 €CIHHE & > 5, TO Yoy = 4y Yo = @° — 4a.
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&50.a)®ynxmy=-l-%~f:f~'i%g onpegeaeHa TOABKO ANA AOOYC-

THMBIX NelHx suaueHull x; HallTh ee Hanbonbiiee 3HAYCHHE.
Pemenne. Croero RauboALMIEro SHAYCHMA 3a0aBEAd HYHRIEA

¥y= 'x_’!-% AOCTHTAET, BO-TIEPRHIX, IPH x° > 4 (IPH 9THX 3HAYCHMAX

dyEKIEA DONoKATENbHA, & DA OCTAJBHEX AONYCTHMHIX 3HAYCHHAX —
oTpHUATeNbHA). Bo-Broprnx, smaMenatTens apodm AOKEH NPUHATH
HARMeHbIIee 3HAYEHHEe, TOrZa Apobs npuMer HamboJabINIee 3HAUEHHE.
B-Tpernux, HAC HHTEpPECyeT TONBKO LHEJIOYHCeHHOe 3HAYeHHE X, KO-
TOpOe YAOBXETBOpSeT 060MM YKASAHHEIM BRINE YCHOBHAM. Taxam
sHaveHHeM ABagercd X = 3. Hrak, Y. = y(8) = 8.

9.23. IlocTponTs rpadpuk PyHKIHH:
y=({x)% Dy= fﬁ—;{;l;

Pemenune. a) Bcan x € [0; 1), To {x} = x; apaunT, Ba YKASAUHOM
DPOMENKYTKE pPevb HAET 0 NOCTpoeHEH rpabuka dyBERuuy y = x°
(puc. 24 g). Bocoonp3oBABIIACE TEM, YTO SAJAHRAA DYRKOHAA — me-
PHORHIECKAS ¢ OCHOBHBIM mepHogoM 1, crpoum rpaduK BHa Beelt ync-
AOBOHA mpamoik (puc. 24 0).

r) Eexm x € [0; 1), To {x} = x; 3HaYAT, HA YKABAHHEOM IPOMEIKYTHKE

peus HAeT O NOCTpoeHMH rpadbuka QyHKIMHE ¥ = ﬁ Hmeem:

x-1 1 2x-2 1 (!__11—_)
1-2x~"2 Zxr-1° "2

1 1 0,25
=-2+t2@x-1) = x-035 &b

3HauHT, HA NoavHHETepBajAe {0; 1) BY¥HO HOCTPOATSH YACTH 'HOED-
foant ¢ xoadpdununenrom 0,256 n acumnroramn x = 0,6, y = 0,6

BE] L}
/ AP AP Ardvd
L <
0 £ 5 10 2 Lo 1%
i
i
a) 6)
Puc. 24
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(pmc. 25 a). Bocnosk30BABIIMCE TEM, YTO 3aaHHAA (HYHKOHEA — me-
PHOZMYECKAS ¢ OCHORHMM TepHogoM 1, cTpouM rpaduk Ha Beelf ume-
noso#t npamoit (pac. 25 0).

9.32. HaBecTHO, 9TO0 ¥ = f(x) — mepuoanMYeckan PyHEKINA ¢ IepH-
onoM 5 7 f(x) = x* + 2x, x € (—3; 2]. Pemmrs:

a) ypaeaeane f(x) = 0;

6) sepaBencTso f(x) > 3.

Pemenne. HocrponM rpadpmk sapasnoll pynxnmn (pac. 26).

a) Ecmu x € (—3; 2], To ypaeHenue x? + 2x = () mMeeT ABA KODHA:
-2 1 0. Bocmoas30BaBIHECH NEePAOATIHEOCTHE) HyEKIAN, DONYIAM ABE
cepHH KopHell yparHeHHA:

x==-2+5k, x=5k; ReZ.

IV,
{ { {
P’ 3 '/ / y=8]
A
/ /
- ol |2 e’
Puc. 26
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6) Ecan x € (-3; 2], To mepasencTBO X* + 2% > 3 HMeeT TaKoe
pemierne; 1 < x < 2. Bocnoin3oBaBmmNuch NEPpHOZHIEOCTHI0 PYHKIHEHA,
HONYIHM:

1+8k<xx2+56k hkcZ.

BasxHOCTE 2TOr0 IpEMEpA SAKJIKYAECTCA B TOM, MTO B JanbHelinem
Te Xe HAcH OGYAYT HCOONB3OBATHCA NPH PEllleHHH TPHTOHOMETpHYE-
CKHX YDABHCHHN H HePABEHCTS,

§10

10.24. HocrpoETs Ha OAHOM UepTexe Kakue-EuGyab rpadHcn AByX
B3aMMHO OOpPATHHIX HenpepHBHHIX EHa (—5; 10) dymkomil y = f(x),

¥ = &(x), Ans KOTOPHIX:
a) f(3) = 3, g(5) = 5;
6)f3)=7,7)=8,29)=9;
Nfl=9 f(2)=7, g4)=4.

Pemenne. B kavecTee GyEKNAE ¥ = f(X) B TPEX 3aAaRHAX HYM-
HO B3ATH QYHKIMIO, 00AAJAI0INYI0 CASIYIONMINMH CBORCTRAMH: 1) OBA
onpefeneHsa, HENpPEPHIBEA H MOHOTOHHA Ha HHTepBane (—5; 10);
2) ofnacTe ee sHavenHdi — ToT MMe wHTEpBan (—b; 10).

a) YcnoeuaM 1), 2), A3) =3, g(5) = 5 yAoBmeTBOpAeT QyHKIMUA [ = ¥,
x € (—5; 10).

6) Yeaopasam 1), 2), /(3) = 7, ATy = 8, g(9) = 9, yiopnersopsaer
MoGad HeIpPePHBHEAS BO3PACTAIOMAS GYHKIAA, rpadur RoTopoli npo-
xopmT aepes Touku (—5; —5), (3; 7), (7; 8), (9; 9), (10; 10).

r) ¥cnommam 1), 2), (1) = 9, A2) = 7, g(4) = 4 yoosmeTrBOpAET
mofaa genpepuieHAAa Yomsaomeas pyHknua, rpapur Koropoit npoxo-
aur gepes Toukm (—5; 10), (1; 9), (2; 7), (4; 4), (10; -5).

10.25. 6) y = f(x), y = g(x) — ezanmuEO-O6parEmne byHKNMH,
(4) = 4, g(25)=9.

Pemmwrs ypabnenns: f(x?) = 25, g(x?) = 4.

Pemernue. ITo yenopmo Toura (25; 9) npuragnexar rpaduky
dyaxuan y = g(x), 3uaunr, Touka (9; 25) npaEaaneRHT rpadBEKY
dyuxnau y = f(x). Ilo yenopnio Touka (4; 4) apEEazAeKUT rpaduKy
dyaxun y = f(x), sHauMT, OHA OPHHAANEKHT M rpadury QyHKIHN
¥ = g(x). Haxee, no venormo ofe safapEue GYyHRINH o6paTHMEL, IO~
PTOMY KAKIOTO CBOETO BHAYCHMA H TA, H APyras GyRKOES AOCTHIAIOT
TONBKO B oxHol Touxe. Iosromy m3 papercTBa f(x?) = 25 caegyer,
uto ¥2=9, T. e. x =18. Ananormuso, u3 pasencrea g(x?) = 4 cnepyer,
uro x% = 4, T. e. x = 12. Saech noapasyMesaerc, ¥T0 HaliieHHOe 3HA"
weHMe NpAHAXCHUT ofnacTaM onpefeNeHHs 3aAAHHEHX GVHRIEIA,
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10.31. 6) IlocTponTs HA OMHOM UepTeske IpadUKH ABYX BI3AUMHO
ofpaTenix dyurnuit y = f(x), ¥ = g(x), Takux YTobL ypaBHeHHE
f(x) = x nMeno Tpu KopHA.

Peme s ue. Ecau 6 B 30JaHHM OTCYTCTBOBANO YVIOMHHAHHE O CY-
mecTBOBAHUE obpaTHOH DYHKINH, TO NOCTPOMTH I'pabHK PYHROHH,
KOTOPAA MMeeT TPH TOUYKH NepeceueHHA ¢ IPAMOX y = X, He COCTABH-
a0 6m Tpyzaa. Hamauue ofparHofi ¢ymxmmm mpepmonaraer ofparTH-
MocTh dhyEknun y = f(x), & JOCTATOYHEIM yCIoBUeM 00pDATHMOCTH AB-
AfeTCcs MOHOTOHHOCTE PYHKIHN. 3HAYUT, HYKHO NOCTPOHTH IpadHK
MOHOTOHHON (HanmpuMep, Bospacraomeit) dyuxmun ¥ = f(x), koropas
HMEeT TPH TOUKH IepecedeHHs ¢ NpAMOE I = x. BosMoxxHEN# BapHaRT
npeaAcraBnen Ha pacynre 27. I'paduk xe ofpaTaok dyaxoun y = g(x)
OOAYIASTCA B3 [IOCTpoeRHOrO rpadmra, Kak o0HYHO, ¢ MOMOIIBIO Ope-
o0pasoBaHNA CHMMETDHH OTHOCHTEXbHO NpaMoil y = x.

10.38. Ilyets ¥ = f(x), ¥ = §(x} — BzanMuO ofpaTHHIe DyHKIHA.
ABAAITCA AN PARHOCHJILHEIMM CHEAVIOMIHE YPaBHeHUA:

a) f(x) = x v g(x) = x;

6) f(8(x)) = x u g(f(x)) = x?

Pemedgne. a) ITH ypaRHeRNA PABHOCHIEHE, MOCKOJAEKY rpadn-
KH ABYX B3aMMHO-OGPATHRIX yHKOu HepecexsaloTcs ¢ mpAMOH y = X
B OAHHX H TeX XKe TDUKAX.

0) B npudnune 3TH ypPABHEHHA HEPABHOCHJIBHBEI, MOCKOIBKY ¥V
byuruut y = f(x), y = g(x) Mmoryr 6nTe pasHule ofsacTH ompeaexe-
Hud. TIpupefeM KOHKpeTHHH NpuMep.

yers Ax)=Vx - 2, rorma g0) =2 + 2, f@)=J(2 + -2 =
= J& =[af.
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3nam,ypn3neauef(g(x)}=xnpmuag¢m|xl=x. ero pente-
mmono:x>0.,na.nee,g(ﬂx))=(Jx-2) + 2=x, npaaeM x > 2.
3aaunT, ypasEenue g(f(x)) = x opEERMAeT BUJ X = X, I'Ae X 2 2, ero
PeIIeHHE TAROBO: X » 2. YPABHEHNA HepPABEOCHALHEL.

nasa 3

§N

11.31. CocrasuTs ofmyio dopMyay ANS 4HCem:
a)t=-5 +m2n+1),t= 35 +%;

6)t=(—1)'§ + xn, t=(~—1)"”-;- +an, t=fn;

n)t=—%+m,t=£t%+m;

n T
r']t=:tf4 +m,t=§ + ®n; t=Rn.

PemeHue. JT0 3aAGHAC Npeclae/yeT K&K TAKTHYOCKYIO, TAK H
CTPATErHuYecky) HMeaH, TakTHUeCKAS Dedb 3AKMIOMASTCA B TOM, ITO
3T0 XopoIoee 3aflaHme ANA OTPAGOTEHE MOZend <9HCAOBAd ORKDYR-
HOCTh»: B GOJABITIMHECTBE TaKHX sajaHuil IpUXOAHTCA OTMEYAThL COOT-
BETCTEYIOINHE TOURH Ha IECHOBOH OKDYRHOCTH H moASHpars Nogxo-
Aamyro dopMyny. CTpaTerndecKas meab 3aKIIIAETCA B TOM, YITO B
JaNbHeHIeM TpH PemMeHNH TPUrOHOMETPHYCCKHX YDABHCHRH yIamu-
€Al CMOTYT BAITHCRIBATE OTBET B KOMIARTHON dopMe.

a) OrMeTHM HA YHCHOBROH OKPYAHOCTH TOYKH, COOTBETCTBYIOIGHE

mpoﬁ(ﬁoneecxomnoﬁ)oepm.Emn=0,mt=%;emn=1,'m

t=%+%=%;eﬁmn=2,mt=% +%—=%;ec.im
x 6t 3n n 8z 49
n=8,10i=g;3+F = gpremn=4,T0t=35 + 5 = g5 ecam

n=5,mt=%+%=%+%—mmmmuo@m&

m,mnt=%.humoﬁuommocmmmmmmun

¥ Toukamu, HTar, BTOpoii cepHM COOTBeTCTRYIOT D TOUeR UHCNOBOK
OKPYXHOCTH, HX MOXKHO PACCMATPHBATHL KAK BepPIIHHLI OPABHABHOTO
OATHYTOALHHEKA, BIMCAHHOTO B OKPYKHOCTD (pHC. 28).
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Puc. 28 Puc. 29
IlepBolf cepuM COOTBeTCTBYET OAHA TOYKA UHCIOBOR OKPYIRHOCTHS
_ b
=3 * 2xn. OBa coaepRUTCH BO BTOPOi CEPHH M yiKe OTMeUSHA Ha

OKPYRHOCTH. 3HAYUT, odteauHecHueM ofeHX cepuif Arnferca BTOpas

r, 2
cepuai t = 35 + g

6) Ilepsoii cepEE COOTBeTCTRYIOT TOUKH M u N uucnoBoli oRpymx-
HOCTH, BTOpOii — Touxkn P m @, Tpernelt — Touku A " C (pue. 29).

Bcee oTH 6 TOUeK OXBATHIBAIOTCH ofmieif 3amucLio 3

B) Hepsoii cepal cooTBeTcTEYIOT ToUkE M 1 N uncnosolt oxpyx-
HoCTH (cepeAHHNI BTOPOl H uerTpepToil uyeTnepreif), RTOPOH — TOUKH

P(ilz), Q(%),K(—l% + 1:) H L(l—ag + 1:) {pmc. 30). 9Tu 8 Togex MOoxKHO

anmnmmpmnmmmmmmm-
+ 2
HOTO B OKPY/RHOCTD, OHH OXBATHIBAIOTCH 0016l sanmceio: £ = 12 3

r) Hepeoit cepunr cooTReTcTBYIOT TOURK M, N, P m @ uncnosofi
orpyxuaocTa (cepeaunn dersepredl), sropot — rouxn B u D, Tperh-
eii — Trouxm A & C (puc. 31). Iy 8 TOUeK MOMKHO PACCMATDHBATE KaK

TITITler T LB
e N LN, M|
Y AN X\ ANE
D) P ~ Py
JIRER | _{ AL Y—
o"'\_ [ c S A
K Y , iy
N ~ ~
N Rr
L I D I
Puc, 30 Puc. 37



BePINHEN OPABHJILHOrO BOCHMMYTOJbHAKA, BHHCAHHOTO B OKDYIK-

HOCTE, CHH OXBATHBAIOTCA 06meif 3annesio: t = %

§12

12,10. Yro Goxepme, abcmueca HAM OpAUHATA TOYKH YHCJIOBOH
OKDYXXHOCTH:
a) E(1); 6) K(-2,5); ) K(7); r) M(-4).

Pemenue. a) Toura E(1) npuHEAZAEIKMT NePBOii YeTBepPTH, NPH
3T0M BEIDOJHACTCH HEPABEHCTEO 1 > % (pmc. 82). 3uaamr, y > x.

6) Toura K(-2,5) npuHapaeRHUT Tpe-

L_;_,_LE‘ The#f YeTPepTH, IPH STOM BHINOJHAETCH
v mepasemerso ~2,5 < —3 (cm. pae. 82).
rd

_|( %( ,f- _ 3HavnAT, ¥ > x.
» x B) Touxa P(7) OpuHAANEXXAT mepBoi
27 ’ qeTBePTH, HPHE 2TOM BHOOAHAETCH Hepa-
—X rai mo7<%.]3mounene,7=6,28+

Or ®

Puc. 32 +0,72=2I+0,72;T=21t+z~21t+

+ 0,785, 3aauur (cM. puc. 32), y < %.
r) Touka M(—4) nprEaIeRAT BTOpPO 9eTBep™], rAe ¥ > 0, x < 0
(cm. pue. 32). 3paunr, y > x.

§13
13.26. a) Beramcaurs sin 4 + [sin 4| + 2 cos 18 — 2|cos 13|,
Pemenne. 4 — Touka Tpereedf weTeepTH, sHa4HT, sind < 0,
a noroMy |sin 4| = —sin 4. Jlanee, 13 — mouxa neppol gersepry, sHA-
uHT, cos 18 > 0, a moromy |cos 18| = cos 13. Taxum oGpason,
gin 4 + |sin 4] + 2 cos 13 — ZJeos 18] =
=gind —sin4 + 2¢0813 — 2cos 13 = 0.

13.37. CpasEnTs 9pcaa ¢ H b:

a)a=sgin1l, b=cos6; 6)a=s8in2, b=cos4;

B)a =8in4, b=cos 2; rya=gn3, b=cos 5.

Pemenne. a) OrveTaM HE YACIOBOH OKPYRHEOCTH Toukd 1 1 6
(puc. 33). A6ciucca Tours 6 (uuciro b) m opgEHaTa ToAKH 1 (wH@eno a) —
NONOMKHUTENbHEIE YHCHA. 3aMeuaeM, YTO ToUka 6 pacnosnoxena K Tou-

Ke 28 Gnusice, yeM TOUKA 1 FO OTHOMIEHMIO K TOIKE % (2n — 6 ~ 0,28;
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% - 1=0,57), sgaxmT, abcmucca roaxa 6 Goapure OpAMBATE TOUKHE 1,
r.e. b>a.

6) OrMeTnM Ha YHECAOBOM OKpYHOCTH TOuRHN 4 ¥ 2 (eMm. prc. 33).
Abcopacca ToukH 4 (macno b) — OTpUBATENbEOE YACHO, OPAHHATA TOU-
EH 2 (uMca0 @) — MONOEHUTEALHOES YHCHO, 3HAYAT, b < 4.

B) AGcumcea Touxu 2 (uncxno b) m oparBEaTa Tourn 4 (YACHO @) —
orproaTenbHHe 9ncya. Touka 2 pacmonomxena BrHIIIE CePEAUHK BTO-

& _ 2

pofi yeTBepTH (IIOCKOMEKY 2 < %), 3HAYMT, €08 2 > COS St
Touka 4 pacnoNOMXeHA HHKe cepeJMHBl TpeThelt uerseprm (mo-

5t 2

CKONBKY 4 > %), SHAYNT, sin 4 < gin =z =3 Hrax, eosz>—-‘12—§-,

A

asin4<—T2. Baaunr, b > a.

r) OrMeTHM HA YHCI0BOH OKPYKHOCTH TO9KEH 3 B 5 (cM. pec. 38).
AbScumcca TouxH 5 (uncao b) m oppEEaTa ToURE 3 (YHeA0 @) — moJo-
JRETEJNBHEC THCAA, SaMeuaeM, ITO TOUKA 5§ pacHONOMEH& OF TOYKH

%‘ JA4JTBIHG, 9€M TOYKA 8 HO OTHOMIEHMIO K TOURe K (5 — %’- = 0,29;

£ — 3 ~ 0,14), sawaunr, abeaucca ToukH 5 GonbIme OPAAHATHI TOUKH 3,
T.e. b>a.

13.39. PacrosomuTs B NopAjKe BOSPACTAHMA UHCJIA?

a) 8in 2, gin &, cos 4, cos 5;

6) cos 3, cos 4, cos B, cos T;

B) 8in 3, sin 4, sin 6, sin T;

r) cos 2, cos 3, sin 4, sin b.

Pemenue. a) OrMeruM TourE 2, 3, 4, 5 HA YHCA0BOH OKPYKHO-
c1H (puc. 34). Touxa 4 NPUHANICKAT TpeThell YeTBeDTH, TOUKHE 2 H
8 — propoil, TOURA b — UYeTBepPTOH YESTBEPTH UNCTOBOH OKPYIRHOCTH,
CACAOBATENLHG, ¢08 4 < 0, OocTANBHEE 3aJARHBIC YHCAA MONOKATENE-

9 [ [ 1] L
(7{ . /1I {//%;_ \\7\:
-3 A -3
o3 B I T =
_k v . > < 6:? E{ nN /)ﬁ_x
A 4 At A

TTT% HREEC
Puc.



Bul. Janee, paccTroanne (o0 OKPY/RHOCTH)
Py N OT TOuKkH 8 Jo TOUKH C NPEMEPHO PABHO
4 A 0,14, paccroaEne or Toukn D go Touxn 5

o]

npamepuo 0,29 (Touxa D coorBeTcTBYeET

qHeay %-, T. e. 4,71), paccTogHAe OT TOY-

o)
|
ol

G
Y [~
ST

s{/"
e
\#\ ) XH 2 no Touxn C npuamepso 1,14. 3gaumT,
'y 4 amank xyr 2C, 8C, D5 ceasamh clexyo-
%‘ —Tg

| ouM ofpasom: 3C < D5 < 2C. Aranorny-
HEIM 00pasoM cCBA3AHE MewAmy codoil or-
pesxu P3, M5, K2: P3 < M5 < K2. 9ro0
B3HAYAT, 9TO 8in 3 < co8 b < 8in 2. B urore noayuaeM caexywomee pac-
NoNoKeHAe IANAHHLIX YHCeN B NOpAAKe BOSpacTaHMA: cos 4, sin 3,
cog 5, sin 2,

6) OrmereM T0uKn 8, 4, 6, T Ha yncnosol okpy:xHOCTH (CM. DEC. 34).
Cpasy saMeusen, 4To Touka 3 pacmosaraercs Gimxe x Touxe C, gen
TOIKA 4, & TouKka 6 — Gunpxe K Touke A, weM Touxa 7. Cparmue abe-
mHccH (T. e. KOCHEYCHI) Touek 3, 4, 6, 7, DpEXOZNM K BRIEBOAY, TITO
c08 3 < cos 4 < cos 7 < ¢os 6. BaAaHHLIe YHCIA PACTIONATAITCA B IIO-
PAxKe BOBPACTAHHA CAEZAYIOIIHUM 00pazoM:
cos 3, cos 4, cos 7, cos 6.

B) CDaBAHE ODAABEATH (T. €. CHHEYCH) TouekK 3, 4, 6, 7 (cM. puc. 34),
HPHXOAHWM K BHIBOAY, 9TO sin4 < sin 6 < sin 8 < sin 7. BagarAne
YHC/IA PACTIONATAIOTCA B IOPAAKE BOSPACTAHEAA CAeHYIOIHEM obpasoM:

8in 4, sin 6, sin 3, sin 7.

r) OrMerns Touru 2, 8, 4, 5 Ha uncaopoit oxpyxHOCcTH (pHC. 36)
H Cpasy aaMeTHM, UTO BCe SANaHHEIe YHCJA OTPHIATEALHE. CpasEAM
oo umeEe orpeskn 2M, 3K, 4P, 5L — 370, COOTBETCTEEHHO, —CO8 2,
—cos 3, —s8in 4, —sgin 5. 3aMeuaeM, UTO TOYKa 3 pacmosaraeTca HA
oxpyxHocTH Oimxe K C, ueM 2 Kk C, 4 kK D u § x D. CrefoBarenbHo,
orpesck 3K — mambonemnit mo gambe. Hdanee, Touka 2 pacnosaa-
raeTca X B Gnnke, yeM 4 K C, a 4 k¥ C — Smxe, weM b 1 A, SsaunT,
2M < 4P < HL. Nrax,

Puc. 35

2M < 4P < 5L < 3K,
IO9TONY ~¢08 2 < -gin 4 < —8in § < —cos 3. 3aaanAENe UHCHs pacnoo-
JAraloTCa B MODAAKE BOSPACTARMNA CACAYIOIMM o6DA3OM:
¢os 8, ain §, sin 4, cos 2.

13.40. PacnofosKATh B DIOPAKKEe BOSPACTAHUA THCA:
a)l,sinl, cosl, tgl;
6) 2, sin 2, cos 2, ctg 2.



Pemenrnmne. a) Tak kax 1;— <1, 10 LY 1HE
/ —
cos1<sginl,atgl> 1 (puc. 36). Creno- [T F AN
in1
BATeNEHO, cos 1 <sinl <1 < tgl. -

6) Baech sin 2 >0, cos 2 < 0, ctg 2 < 0. i} 4
Henoasava ¢BOHCTBA YHCAOBHIX Hepa- _C'_\ Olcost i
BeHCTB, NMOAYUAeM:

sin2 < 1; A )4
1
emz > L D

con 2
Sz <cos2;
ctg 2 < cos 2.

Hrax,
ctg2 <cos2 <s8in2 < 2.

13.41, a) BEHYMCIHTD!
Jein?l + ginf2 _ Zsinlainz + J%—sinl+sin’1 +

+ /1 + gin?2 — 2sin2.
Pemenne.
Jein®l + sin’2  Zainlang + J% — sinl + sin?®1 +

2
+ T+ am’2 - 2ain2 = |J(sinl — sin2)? + 1’(%-31111) +
+ J(1 - sin2)’ =|3inl—sin2|+|—;-—sin1| +|1 - &in2|.
1

BocnoanzosaBmuck TeM, [9To Sinl < sin 2, sinl > sin % > 3

sin 2 < 1, noayummM:
—(sin 1 ~ gin 2) ~ (%—sinl) +(1—sin2)=%.

13.52, [lorasaTh HEPEBEHCTBO!
a)l <sinl+cos®l < 1,25;

6)2 <2sin’1,2 + cos 1,2 < 1_87

PemeHue. a) Bregem oGozHauenne: sin 1 = x; aaMeTnM, 4TO
0 < x < 1. Toraa cos? 1 =1 — 2%, n foKAsBIEREMOE HEPABEHCTRO NPHHH"
MaeT Bux 1 < x + 1 — x* < 1,25, PacCMOTpHM 00 OTACABHOCTH KaXK-
AVIO B3 YACTell 9TOTO ABOMHOTD HEPABRSHCTRA.,
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HAna poxasarenscTBa HepapescTBa 1 < x + 1 — x? cocraBum pas-
HOCTB ero Jepol M npapoit uactefl: 1 ~(x +1 —x) =x(x — 1) < 0.
Bmauwr, 1 <x+1 - x2

Hna goxasaTenncrsa Hepasenersa X + 1 — x% < 1,25 cocrasum pas-

2
HOCTH eT0 mpaeoi u Aepoll vacteil: l,25—(x+1—x3)=(x—-;*) =

2 2
=(sin1-%).ﬂoc1€omysinl#%,nenaeumon: (sinl——%) >0,

Saauur, x + 1 — 22 < 1,25, n 3apanHce ABOiHOE HEDABEHCTBO JOKAZAHO.
6) Beegem oGosmauenme: cos 1,2 = x. Toraa sin®*1,2 = 1 - x3,
H AOKA3EIBAEMOES HEPABEHCTBO MpEEHMAET BHA 2 < 2 — 2x* + x < 1_87
PaccMoTpHM IO OTHeNMLHOCTH KAMKAYIO HG YacTeil sToro ApoiiHoro He-
DABeHCTEA.
Jna moxaszaTeiabcTss HepaBeHeTsa 2 < 2 — 2x% + x cocTaBHM pas-

HOCTE ero nepoli u npasolt wacreli: 2 — (2 — 222 + x) = 2x(x— %) =
= 2c¢cos 1,2(0031,2 - %) Toura 1,2 npunajnexknT Neppoil YeTBepTH
YuCNoBOH ORpY>KHOCTH, npudem 1,2 > % Saaunr, cos 1,2 > 0, HO

co8 1,2 < % Orcioga caegzyer, uro 2 cos 1,2(0051,2 - %) < ), u Hepa-

BencTRO 2 < 2 — 2x? + x moxasado. 17
Jna poxasarenseTsa Hepasenctsa 2 — 2x2 + x < § COCTABMM Pas-
HOCTH €To npansoii  mepofi uacTeli;

17 1 1y
—8——(2-2x2+x)=~2-(2x—3 =

_1 1y
- 2(20031.2-5) > 0.

Ioraxem, 9TO 3HAK PABEHCTBA B IIO-

Ln
L W 3 JIYYeHHOM HECTPOrOoM HEPABEHCTBE HE MO-
/" N Jxer uue'r{; MecTa, T. €. AOKAKEM, YITO
\_ cosl,2 # 1

CRR - PaccMoTpEM HA YHCAOBON OKpPYIKHOC-
19 %' TH TOYKY ¢ ¢ abcumccoi 4 B TOYRY %

N P4
N A ¢ aficnurccoit % (puc. 37). Paccroauue
Puc. 37 OO OKPYXKHOCTH OT TOUKH % O TOYKH i



Soneme fi, 3HAYHT, t > % + % >1,2,a % =cos t < cos 1,2 (B mepnoi

yerBepTH U3 § > 1,2 caeayer cog ¢ < cog 1,2). Hrax, cosl,2 # %,
1 1\
H, CIeIOBATENLHO, 3 2co81,2 — 3 >0,

Buaunr, 2 - 22+ x < _181’ H 3afiaHHOEe ABOitHO® HEepABEHCTBO IO~
KasaHo.

13.53. a) JorazaTe HepasencTBo 0 < tg 1—.; + cos2 E <1.

Pemenane. Beegem obosnrauenne: tg !'-?Z = x. Torga cos™ -1.-;{ =

=1 + x%, 1 AOKA3KIBAEMOEC HEPARCHCTEO NpEHEEMAeT BEX 0 <x + 1 +
+ x? < 1. PACCMOTPHM IO OTACABHOCTH KAXKAYIO U3 YACTeif 3Toro ABoi-
HOPO BEPABEHCTBA.

Jlnsa poxasarenscTsa Hepasercrea O < x + 1 + x? gocrarouno aa-
MEeTHTH, UTO B €10 IPABO JacTH CONEPRHTCA KBRAPATHEIH TpexXwaeR
€ NONOKATEABABIM CTAPIEN KoadhdhATREeATOM B OTDRUATENLHBIM JHC-
KPMMAHAHTOM.

Jna poxasaTenscTea HepapeHersa X + 1 + x2 < 1 cocTaBEM pas-
nocrbemnemﬁnnpamﬁqamﬁ: (x+1+x-1=x(x+1)=

= tg = 7 (tg + 1). Toura %’ NPHHALNEXXUT BTOPOM UeTBeDPTH HHC-
JI0BOH# OKPY'KHOCTH, IPHYEM OHA DACHONOKEHA MEXAY TOUKAMH %

HX (ﬂ _3r _ L(ﬁs 211;) = —(68 65,94) > 0). BnaunT, -1 <

<tg%z<0,aumwytg—-7—( ?-+1)<0.Hepanenc'mox+1+x’<l
IOKA38HO.
§14
14.21. 6) AzBecTHO, uTO 8in f + cos £ = 0,6. Brryacnats tg ¢ sin 2 +
+etgtcont.
Pemenne.
Ecam sint + cos £ = 0,6, To sin®?¢ + cos®f + 28in ¢ cos { = 0,38,
oTKyZa Haxomam: sin ¢ cos ¢ = —0,32. Hanee:
. _ gin’t  cos?t _ sin*f+cos’t
tgtsint tctgtcost= s + SnE - snfost

(smt + cost)ain®¢ + cos® ¢ — amtoost) 0.6 - (1 - (0,32)
gint cosi -0,382

=—2.47b.



14,22, 6) HapecTHO, uTo tg £ + ctg ¢ = 2,3. BuruucauTs tg* & + ctg? L.

Pemenwe. tg¥t +ctglt =(tgt + ctgt)’ - 3tget . cigt- (igt +
+etgt)=2,8-3. 2,3 =5,267,

14.23. r) HapecTHO, uTo 8in # cos ¢ = —0,5. BarumcauTs sin® ¢ + cos® t.
Penmenne.
ain®t + cos® £ = (in*f + cos*#)? — 2sint tcostf =
= ((sin®*t + cos®t)® — 2sin t cos® t)? — 2(sint cos i)' =
= (1 — 2(sin ¢ cos t)})? ~ 2(sin £ cos t) =
=(1-2-0,25)-2-0,0625 =0,256 — 0,125 = 0,125.

14.25. 6) Berumesuts 28in ¢ +cost, ecnn detgt + 6tgt +11=0

o 11x
H'§'€t<T.

Pemenne. Beegem ofiosaagenne: tg ¢ = x. s yonosnusa ciregyer,
YTO HOBASA NeDeMeHHAA Y/ORIETBODAET YpaBHeHHo . + 6x+11=0,

4 1 5r 1lx
PeIliiB KOTOpOe, IOAYIMM: X, = —7, X3 = —3. l'loycnonmo? <t<T,
sHAUMT, tgf < tg% = -1, Hrar, x < ~1, a NOTOMY H3 HAlEHALX

ABYX KODHell BRIOHpaeM x, = —%. Taxpm obpasom, tgf = —%.

,I[aneesint=§,cost=—%,25int+oost=1.

14.28. 6) BeramcanTs tg {, eCNH MSBECTHO, 9TO

2sin’t + 3sinf cost - cos’ ¢ 1 R T
Sooe’f - su? =—g3H-y <<%

Pemenue. Paskenus B nenoif 4acTH 3afaHHONO DABEHCTBA UHC-
JIATENHh M SHAMEHATENb NIOWISHHO HA €082 B BBeJd HOBYIO [IePEeMeH-

222+ 3x -1 1
HYIO X = tg {, IOJAYIMM VPABHCHOE T 3_,7 = "% OTKYAA HaXo-

gumM: x, = 0, x, = —2. l'onc.uoamo—-—E <t < %,anam,tgt>—l,

No2TOMY A3 HAlIeRHHX ABYX 3HaveHuil ana x, T. e. nna tg £, spln-
paenm nepsoe: tg ¢ = 0.

14.29, r) 3naa, aro tg ¢ = a, HajiTa sin® ¢ cos ¢,
Pemenne.

sin¢ cos ¢ = tg' ¢ cos'f = a° - —Tl'_"=“s' (1+}:g*t)” = (lfsa’)"'
(m)
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14.832. VopoeTuTh BEIDANKEHHE!

a) Jsin®t — ctg®t + cos®t — 1 + (Jeos'2t — tg®t + sin%¢ -1 +
+ 2s8int —cost, ecorm t € (13; 14);

6) Jsin? (1 — 2ctg?) + 4cos®t(1 - 0,5tg¢) + sint + cost, ecn

t€(0; 1).
PemeHnne.

a) Jain?t — ctg®t + cos®? — 1 + Joos 2z - tg¥t + gin®t -1 +

; = 1
+2Slnf—003t—Jm—Ctgﬂt+m’t—l +

1 - — — =
+ oy tPt +ain®t -1 + 2sint —cost

= J( + ctg®t) — ctg?? + cos®t ~ 1 +

+ J + tg®2) - tg®t + sin’t — 1 + 2sint —cost =
= |cos t| + |sin #| + 2 &in ¢t — cos ¢.

To yemoemo ¢ € (13; 14). Tookomsxy 4% < 18 < 14 < 4% + 3,

SARJIOMAEM, UTO ¢ € (41:; 4n + -;-), T. &. t — APryMeHT U3 MepRoif ger-

amcnoBoil oxpyxEOcTH. SHAYMT, |cos ¢ + |gin ¢| + 2sint —cos t =
=cogt+sint+ 2snt —cost= t.

6) ein®t(l — 2ctgt) + 4cos® t(l — 0,51gt) + sine + cost =
= (fsin? - 2sintcost + 4cos®t - 2sintcost +sint + cost =

= J(gint — 2co8?)® +sint+cost=|gin? — 2cost| + sint + coe ¢.
Tlo yenosmo ¢ € (0; 1).Hmmmyl<%,aamaeu,m0<t<%,

H, CIeA0BATeALHO, % <cost<li;l<Z2cost<2;2cont-gint>0,

SuauwT, [sinz — 2cost|+sint +cost=2cost —gint+sint+cost =
=8cost.

Orper: a)3sint; 6) 3cos i,

14.33. PacuonoXuTh B HOpPAZEKe BOSPACTAHUSA THCHA:
1 .1 ., 18

a) 3 8in 5, sin 547

6) %, cosl, cos 1,1.
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Pemesnune. a) Illocroaeky %< % < % < %, 3AKJ/I0YAEM, UTO

sinzl, <ain%<sin%,r.e.aammemmnnopammpam—

.11 ., 13
mpacnouammcsc.nenymnmuoﬁpaaou:mnﬁ, 3, 8in 34.

0) Hocrompry 1 < % <lLl< %,3amqaeu,mcoa1>cos% >

> cos 1,1, T, e. 3afaHHKIe YHCAa B NIOPAAKE BO3PACTAHHS PACIIONA-

rawTca caeXyioImaM obpasoM: cos 1,1, %, cos 1.

14.34. 6) Halitn mapMenbice B HaROOAbINee 3HAYCRHA PYHKIMHA
y=sinx —3cos’x + 2cos x.

Pemenne. Beeggs HOBYID nepeMeHHYIO £ = COB X, HOJYIHM:
y=—4t*+ 2t + 1. Taxnm ofipasom, peus HAET 00 OTEICKAHNA HAHMEHD"
mero ¥ HapGonbimero sHaveHuit ksaaperuuHolt dynrumnm y = -4 +
+ 2t + 1 \a orpeske [—1; 1], YpaBpHeHHe OCH CEMMETPHH DapaGoibl

y=—4t’+2t+1m(ee'r3n.nt=%,npns'roumqemt@ymcm

5
AOCTHTAET CBOETO HANGOMLUIETO SHAYCHHS? Yy = 7. A HAUMEHBIIErO

3EAUEHMA QYHKIUUA MOMKeT JOCTHraTh TOALKO HA OfJHOM U3 KOHIOB
OTpesKa, & UMEHHO B TOf TOUYKe, KoTopasa 6onee yAaNeHA OT OCH CHM-
MeTpiH. B fanBoM cayuae 510 ¢ = —1, SHAYHT, Yeur = Y(—1) = 5.

OTBRET: Youri = 5 Yians = %

§15
16.156. a) Henonpaosas reoMeTpHYecKHe Co00paXeHHMdA, BbIUHC-
aaTh: 8in 15°, cos 15°,
Pemeune. Hozgaee, Korga GYAYT NoaydeHH DOPMYIbI TPHFO-

HOMETDHN, 9TA 3aJa%a He¢ OyJeT OpPeACTABIATE HAKAKOIQ TPYyAa: AO-
CTaToYHO mpeacTaBETE sin 15° B Buge sin (45° ~ 30°) unn B Buge

1‘!—_—?—;300 Ho 5a aaHHOM STANE H3yUeHHS TPEHTOHOMETPHE 3TH dop-

MyJbl YIAI{MMCS HEW3BECTHH, ODPeRIAraeTCH HCOONh30BATE NeoMeT-
pHuecKHne coobpaAXKeHHd.

92



150°

[
Puc. 38

PaccnoTpHEM paBHOJepeHHHY TpeyIrOJABHHEE ¢ yraoM 150° nopm
sepmaBe B Goropodi croponoii 1 (pac. 38). Ilyers 8 — ocHoBaHME Tpe-
YrONLHUESR, TOTZA N0 TeOpeMe KOCHHycoB Haxomgum: ¢ = 1% + 12 -
-2.1-1-c08150° =2 + 8. Jlanee mo TeopeMe CAHYCOB HOJYIA8M:

1 1]
sin16° = sin150° »

1 _ 1 _
N2+v8 J2-J4+E

B i BB-D_fa-v3
BV TPyl 5 R o e

3uag sin 15°, o0NYHEM o6pa3oM HAXORHM cos 15°%:
- = 8 +2
00515°=,f1-—sm’- 15 =g

15.18. 6) BuancaaTs cos® 1° + cos? 2° + cos®* 3° + ... + cos® 180°,

Pemenne. cosg® 1° + cos® 2° + cost 3° + ... + cos? 180° = cos? 90° +
+ c082180° + (coa? 1° + ¢os® 179°) + (cos® 2° + cos®178°) + ... +
+ (cos? 89° + cos? 91°) = 1 + 2(cos® 1° + cos? 2° + ... + cos® 89°) (Mm
BOCHIIONBLIOBARHCEH TeM, uTo cos’ 1° = coa? 179°, cos? 2° = cos® 178°, ...,
cos8® 89° = cos® 91°, IpH 9TOM MCIONB3YIOTCA He GOPMYMId NDHEEAS-
HHg, KOTOPHX MOKA HET, & PACCYXKACHHS MO THCIOBON OKPYAHOCTH).

Ranee: T + 2(coa®1° + cos®2° + ... + ¢08289°) = 1 + 2((cos® 1° +
+ cos? 89°) + (cos® 2° + cos® 88°) + ... + (cos* 44° + coe® 46°) + cos® 45%) =
=1 4+ 2((cos® 1° + sin®1°) + (cos® 2° + 8in? 2°) + ... + (cos®44° +
+8in?44°%) + cop?45%) =1+ 201+ 1+ ...+1+0,5) =14+ 2(44 +
+ 0,5) = 90.

W=

sin 15° =

15.20. TIpE KaRHX HATYPAALHHX 3HAYEHUAX N BHIpAKeHHe

gin 1°8in 2° - ... - sin n%
2) MONOKHUTEALHO; §) OTPHIATENLHO; B) PABHO HyA?
Pemenne. lNlockoarxry sin 180° = 0, MoxHO cAeNaTE BHIBOJ, 9TO

npu n # 180 3apaHHOe BHpaeHHe paBREO Hyaw. Ecma n < 180, o
BCE MEGIEHTE/IM B 38JAHHOM NPOHIBEIEHHH — MONOKHTENbHHE YHC-

73, A IOTOMY OPOH3BeACHAE HONOXKATENEHO. OTPHRATeNLHEBM OHO HE
GyAer HM NpH KAKHX 3HAYCHEAX A.

OrreT: a) npr n < 180; 6) Her Takux suavennit n; B) mpx 1 > 180,
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15.22, TIpy KaxuX HATYPAJIBHEEIX 2HAYCHNAX 72 BHpa:xenwe gin 1° +
+ 8in 2° + ... + gin n%;

a) IoNOoMHUTeNLRo; 0) OTPHUBATENEHO; E) PABHO HYAI0?

Pemeune. Kar u B N 15.20, acnovipzosanae GopMya npHeese-
HEA OCYIIECTBAASTCA He 10 H3BECTHOMY aJIopuTMY (0 HeM Devd HnokH-
HACT SHAYATESPHO HO3AHEe), & HCXONA B3 TeOMETDHIECKUX cooGpaice-
HH — ¢ IOMOIBIO THCHOROH OKpYIREOCTA. TAK, Opedtae UeM OTESIATL
HAa BOIPOCH 3a7a4W, GEKcHpyeM, uToe sin 1° = —sin 859°, s8in 2° =
= -gin 358°, ..., #in 179° = —sin 181°; orMeTHM eme, 9To 8in 180° =
= gin 360° = gin 540° = ... = 0,

Hz ykasaHHHX PABEHCTE ClefyeT, YTO SAAAHHAHE CYMMa DaBHA
BYN0, ecad n = 359, n = 360, u Boobmie AnA MOOHX HATYDPANBHEIX
uyucen BRaa n = —1 + 860k, n = 860k, k € N. Bo Bcex oCTANBHEEX
cAyvaAx 3afAHHAS CYMMA NOJOXRHTEALHA.

OrseT: 8) npu n # -1 + 3680k, n » 360k; k € N; 6) Eer Takmx
sEavenmii 1; B) npu n = -1 + 360k, n = 360k; k€ N.

15.23. Ipy KaxHX HATYPAJIBHEX SHAYCHHAX 73 BHpasKesne cos 1° +
+co82® + ... + cosn®:

1) nonoxATeNnsHo (n < 360); 0) orpuuareneno (n < 360); B) pag-
HO BYIIO?

Pemenue, IIpexxae deM oTBEYATL HA BONPOCHL 38A8TH DHUKCH-
pyeM (OIATL-TAKK ¢ HOMOMEID YHCIOROH ORDYMHOCTH) ABE CEPHE pa-
BEHCTR!

Deosl°+coalT9 =0, co82°+cos178° =0, ..., cos 89° + cos 91° =
=0

2) cos 181° + cos 359° = 0, cos 182° + cos 358° = 0, ..., cos 269° +
+cos271°=1,

OrMerM eme, 9To cos 9)° = cos 270° =0, cos 180° =-1, cos 360°=1.

Mz yRasaHEHLIX PABeHCTE cAefyeT, YTO 3ajlaAEHAS CyMMa DaBHA
BYJXIO, ecan 2 = 179, a npu n < 179 yneao NoAKETeARHREX CJarae-
MBIX B 3afaHHOH cyMMe Oy/er NpeBRILATH THCAC COOTESTCTBYIOIHX
OTPRIATeALHEIX CAAraeMEIX B cyMMa Oyaer moaoxuTensHoli. Ecmu
180 < n < 359, To B 3agaEHOl cyMMe THCNO OTPHIATEALHEX CRATae-
MEX GyZeT NPeBHINATL YHCAO COOTBETCTBYKINHX NONOKHATONBHEX
CAAraeMbIX H cyMma Oyaer orpunarensuoif. Ilpn n = 360 cyMmMma pae-
HA HyJI0. Bee 3TH BHIBOALL NOBTOPAITCA NIPA BTOPOM, TPETHEM H T. A,
obxonax IHCIOBOH OKPYZHOCTH.

Orser:a)npa 1 < 2 < 178; 6) mpu 180 < n < 359;

B) 1pn n = —181 + 360k, n = 360k; k € N.

15.24. Mcnoanszoras papHoGeApeHHLI TPeyroALHAK ¢ yraoM 36°
OpE BepmHHe, BHUHCAETS gin 18°, cos 18°, ain 36°, cos 36°.
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Pemenre. PaccMorpus paBHOGeapenERLi B
rpeyroabHEk ABC, y xoroporo AB=BC =11
yrox B papen 36° (puc. 39). IIpopeaem GmccenT
puey AD, Torga noayuaTes gpa paBHOGeADeHHEIX
Tpeyronpiura: ABD (y nero AD = BD) m ACD

(v mero AC = AD). 1 D
IOyers AC=x, orpa AD=xa BD=x,a
AC CD
CD=1—x.Homopeue06mrme=E,
A C
x _1-x 6 -1 %H .’22
T. 8. T = T » OTKYAAR HAXOUM: ¥ = ——.
Puc. 39
Ipopeaem B Tpeyroasmure ABC shicory BH,
mrmsin18°=%.
HOAH=%AC=%=J54-1,AC=1;anam,sin18°=—J-§f-}-.

3uaa gin 18°, o6HIYHEIM cnoOcObOM BHOHCAZEeM cos 18°:
c0s 18° = 1 — sin? 18° = N10+ 2V5 "

Yrobet HaiiTy cos 36°, rpuMeHNM TeopeMy KOCHHYCOE K TPeyIoib-
HERY ABC:
AC?* = AB* + BC? — 2AB - BC - ¢cos 36°;
x2=1+1- 2cos 36°%

cos36°= 32 - 9 = 3 (2- (B1)) = J‘+1

§16

16.35. Haiita HauMensinee H HAUGOALIIee SHAYCHHA PyHKOHH
y = —cos (x+§-) + 1,5 Ha DpOMeXYTKE:

B) [231; 238);

) {05 §)

Pemenme. B) OcHoBHOR mepuoa aapanmolt GyHKNuM paBeH 2R,
YT0 MEHBIIe JJAHE YKASAHHOM OTpeska (2% < 7). 3EaYnAT, HA 3TOM OT-
peske QYBEKIHA IDHHHAMAET Boe CBON BOGMOCKHEIe SHAYCHHA, B YACTHOCTH

B HeM eCTh TOUEA, B KOTOPONH KOCHEYC OOpaTHTCH B 1, H €CTh TOUKA,
B KOTOpPOH KocHEYC OSpaTHTCA B —1. BHBOA: Yeune = 0,55 Yons = 2,5,
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r) 3ajanpad GYEXHHA BO3PACTAET HA OTPEBKE [—-g; -233’-‘-] Hockoab-
RY [0, ") c [—1 -%-], HA 38J8HHEOM OPOMEKYTRe PYHKIHES TAKIKE
BO3pACTAST, 4 HOTOMY Y. = H0) =1, a ¥, HE CYIIeCTRYET.

16.46. HMoxasaTts, uTo GYERIMA § = 8in X

a) pospacTaeT Ha oTpeake [12; 13];

@) yOursaer Ba mATEDEANE (8; 10):

B) moCcTHraeT Ea nATepeane (7; 12) maumMenninero B HaGoanmero
auadcHEl;

r) He JocTHraeT Ha EETepBane (—1; 1) HA HaNMeHEIDEro, HHX HAH-
Goarmiero spaveHnii,

a) Tak xa -% +4:|:<12<13<g—+41|:,ana(—%+4ﬂ:;%+4n)

dyHRIES ¥ = 8in X BOSpPACTAET, TO OHA BO3PACTAET M HA MHTEpPBAJIe
(12; 13).

6)Tmm-§+2‘m<8<10<%+21t,aaa (-”2—+2lt;%+3t)
dyaxnmsa y = sin x yGnisaer, T0 oHa yOriBaeT u ua naTepsane (8; 10).
B) Tax xax 7 < § + 2% < 3¢ + 21 < 12, o na mrvepsane (7; 12)

€CTB TOYKA, E KOTOpPOH (pynxmm ¥ = sin x poeruraeT cBoero HARGOIL-
Iero 3HAYEEEA — 9TO TOUKA = + 2n, B Heli PYHKOHA DDEHHMAST

ceoe Hanboapiiee sHAYEHNE 1. — ¥ ecTh TOYKA, B KOTOpo# GYHKIHA
y = 8in x FoCTHraer cBoero HaMMEHbBUIEro 3HAYEHHA — 3TO TOUKA

% + 2x, B Hell dYHKIAA DPUHAMAST CBOC HAHMEHEIIee SHaYeEHe —1,
R . _ x JE. X -
I‘)TaRRaR'—2< 1<1<2,aﬂa 3 5 dynrmua y = sinx

BO3PACTAET, TO OHA BO3pacTaeT i EA HHTepBane (—1; 1), a moToMy He
HAOCTHIAeT HA HeM HM HAMMOHbIIEro, HA HanGoJbIuero sEavYeHudi,

16.56. PemnT: ypapHeHHe:

inx = |22 _38). 3x 31 _
ayginx = ox 4l 6) cosx + 5x 10 =0 (x> 0).

PemeH ke. a) BamMerus ipesxkae BCEro, 4ro % - % =0 opaE x= -%.

Suauwr, rpadm QyHKOHR ¥ = ——-—-I COCTOMT H3 AByX aydedl ¢ pepmn-



7} ud
>~ |8z _ 8|1
- ”‘lzm 4|—
x| bx E
2T 6
¥ =sinx
HEN
PUC. 40
1) 1 ! [ 11
y=|8_28
=%z " 10
-‘-"-l._- ey
"""9-:3 _— -
o (1 4x | x
2 8 |
Y = —cos X
HEN
Puc. 41
HOlR B TOURE (%, 0), CHMMOTDHUYHKX OTHOCHTENBHO NPAMOHR X = 12‘,

OpHYeM OfUH H3 STHX Jydell DepecekaeT OCh OPAMHAT B TOUKE (0; %),
rpajdux nzobpaxed na pHcyeEke 40. Hocrpous B Tolf :ke cHcTeMe KO-

OpABHAT rpaduE PYHRKOHUHE ¥ = sin x, 3aMedaeM, UTO MOCTPOEHHLIE
rpadMKH IIePeceXanTCa B ABYX POYKAX, abCIUCCH 9THX TOReK, mpes-

BOAQKHATCALHO, % H ‘%‘r'. HoacTapup 9TH 3HAYEHHA B 38AAHHOS YDAEB-

HeHHe, yOexxAAEMCA, YTO MHNOTE3A HOATBEPARNACEH: 06a STH 3HAYCHHEA
ABNAIOTCA KOPHAMH YDARHECHMA.

6)3auernu,m%—i?'—=0upux=g-.35aqm,rpa¢nxtbyux-
3x 8 R

HME Y= 22" 10 COCTOHT H3 ABYX JYUei ¢ BeDITHHON B TOUKe (E; 0),

CHNMeTPAYHLX OTHOCHTEALHO mpaMolt x = %, OopuyeM OXMH H3 9THX

Jydell mepecekaer OCk OPAMHAT B TOUKEe (0; 1—%); rpapek nzobpa-
weH Ha pucyHKe 41, [TocTpoHE B TOM Ke CHCTeMe KOODAHHAT rpaduk

4 Anrefipe n means st slamaes 10 xa. 97



GYHKOHA ¥y = —CO8 X, 3AMEYAEM, ITO [OCTPOCHABIC Tpaduarn npy x = O
mepecekalTcd B ABYX TOUKaX, abCcoHcca OQHON H3 HMX DABHA -5-,

a ppyroii, EpeAUOAOKATENLEO, % IloacTABHEB B 3a4AHHOE YPABHE-

HHMe 3HAYEeHHMe X = %, yGerxpaeMcH, YTO OHO YAOBJIETBOPAET YpABHE-

HAK).

Orzser: a) 6’ 5:, 6) 5 £ 4;:

16.66. 6) IlocTponTs rpadux pyExnum y = tg x |cos x|.
Pemeaue. Dyasrnna y = Iooa:cl UMeeT mepuof n. B caMoM neae,
|eos (x + ®)| = [cos (x — n)| = |—cos x| = |cos x|. Buaunr, u sagaHHAS

GYHKOHNA NMeeT MePHOT N, & HIOTOMY AAsl NOCTPOSHHA ee rpaduKa 10~
CTATOYHO CHAYAJIA HOCTPOMTL BETBh rpadura Ha jJoboM npoMerxyTRe

JENMHH X, nanpnuepna(—ﬁi 15') Ho Ha 5TOM RHTEpBANE BLITOTHACTCH
HEPABEHCTBO ¢0s ¥ > 0, & moToMy |cos x| = cos x, a g x |cos x| = sin x.
ITocTpoun rpadnr Gyurnms ¥ =gin x, x € (-—, )nnponommm ero

NePpAOAMYECKH ¢ MEPHOAOM T Ha BCIO och abcmuce, nmoayumm Tpebye-
Mul rpadux (puc. 42).

18.72. 6) ITocTpours rpadux dHyExnuH y = sin (cos x).

Pemennme. 3agannaa GQyHRIMA ~— NEePROAHYCCKAS ¢ OCHOBHBIM
mepuosioM 2x H WeTHAH, HOSTOMY JUIA HOCTPOeHHA eée rpadmka JocTa-
TOYHO CHAYAJIA IIOCTPOMTE BeTBh rpaduKa Ha orpeske [0; %], orpasnTs
e CHMMETPHYHO OTHOCHTEAbHO OCH OPAHEAT M 38TeM BOCIHOAbLIOBATHCA
mepropHunocThIo dyrmuu. Ha [0; x] dyuxnua y = ¢os x yGriBaeT or
1 ao —1. CoorsercrBenno ¢yHKOmRA ¥ = sin (cos x) ybmsaer or sin 1,

1L TT _ T

ol
Y

T
—Teola

Puc. 42
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a) 0)

Puc. 43

Al

Y710 npuMepHO parHO 0,85, mo sin (—1), ee rpadux Ha [—nx; 1] Bn3olpa-
el Ha pucyHKe 43 g, a Bech rpabur — Ha pEcyHKe 43 6.

§17

2
17.15. a) Pemmurs ypasHerue 2sinx — 1 = (x - %) - -’;ﬁ

Pemenne, llocTpoHM B OGHOM cCHCTEMe KOODANEAT rpaduy GdyHEK-

u.rmy=2£;in:c—1nrl_:umbmctb]rfncn,lmy=(:c—-%s —% — napabony

¢ BEPIIRHOH B TOYKE (%; —-’;—2), [IEPECEKAIONIYIO OCh ODAHHAT B TOYKE

(0; %} (puec. 44). 3ameuaeM, 1TO NMOCTPOEHHLIE TPpadHKH NepeceKa-

OTCE B ABYX TOURAX, alcOHCCH 3THX TOYEK, NPEATONOKHTENRHO,
% H -56’—'—'. TlopcTasMB 5TH 3HAYCHHA B 38laHHOe YDaBHeHHe, yOemna-

eMCiA, YTO THNOTe3a NMOATREPARNAch: o0a 3TH 3HAYEHHA ABAAIOTCA
KOPHAMH YPABHEHWS.

/)

L

1 A\, /yﬂ(x_%)_%:

OIX &X £
(12

=1 S

N ‘
y=28nx -1

Puc. 44
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1 1
17.19, a) IlocTponTs rpadrk GYEROANR ¥ = ne T Tein =]

Pemenne. ¥arem, 9ro 06/aCTh OnpefeneHHA QYHEKIHUN 38J3eT-
€S YCIOBMEM X ¥ 1ti M UTO PYHKIUA — NEPHOAUYECKAH ¢ OCHOBHEIM
nepuozoM 2n. [TosTOMY AOCTATOTHO CHATANA TOCTPOUTDH BeTBH rpadn-
kxa B4 (0; ©) U (n; 2K), 2 2aTeM, BOCNOJL30BABIINCE EPHOAHIHOCTEIO,
HOCTPOMTH Bech rpadur. Eenn x € (0; %), To sinx > 0, |sin x| =sinx

" safaHasd QYHKOHA DPHHHMAET BHRL Y = jﬁ%; ecnu x € (%; 27), TO

sin x < 0, [gin x| = —sin x u saxanRan GyaKEa NpREEMaeT BEY ¥ = 0,
He pucynke 45 a gsobpasxen rpadax ¢yErmEm Ba (0; 1) L (73 2x%),
8 Ha pacyHKe 45 § — Bech rpaduEk.
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17.20. 6) IIocrporTs rpadbmx dbynknmm y = ﬁz%[(x + ®).

Pemenne, Ecnu cosxy > 0, To ¥y = x + 7} ecan cosx < 0,
T0 ¥ = —{x + K). 3HAUAT, MOKHO PACCYIAATH TAK: HOCTPOMN NOPAMEIE
¥=Xx+ 6, y=—(x + 1), BHAEAHM ¢ TOMOINEI0 BEPTHRKANBHEIX TYHK-
THPHHX OPAMEIX HETEPRAIH SHAKODOCTOAHCTEA GyHUKIUAE y=Cco8 X 1
B Kol noayvennod mosoce BRZENHM COOTBETCTRYIOMMI yUacToK
Ha COoOTRETCTEYIOmMel npamolt (puc. 46).

17.21. a) ITocTponrs rpadux dyukuunr ¥ = sin x + sin jx| + |sin x}.
Pemenne, PaccMoTrpam cAuana cayvail, xorna x 2 0. B srom
crygae dyHEKRIEA NpEEAMaeT BUA § = 28inx + |sin x|, T. e

: 8sinx, ecam sinx #»# 0,
¥= gin x, ecom sinx < 0.
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Puc. 47

I'padux aToii hpyEKknEA npencTasaen 5a pucynke 47 4.

Eenu x < 0, To QyRknua npmauMaer Buj ¥ = |sin x|, ee rpadmx
npeacTapied Ha pucyHre 47 6. Heromeiil rpadur — o0begAHeHHe
JBYX OOCTPOEHHRIX.

17.22. a) Iocrpouts rpadmk dyRknuu y = 008 & + cos L'-.‘,Jf-l +

+ |cos x|,

Pemenue, Paceysxpaa kag B Ne 17.21, nmpaxoanM K BHIBOZOY,
4TO peds MAeT O NocTpoerAn rpaduka KycouHo#t GYHRUINN, KOTOPYIO
MOMCHO 38JIATh CACAVIOIUM obpasom:
2e08x+1,ecnm x>0 mcosx 20,
l,ecrm x 20 m cosx < 0,

Seosx, ecanm x <0 Hcosx >0,
cosx, ecr ¥ < 0 uw cosx < 0.

I'padax nz06paxen A pECYHKe 48,
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18.18. 6) Permirs ypasuenne cos % = Ji5x.

Pemende, [IocTPORM B oAHOLH cHCTENME HOODEMHAT rpaduk HyHK-
IHH ¥ = 608 % 1 rpaduk dyrsmmaE y = f1,5x (puc. 49). Sameuaem,
IP0 HOCTPOCHHEIe PPAUKH nepecerkalorea B oAHON Toure, abemucca
3Toili TOUKH, HPefIoOKETeNLHO, % IMoacraBae 310 3HAYCHAE B 30AAH-
HOE ypaBHeHue, y0exAaeMca, YTO TANOTE3a NOATBEDPAEMACEH:

x= % ~- @IUHCTECHHMHK KODEeEh YpaBHeHHA.

T[T LE]

5 y = L6«

A
o] 1]: 3 £
1,123 " o EX

1 y = cos-g

HEEN
Puc. 49

18.80. a) PenmTe ypaBHeRHe sin nx = 2x - 4,

Pemedne. ITocTpouM B ogHOHA cHcTeMe KOOPAWHAT rpaduk GyHK-
nun § = sin nx ¥ rpadpuk QyExkoun ¥ = 2x — 4 (puc. 50). Bameuaem,
YTO NOCTPOEHHHE IPadHKH IepeceKalTca B TPex TOUYKAX, abcIjHechI
STHX TOYEK, OpefnoacxuTensso, 1,5, 2 i 2,5. Iloagcrasns sTa srA9e-
HHA B 33J]JaHHOE YPaBHeHHe, yOexjaaemcd, UTO I'HIOTe3A DORTBEPRHA-
AACh: REHCTBHTOALHO YKAZANHBE BHAYCHHA — TPH KODHH BUJAHHOIO
YPABHEHUS,
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41 !
=2 -4 -2
Ll il
Puc. 50 Puc. 51
§19

19.5. a) IToaoGpaTs KoaddHINEHTH &, b, ¢ TAR, YTOGH HA PHCYH-
xe 51 O6nir usobpaxxen rpadmr Gyrruun ¥ = g sin (bx + ¢).

Pemenne. I'padur sapamuolt dyHrIuE noayuaerca H3 rpadn-
Ka GyHRIENE y = sih & ¢ ODOMOMILI KOMHOO3HIIHH TpeX npeolpaso-
paHn: pacTdAxeHHeM OT OCH alcouce ¢ KoadhHIMeRTOM @, CHATHEM
X ocu opauHAT ¢ KoothdunueATOM b B MApANNENLHEM HEPEHOCOM

BAONB OCH alcIAcCe HA -—% (uTobul y0eauTHCA B CIPABEAJIABOCTH IO~

CJIeJHETO BEIBOAA, NOCTATOTHO HPEACTABETE 3AJANNYIO GYHKIHIO B BRAE
u= asinb(x+%)). Of6paTnM BHEMAHHE HA TO, YTO OJHA DONYBOJIHA

CHHYCONZN, BO-TIEPBLIX, AMEeT MAKCHMAJIERYI0 ODAMHATY, DABHYIO 2,
a8 ODOTOMY g = 2; BO-BTOPEIX, HMEET CEOMMH KOHIIAMH TOTRH -—*l% H
b x -
1o+ PAcCTOAHHE MEXRAY KOTODHIMH PABHO 3, & He T, KAK ¥ oBBIvYHO#M

CHHYCOMARI, T. €. KOSPPHNHAeHT c)XATHSA K OCH OPAHHAT DSBOH JBYM:
b = 2. 1, BaKoHeN, B KauecTBe HOBOrC HAUANA KOODAHHAT MOXKHO

x. L __F
BRIGPATE TOUKY (-ﬁ’ 0), T. 6. =3 = —j3» OTKYAA HAXOLMM, ITO

c=

(=1

Hrak, na pucynre 51 meobpaxen rpadmr pyariman
¥ =2sin (2x + %).
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19.12. Ilpu KaKHX FHAUCHHAAX NapaMeTpA ¢ JYHKIAA

%, =\,
”’2“‘“(2+s)°

a)mspamwaa(a—%;a+%§); 6)y6nmna[a;a+g-]?
Peme rane. BeegileM HOBYIO nepeuenaymt=% % PDyHRIEA

Y = 2 sin t BospacTaeT Ha JWO0OM OTpDe3Ke BAAA [——+&tn, +21m]

nyﬁmmnamoﬁonompemmm[g+2un; %+2En].Pnepa-
x 4x

nenc-rno—-;- +2m<§ +%€§+2m,no:rytmu:—-§- +4dmn<x <

<%— + 4nn, 7. e. sagauBAn GYHKOAA BOSPACTAET HA NO6OM OTpesKe

BHAA [—%+m%+41m] Pemme BepaBeHCTBO 2+21m< 2

%4 3; +2m,no.nym-g3:— +41m<x<% + 4nn, 1. €. 3aRaEHAA

YHEKOHA BO3pACTAET HA JIO00M OTDE3KE BHAR [% + 4nn; %ﬁ-+ 41!:!1]
a) 3axarnas GyErOMs SyaeT BOSPACTATE HA MHTEDBAIC

o-tpe8).

ecam-% +41m<a-% Ha+ 2': < 2’3‘ + 4xn. Pelus 2Ty CHCTEMY

HEPABEHCTB, DIOJIYIHM:

—% +4nn < a < 4xn, n € Z.

0) 3agannaa GYHKUUA Oyaer yOHIBATH HA OTpPe3He |:a; a+ g],

ec.m% +41|:n<ana+£2<% + 4nr. Pemnnpe 2Ty cHCTeNY HeDA-

BeHCTB, IOAYIAM:
%—+41m<a<% +4nn, n€ Z.
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19.13, IIpH KakHXx DONOKETENLHEIX SHAYCHHAX DApaMeTpa @ PyHK-
my:-3eos(3x—§):

a) poapacraer Ha (a; 2a); 6) yGuiBaer Ha [a; a-l-%]?

PemeHue. BpegeM HOBYIO NepeMeHHYIO § = 3x - %. DYHKEOHA

¥ =—3 cos { BOEpacTaeT Ha JIDGOM oTpeaKe BHAa [27tn; X + 2an] u yOm-
BaeT HaA N060M orpeske BuAa [t + 2nn; 2nn]. Pemmre HepaBeHCTBO

21m€3x—%<x+21m,n0nqu(:% 2‘;" xS 2+ 2;”,1- e.

saganman GYHKOUA BoapacTaeT Ha MOGOM OTPe3He BHAA

E,2em. 1, 2
[6+ 3°'2" 3]'

PemiMB HepABEHCTEO =X + 2nn < 8 2 < 21nn, DONyIHM: —% +

+% <x<%+ %,T.e.manmwmnnanoapacmewnam

OoM oTpeske BUIA ["‘% + &5_&; % + %n_]

a) Bagannas pyEEnEa GygeT BOAPACTATL HA BHTepBane (a4; 2a),

mea>0,ec:m%+% SaH 2a<%+ -:?.Pemnns'rycncmny

nepaaenm,nonmu%+% <a<§+-’g'-.06moemonnenez

37iech ABHO HYXKAAETCA B KOPPeKTHPOBKe. Bo-mepssX, NO YCHOBHIO
a > 0, 3HaUNT, B BANHCAHHOM ABOHHOM HepaBeHCTBe mApaMeTp 7 He
MOKeT IPHAMMATh OTPHIATENBHEIX 3HadeHuil. Bo-BTopmix, H3 Bcex
HeOTPHIIATEILHLIX ALY 3HAUYCHHI n 3anHcaHHOe AROMHOe HepaBeH-
CTBO HEeNPOTHBODEYHABO JNWME npH 72 = (, KOrga 0OHO OPUMHEMAET BUL

n n
Eﬁaﬁ e

6) 3axanaan GYHKINUA Gyaer yOMBATH HA OTDE3Ke [a; a+ -g—:l,

ecnn—%+-2—;n- <ana+-§ %+%.Pemwycnmuyuepa-
2xn
+ 3

X
BEHCTB, MONYUHM: ¢ = —& O6bvBoe YenoBHe B € Z, KAK H B
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OYHKTe a), Hy:RZaeTca B KoppexTupoeke. Ilo yenoesno ¢ > 0, snagnT,
n>0,r.e.ncN.

O'rne’r:a)%éaé %6)a=—%+%,neN.

20.27. 6) ITocTponTs rpadax byernau ¥ = —2 tg (8in x) ctg (sin x).
Pemenne. O6macTs onpeAcNeHEs PYHKIHA 3AMASTCH YCAORHEM

sin x # 0, 1. e. X # ain. 3EaynT, rpadurom byHKOHA cnyRUT OpAMas
¥ = —2 ¢ BRIRQJIOTEIME TOURAMEY (An; —2), rAe r € Z.

§2
21.49, a) Jokasars, uTo sin (arctg x) = Ul-xf-—xs

Pemenne. Ilycrs arctg x = ¢, Torma tg ¢ = x, —%<t< %. Hysx-
HO HalrTH sin .
1 i .
Tax Kax 1 + tg2t = m,t,mcost—m,smt-tgtcost-

X

T

21.50. HocrporTs rpadurn pyEro@it:

a) y = cos (arceos xJ;

6) y = arctg x + arctg (—x);

B) y = tg (arctg x);

r) y = arcsin x + aresin (—x).

Pemen ue. B 3afasnu a) peus HAET O IOCTPOSHMHE rpaduka QpyHK-
A y = x, T8¢ -1 < x < 1. B 3agaAAW B) peds NAET O NOCTPOCHHH
rpaduKa GYHRIHH ¥y = X, ¥ € R.

IloxosRE ApYT Ha Apyra sagaaud §) H r): B 6) peds BaeT o nocTpo-

enns rpadmxa dyErmym ¥ = 0, x € R, a B 3afaHuA r) — O MOCTPOe-
HEH rpagdmka pyskoau ¥y =0, rge -1 € x < 1.

21.51. IoctpouTs rpadmrn GyHKIMiA:
a) y = arccos x + arccos (—x);

1 1
ﬁ)y=arccos; + arceos 5
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7Y B} y = arcclg x + arcetg (—x);
r) y = arcetg Jx + arcetg (—Vx).

PemeH ne. Bo Beex ciryqasx ocuropoft rpa-
ol duxra cayxuT npaMad y = x. B sapannu a) peus

1  NIeT O HOCTPOEHMM rpadbuka Qyaxmum y =X, I'ae
"Il-——} -1 < x < 1. B 3aganun ) pedb HAeT 0 MOCTPO-
Puc. 52 eHRnH rpapura GyRKIHME y = X, o6RACTH onpe-

1
AeneHEA KOTOPOi asfaerca yenosueM (2| < 1,

T 8. X% -1; x » 1 (puc. 52). B 3agagusu E) peyb HAEST 0 NOCTPOSHHEN
rpabuka ¥y =x, x € B, a B 3afaHun r} — o nocTpoeEnn rpabaxa GyEK-
nMH y =%, rae x > 0.

21.52, NocTpouTs rpaduk QpyEKOEH:
a) y = sin (arccos x); 6) y = tg (arccig x).

Pemenue, a) llocrkoabry y = sin (arccos x) = 1= 22, rpada-
KOM QYHKINHA CIy>KHAT BEPXHAA AMHNYHAS TONYOKPYXKHOCTD C HeHT-
POM B Hauazne KQOPAMHAT.

6) Ilocronery ¥ = g (arcctg x) = L

1
ctg(ametg x) = o WROH
dbyurnuu cayxuT runepbona y = —:;

21.58. TlocTpouTh rpadK GYHEKIHHT:

a) y = arccos (cos x);  6) y = arcig (ig x).

Pemenue. a) 3aaaa8aa GYEROHUA — DePHONHYECKAA ¢ OCHOB-
HBEIM IepHOAOM 2K H YeTHadA, ICTOMY AJIH DOCTPOCHHH ee rpadura
AOCTATOYHO CHAYANA IOCTPOMTE BeTBb rpadka Ha orpeske [0; K}, or-
PASHTY 66 CHMMETPHIHO OTHOCHTEABHO OCH ODAMHAT M BOCOONbLIOBATD-
¢ OepHOAHYHOCTHIO GYHKIME,

Ha orpeske [0; n] srmonBAeTcda TOXAESCTBO arccos (cos x) = x,
T. €, P6Ub HAET O NOCTPOSHUH rpadbura byExomn ¥y = x, x € [0; x};
rpadhuk nzobpaxieH Ha pucyHKe 53 a. A Ha pucyHKe 53 0 msobpamxeH
BeCh Ppadux,

6) 3anannan QYHKIIAA onpeAeNeHs OpH X # 12:- + ntn, mepHoOZUYEC-

K&R ¢ OCHOBHEIM TepPHOAOM T M HeUeTHAHA, NOSTOMY ANA IOCTPOSHRS
ee rpadIKa AOCTATOYHO CHAYAJAA MOCTPOMTH BETBb I'DatdhHKA HA DONY-

nHTSDBANE [0; -g'), OTPASHUTE ¢¢ CHMMETPHIHO OTHOCHTCNLHO HAYANA

KOODAMHAT A BOCTIOJIBBOBATHCH MEPHOAMYHOCTHID PYHKIIUH.
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Puc. 53
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a) 6)

Puc. 54

Ha nonysmrepraje [0; %) BRIIQIHAETCS TOMAecTRO arctg (tg x) = x,

'r.e.pequeﬂronoc‘rpoentmrpacpmd)ymnny=x,xe[0;%);

rpaduk nzobpamen Ha pucyire 54 a. A ma pucynre 54 6 uaobparken
Beck rpadmuk.

21.59. Pemmmrr ypaBHeHHE:

a) arccos x = arctg x;

6) arccos x = arcsin x.

Pemenne. a) HocTpous B ofHol cucTeMe KOODAMHAT rpadEKH
dbyarouil y = arccos x, ¥ = arctg x {puc. 55), yGe:mnaened, yT0 ypas-
HeHHe HMMeeT eMHCTBOHHHI KOpDeHb, HPHHAINCEHAINAN MHTEDBANY
(0; 1). Ha sroM muTepBase Gyurmua ¥ = ig ¢ MOHOTOHHA, & IOTOMY
YPaBHEHHE arccos X = arcig X DaBROCHJILHO YPABHEHHIO ig (arccos x) =
gin (arccoe x) 1 - x®
cos (arccos x) x

ey,

x

= tg (arcig x). Hocxkonsxy ig (arccos x) =

a tg (arctg x) = x, OpEXOAUM K yPABHECHHI)

= X, OTKYZAa
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Puc. 55 Puc. 56
6) Iepurifi cmocof. ITocTpoHE B ofHON CHCTEME KOODAHMHAT Ipa-

buxe pyarnmit y = arccos x, y = arcsin x (puc. 56), ybexzaemes, aro
YpaBHeHHE MMEeT eIUHCTBeHHEIA KOpeHs, TPUHALICHKALIKE HHTEpBa-

ny (0; 1). Herpyauo goragaTbed, 410 X = _J§'2_

Bropof cnocgb. ®yuxona y = arccos x y6uiBaer, a dyEKmHA
Y = arcgin x pogpacraer Ha orpesre [-1; 1], mosToMy 3aaHEOS YPaB-

HeHle NMeeT He 5oJlee OXHOTO KOPDHsA. 3HAYeHNE X = -{2_2— YEORNETBOPA-
€T YPABHEHHIO, & IOTOMY 970 eAHECTBeHHEI KOPeHb YPABReHUA.

21.62. a) Peminth Hepapencrso 8 arcsin® x + 25 arcsin x < n2.

Penie ane. BeeaeM HOBYIO HepeMennyto ¢t = arcsin x. Teneps peus
HAET 0 PeIIeHNH KBajApaTHOro HepapeHcTsa 8t2 + 21 — 12 < 0; naxo-

m:—~%<t<§.

Hraxk, —% < aresin x < %, OTKYZA caelyer, uro —1 < x < g
asa 4
§22

22.32. 6) PemnTs ypaseense 2|x — 6|cos x = x —~ 6.
Pemenue. Cpasy oTMeTHM, IT0 X = 6 — KODeHL VpABHeHHS.

Ecnu x > 6, To ypaBHeHWe MPpMHUMAET BHJA CO8 X = —;-, OTKYJIA
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HAXOAMM: X =t13':- + 2rn. Mipa n=2, 8, 4, ... 918 cepRa yAOBASTBOPH-
er yeaosao x > 6, opa n =0, -1, -2, ... yKasaHEHOS YCAOBHE He BH-
TIOJIHAETCH, & NPH 72 = 1 BHIDONHAETCH JACTHYHO: X = —% + 2n ycao-

BHI) H& YAOBIETBODHET, & X = % + 2 — YyAOBEETBODAET.

Eema x < 6, T0 ypaBHeHHe DPENEMAET BHJ CO8 X = -——;—, OTRYHA

HAXOIHM: X = :I:% + 2xn. Ilpu n =0, —1, —2, ... 3TA cepHa YAOBAET
BOpAET ycaAoRNW x < 6, upu n = 2, 3, 4, ... yKasaHHOe YCJOBHe He
BRITIOJIHACTCA, 8 IPH 7 = 1 BRNONHAETCA YACTHUYHO: X = --233 + 2n

2x
YC/IOBMIO YXOBJIETBOPAET, & X = 3 + 2K — He YAOBJIETBODSET.

B mTore NOoJNy41aeM CHIenyIoIHe PenleHAA RAaHHOrO ypapHOHRSA.

6,58, .12 +2n,n=2,8,4,..:+%F +2m,n=0,-1,-2, ..

22.38. PemmrTe ypapHEHHA:

a) V16 - x* sin x = 0;

6) (V2Zcosx - 1) Vax* — Tx + 8 = 0;
B) JTx — 2% (2cos x — 1) = 0;

r) (2sinx - Jg) m = 0.

Pemenne, a) PaKTHIUSCKH peub HeT 00 OTHICRAHHM KOpHeH
ypaBHeHHA gin x = { Ha oTpeske [—4; 4], cay:xRameM pemieHHeM Hepa-
peHcTEA 16 — x* > 0. V3 cepuM x = Ttn 3TONY OTPesKY NPUHAJJICHAT
TpH 3Havenud: —x, 0, 1. KpoMe Toro, B OTBET CASAYET BEAWYMTE KOp-
HE ypaBHeHUA 16 — x2 =0, T. e. 3EaYenna 4 u —4.

OTBQT: _4, 4, _ﬂ, 0’ R.
6) Mz ypapaeHns VZeosx-1=0 naxomm:x::t% + 2nn. Az

HepaBeHCTBa 4x* — Tx + 8 > 0 monyuaeM: x < %,x?l.BoenaﬁneH-

HEle DeIIeHHA TPHIOHOMETPHYECKONO YPARHEHAN YAOBASTEOPAIOT 9THM

YCIOBHAM, KpoMe % OTBeT MOXXHO 3aOHMCATE TAK: 1, 7 -% H cepus
+3 + 2nn, THe = 11, £2, 13, ... .
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B) Pelneruem Hepasenctea 7x — x2 > 0 cnyxmur orpesok [0; 7).
HaypannennaZoosx-1=0momm:x=:|:§+2m.Ecm!n=0,m

x= :I:-g-; YKAZAHHOMY OTPESKY OPHHAJIEKRT AHIND SHAUCHHE %. Ecan

n=l,'m).‘t=%t MAK %; orpe3ry [(; 7] npEHAANEKHUT TONLKO BHAYE-

m%—.nmmmmmnnmqmmpm

TPHTOHOMETPHYECKOTO YPABEOHHA, Ne)KAIMAE BHE YKABAHHOTO OT-
peaxa.
in

Orper: 0, 7T, %. 3

r) Hs ypasHeuna 2 sin x — V3 = (0 EAXOoAMM JIBe CepHMH pelleHHR!
x=-§ +2m,x=%— + 2nn. Pemus nepapenctso 3x* — 7x + 4 > 0,

nmrqu:x(l,x)%.Boenaﬁnennmepemmanmnouewpnmw-

mmmemymmpmmumomxpom%.ﬁrmm

aauMcaTsL TAK: 1, ;; neeprm(—l)“% +nrna, rmen==%1, 12, 43, ... .

22.36. Hafimu o6aacTs sHavyeHHll pyRKIHH:

a) y = cos 8x + \’cos’ 3x - 1;
6)y=sin2x + sin®4x - 1,
Pemenre. a) Aneen:

y = cos 3x + —sin® 8x,
IloaROpeHHOe BBEIPAKEHHE HMEeeT CMBICA JHINL HPH YCIOBHH
gin 3x = 0, r. e. 3x = ”n. Ho Toraa cos 3x = +1. Taxam obpasom,

E(f) =41, 1}.
y = sin 2x + \~cos? 4x,

6) HMeeMm:
TloaropenHoe BHIpA)ReHHE HMMeeT CMBICA JHINL NPH YCIOBUH

cosdx =0, 1. e. 4x=%+1m,m2x=% + %.Hommasinf&x:

= :I:%. TaxuM ofpasoM, E(f) = {-%, %}
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22.40. 6) Pemmnts ypasuenue (x? + 8x + 11)|cos 2x| = 4 cos 2x.
Pemenne. Te 3Hauenna x, OpE KOTOPHIX ¢o8 2x = (), YAORIETBO-
pAIOT 38JaHHOMY YPABECHUIO, CHSAOBATENLHO, NOJIYYAeM HEPBYIO ce-

pEK penrenuii: x = % + —“22

Ecnm cos 2x > 0, To ypasHEeHne npuruMaet Bug x° + 8x + 11 =4,
OTKYA2 Haxogwum: x; = —1, x; = —7. Ho Hago npoBepHUTH BHIIOAHEHHE
yenoeua cos 2x > 0. Bean x = —1, 1o nonyuaes cos (—2). Touxa —2 npe-
HANJIKHT TpeTheil UYeTBepTH YHCJIOBOH OKPYHHOCTH, I'Ze KOCHHYC
OTPHIIATENIEH, T. €. YCHOBHE cos 2x > () He BrImoaEgerca. Ecam
x = -7, 10 momyyaeM cos (—14). Touka —14 npaasgnexnr verseproit
YeTBepPTH YHCAOBOH OKDYRHOCTH, I'flé KOCHHYC IIOAOMHMTENEH, T. €.
yeaoene ¢os8 2y > O Bemongserca. Hrax, B3 galileHHHX ABYX SHaYe-
Huit OepeMm aume x = -7,

Ecan cos 2x < 0 To ypaEHeEHe NpHEEMaeT BAL x2 + 8z + 11 = —4,
OTKYZA HAXOAUM: X; = —3, X, = —5. IIpoBepHEM BHNONHCHAS YCJIOEHA
cog 2x < 0, Ecma x = -3, 10 noay4daeM cos (—6). Touxa —6 npuranme-
AT NEPROil YeTBEDTH YHCAOBRON OKPYKHOCTH, THe ROCEHYC MOJORHE-
TeneH, T. €. YeaoBue cos 2x < 0 e spmonmgerca. Eeag x = -5, 1o
monyuaeM cos (—10), Touxa —10 npuHAAAERHT BTOPCH YeTBEDPTH YHCIO-
BOI OKDY;KHOCTH, I'ie KOCHEYC OTPHIATENECH, T. €. Yeaosne cos 2x < 0
eblmonaaerca. Hrak, us HadgenHHX aByX sHaveRHH Oepem nume

. _m _x B fn
OrseT: -7, 5,4+-§-.

22.41, a) CroabKO KopHel HMeeT ypaBHeHIE

sin(ax-g)\/sx_-—xf?"w?

Pemenne. Hs ypasenma 8x ~ x* — 7 = 0 maxoaum: x, = 1,

x, = 7. Ha ypasuennsa sin (31:—%) = () HaxoguM: X = % + %

Ho n3 oroii cepun aago sHOpATE Te 3HAYEHAH, KOTOPEIE BXOAAT B of-
NACTEL OOpefeNeHHA HCXOAHOT'O YPABHEHHA, T. €. YAORJIETBOPAIOT

HepaBedeTey 1 € x < 7,

Hmeen: 1 < 75 + 5 < 7; 12 < n(4n + 1) < 84. [ocneanee xpoft-
HOe HePABCHCTBO BRINOJHASTCA TOAsKO npu 2 = 1, 2, 3, 4, 5, 6. 35a-
YMT, H3 CePHHA X = % + -’g‘- KOPHAME 38JAHHOI0 YPABHEHHA SBAAIOTCA
6 unces, a Beero ypapHeHHe AMeeT 8 KopHe#d.
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22.58, 6) HaiiTy ofnacTs onpeeNeEna QyHKIHA

y=arccos (2x — 1) + 1’715-003 .

Pemenue. O6aacTs onpefelcHua PYHEOME 3anaeTed cueTeMoii
HEpPABEHCTB

{—1<2x-1<1,
1
COB X & —p,
32

Us nepeoro HepaseHcTBa BaxoguM: 0 < x € 1. Ha aroM orpeske
BTOPOE HEPABCHCTBO CHCTEML]! BHINONHAETCH NPH % < x < 1, Hrag,

— El
oin=[% 1]
AFRaTOTHYHEE PACCYKICHIA MPHMEHAIOTCA NpH pemennn N 22.63.

22.57. 6) PemuTe ypapueHHne cos! 2x + 1 = cos? (x - %)

Pemerue, IlockonbKy /IeBRA YACTh YPABHEHHA He MeHbme 1, a
npaBad — He Gonbie 1, pelleHAA YpPABHEHNA HARO MCKATH «HA CTHI-
Ker, T. €. OHM JOJIKHBI YAOBJIETBOPATH CHCTEMe ypaBHeHWi

cog2x = 0,
{cos’(x—%) =1

H3z mepporo ypaBHEHHA HAXOAMM: X = % + 1‘—;- Hozcraeus 3Ty

CEpHIO BO BTOPOE YPABHEHHE CHCTEMBI, MOAYIHM: ¢cos? % = 1. 910 Bep-

HO JAIIb OPA YeTHHIX 3IHAYEHAAX N, T. €, HpM B = 2k, k € Z, 35auur,
PelieHHd CHCTeMH, 8 ¢ Hell H HMCXOZHOTO YpaBHEHHA HMeKT BUJA

-z
x=3 + wk.

22.62. 6) Pemarts ypasaenne sin (271 cos x) = -;-

Pemenne, Hveen:
2noosx=(—1}"§ + xng

cosx=(-1) 15 + 3.

114



BypeM zaBaTh mapameTpy n HocAeAOBATeNLHC 3HaueHHsa 0, 1, 2,
3, ... . Ecnm n =0, ypapHeHHe HIPHHMMAET BHA CO8 X = %;ec:mn=l,

T0 ooax:%. Ipu n=2, 8, 4, ... B npaBoil YACTH PACCMATPHEBAEMOTO

ypasHeEHA Gyfer umcno, Gonpmee 1, T. e, yPaBHeHMe He AMeET pene-
Huit,
ByaeM AaBATE NADAMETPY R NOCJHEAOBATEALHO 3HAYCHHA —1, -2,

-3, ... . Boiu n = ~1, ypapHeHHe IPHHAMAET BHI cosx:-%; ecIn

n=-2,T10¢c08x =— iz. IIpu n = -3, —4, ... B IpaBoif YacTH paccMar-

pHEBAEMOrC YpaBHeHHA Oyzer wmuciao, MeHbmee —1, T. e, ypapHeHAe He
HMeeT pellleHHl.

TaxamM 006pazoM, zagada CBOAATCA K PEIIHAK COBOKYITHOCTH 496~
THIpeX ypasHeHmii:

1 i 11
eoax=-ﬁ;oosx=15—2;oosx=-ﬁ; cos8 x = —73.

22.64. 6) IIpa KaKMX 3HAYEHEAX HNAPAMETPS ¢ PEeIIeHHeM Hepa-
BeHeTBa (20 — 3) sin x + 1 > 0 caymur A0ioe AelCTERTENARHOS YACTOT

Pemenne. Ilpy a = 1,5 HepapeHCTRO npnmmae'rnuno sinx +
+ 1 # 0 — »T0 BepHO NpH AWKOGHX X.

Ecnuz ¢ > 1,5, To HepageBCeTBO NpeobpasyeTcd K BAY sin x 3_12a.

9T0 BepHOC Npu MOOBLIX X, eCHR 3—_1%<-1,T.e.ecnn 1,5<asx 2

Ecan a < 1,5, 10 HepaperCTBO npeofpasyerca K BuAYy sin ¥ < ?_-1-23-
9o peprO npm MolHEX X, ecaH 5'-—'1'23 21, T.e.ecanl € g < 1,5,

O6regnavE RalifeHAEIC PEe3YABTATH, Hoayunm: 1 < a < 2,

B mocneaEHMX YeThIpEX HOMepAX PACCMATDPHEBAEMOTO TMaparpada
YHALINMCA NPeANAraeTCA PelINTh CACTOMY IpocTelimux TPpUTOHOMeT-
PHUYECKHMX HepaBeHCTB, HeTpaaunmoHHOCTE saganuit p N 22.86—
22.67 cocTORT B TOM, YTO DPHXOLHMTCA HMCOOJL30OBATH OOpaTHLE
TpuroEOMeTpHYecKne QYHEOAM, & CPABHMBATE HX 3HAYEHHUH J/IA Ipa-
BEALHOTO PACIIONOMEHHA TOYEK HA THCIOBON OKPY:HXEOCTH BEeChMA He-
TIPOCTO.
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a) 6) 8)
Puc. 57
sinx > —i,
22.85, a) PelmIATE cUCTEMY HEPABEHCTB
cosx > —%

Pemenne. Ha pucynre 57 g npeacTaRieHO reoMeTPHYECKOS
pelleHEAe MEePBOre HEPABSHCTBA cucTeMhl (Ayra NM), a ma pmcyH-
Ke 57 § — proporo (ayra LK). IIpexe ueM NepeHOCHTS 3TH PelIeHHMA
HA OBOIYIO YHCHNOBYIO OKPYAHOCTD, CHOAYET CAEJATH BHEBOL O B3aMM-
HOM PACHIOJIOJKeHHH HA YHCAOROH oxpyxHOCcTH Towek M = L.,

OpgmammmMpanna-%,mm,eeaﬁcnma--g-, 9TO MEeHb-

me,qeu—%,w.e.mMpacuommenanememmL.Tenephumo

cHenaTh UPABHJBHBIN BEHBOJA O PEOMETPHUYECKOM PEeNIeHAHM CHCTEMEI
HepapeHCTE: 3T0 Ayra NK (pme. 57 ). Ocranoch AMINE COCTABHTE

anammecxymm:mcbm:m—amsin%<x<m(—%)+2ﬁn.

V3

Sinx < —=,
tgx > 1,5.

Pemenune. Ha pucynxe 58 ¢ mpefcTaBineR0 reoMeTpHZecKoe
pelllenHe NMepRoro HepapeHcersa cucTeMH ( Ayra NM), a Ha pucyn-
ke 58 6 — mTopore (ayrm LB m KD). Hpemae ueM ODepeHOCHTH 9TH
pellleHHs Ha ofILYIO MHCAOBYIO OKPYJKHOCTD, CHEAYET CACNATE BHBOJ
O B3AMMHOM DACIIONIOMKEHWH HA YHCIOBOH OKPy®HOCTH Touex M u L.

Hwmeen: 1,5 < J3 , CiefoBaTeAbHO, arctg 1,6 < arcitg N s T. 8,
arctg 1,5 < -g—, & moToMy Tours L pacnoiaaraercs HA YHCIOBON OK-

22,66, a) PeminTe cucTeMY HepaBeHCTB

PYEHOCTH (NHX¥e X Touke A, yeM Toura M. Tenepsr MOXHG CASJIATH
OPABHJILHEIM BHBOZ O MeOMeTPHYECKOM PENIeHEN CUCTEeMbl Hepa-
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peacers: ato ayra LM u KD (puc. 58 8). Ocranocs AMmbL COCTABHTH
AHATMTHYECKYIO 3AITHCH ZAVE:

2nn + arctg 1,5 < x < § + 2nn; 2nn + 1+ arctg 1,6 < x < I + 2mn,

x) . v2
22.68. 6) PemunTs CHCTEMY HEPABEHCTBR eoa(Sx + Z) <z
| + 2| < 3.

PemenHe, PellUB BTOPOEe HEPABCHCTBO CHCTEMBI, MOXYINM:
=5 < x < 1. PelunmM meppoe HEPHBEHCTEO CHCTEMBI:

§+21m<3x+%<ﬁ+21m;

4
mocx< Pt 2R )
Jagum TapaMeTpy n nocaegoBaTenbHo 3Haverus O, 1, 2, 3, ... .
Ecm n = 0, 1o HepareHeTEO (1) npuHEMaeT Bupg 0 < x < %. B mepece-
ueHHH ¢ HaHTepRaaoM (—5; 1) 210 Aaer (0; 1), Eenu n = 1, 10 Hepa-
BencTBO (1) IpHHEMAET BHA %"— <x< 1;- + % Hepeceuenne ¢ mETED-

paxoM (—5; 1) oyero. Ilycro omo Gyaerunpun=2, 3, ... .
JiamaM napaMeTpy R nocaemoBaTedbHO 3Hadenma -1, -2, -8, ... .

Ecnnn:*l,mnepanencm(l)npmuaernm—%’- <x< % - %

B nepecevennn ¢ uaTepBanom (—5; 1) aro aser (—%’i —%) Ecm n=-2,

mnepamncm(l)npmuaeﬂ'm—% <x<%—47:.3nepece-

YeHWH ¢ mETepranom (—5; 1) sro Aaer "13153 -%E), Ecam n = -8, T0
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repaseHcTBo (1) npraEMaeT Bug —28 < x < -g - 27. B nepecedennn
¢ HHTepEanoM (~5; 1) 210 maer (-—5; —%}

O'rne'r:*5<x<-%;—-% -<x<—-‘,’£'—-?-§2;£ <x<--2-;0<x<1.
§23
23.24. Pemntr ypaBHeEHHE:
a)cos“x+sin‘x=%; ﬁ)oos“%(zsi,n*%-l) =2,
Pemenmne. a) (cos®x + sin® x)cos* x - 8in® x coe’ x + sin* x) = %;
coa‘x—(l—eos’x)ooe’x+(1—coa*x)’=liﬁ.

Beena HOBYI0O Nepemennylo ¢ = cos?x,
(i
L N myqumt*—(l—t)t+(l—t)’=ﬁ,o'mym

HaxonuM: §, = %, t; = —1—. TarnM ofpasom,

Ql

380848 CBOAHTCA K PEIIeHRI0 COBOKYIIHOCTH
A\ pd ABYX ypaBHeRmii: cos’x = % cos®x = %,

Ha ancaoBoli OKPYXHOCTH pemieHUe 3TOM
COBOKYMHOCTH npeacTapiasieT cofoli MHOMXKe-
¢TBO A3 BocbME ToueK (puc. §9). F'eomerpn-
vecKada RIIIOCTpaniA IO3BOJISET COCTABHTh obmyro dopMyny peme-

I T ]
lmﬁ.x—:l:s+2.

Puc. 59

. x _ 1 _ . X _ xz_ .
6) Hmeen: 2 tg* 5 7 =2 26g' 3 (1+tg2§) = 2;
—x - — —
tgz2=3,.1:_:l:23“+2m.

23.27. a) Pemmuts ypaBHeHne Jctg x| = ctg x + Ei_llff

Pemenne. Ecau ctg x > 0, TO ypaBHeHHE NPUHEHEMACT BMA,
1
ctgx = ctg & + G pemenmif ger. Ecun cig x < 0, 10 ypaBrenne

1
opuHuMaer 8ua —ctg x =ctgx + oo, mnynanonyqaeucosx=—%.
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TaxaM o6pazoM, 3aa98 CBOEUTCS K PeIleHHIO CMEeIIAHHOH CHCTeMH

1
cosx = _Ep
ctgx < 0.

8HAYNT, U3 ABYX TOYEK YHCJIOBON OKDPY)XHOCTH, YAOBJIETBOPAIO-
IOEX YPABHEHHIO COB X = —1, GepeM TONBKO TY, KOTODAS NPHHAZJNE-

mn‘l'opoﬁ‘le'l'nep‘!‘n:x=% + 2nn.

23,28, ) Penmuts ypapuenue |cos x| = 2 cos x — /3 sin x.
Pemwenue. Ecma cos x » 0, To YDARHeHAe NPHHAMAST BHJ COB X =

J3

=2msx—Jﬁsinx,-r.e.tgx=?.Ecnncosx<0,mypannenne

OPUAAMAET BHR —COS X = 2C08 X — V3sinx, T e. tigx = V3. Taxnm

oGpasoM, 33898 CBOOUTCA K PEHIeHHI) COBOKYIHOCTH ABYX CMEIIaH-
HBIX CHCTEM:

lm 35, fiex -

mx}(), cogx < 0.

Paccyxgan gax B M 23.27, nonygaem: x = % + 2xn; x = % + 2nn.

= 2 _
23.30. 6) PemuTs ypaBHEeHHe 4 sin i:;{gﬁsinzx =0.

Pemeunue. IIpupaBHABR YN0 YHCIHTENBs ApoSH, MONYUHM, YTO
aabo sin 2x = 0, mmbo sin 2x = :t;/~2_§—. HaxoxauM Ape cepun permeHui:

x= —' x= :|:-6- "2-
H3 BaillieHHEIX peImeHHH caeayeT oTOODATE Te, KOTOphIe YAORAST-
BOPANT YeA0BHID c08 3x = . IIporepHM mepByI0 cepHIO: COS ? % 0.

910 BEpHEO AMILUP NPH YETHHX JHAYECHHMAX 1, T, €. OpH n = 2k. Taxamn

ofpasoM, NepEy) CepHK) HaliZIeHAKIX BHINe pemreEHl clegyeT mepe-
MHCATE B BHle x = &Rk (puc. 60 a).
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. n, 3&n
I[IpoBepuM BTOPYIO CEPHIO: COS :I:§ + - # 0. 9710 BepHO AHUINE

NpA HedYeTHHX 3HAYeHHSIX N, T. e. apyu n = 2k + 1. Takum obpazom,
BTOPYI0 CePHI0 HAUNEeHHEIX BhHIIE PeIIeERH caexyeTr NEPenncaTs B

muge x = % + 3(2k + 1) mun 2 = (£ §) + nk (ome. 60 6).

Obneanans HA OAHOR HMCAOBON OKDYIKHOCTH JABe TOYUKHM NepbBoii
CEPHH B YeTHIPe TOYKH BTopod cepmm, noayuum (puc. 60 &); x = %
asinx -1 0.

23.31. a) PenaTe ypaBHEHRe ¢ HAPAMETPOM G Fnxiomx

Pemenue. Ecan a =0, ypasHerne me ameer pemenuit. Econ a 2 0,
TO 38JAYA CBOANTCA K pellleHHI0 YpAaBHeHHA sin x = %.l'lpn la] < 1 210

ypamenuenenueerpemennﬁ.Ecmlahl,mx:(-l)‘arcsin% + nn.

KopEH ypaBHeHHA AOCMKHEI YAOBIASTBOPATH YCAOBHIO 8in x +
+cogx«0, T, e.tgxat—-l,xat—% +1r.k.Ec.1mx=-% + nk, TO

V2

sinx = i-—-z—. HMeHHO 9TH 3HAYEHAA HOAYIATCH, CCIH DPHAATE HADA-

MeTpY a4 SHAMCHHA v2 nmm -2, PaccMOTpHM 5TH SHAYEHHA TIO OT-
HEeALHOCTH,

Emna:ﬁ,mypamenuesinx:% npxmuaermainx:vli.
Eny Ha THCHOEOH OKPYHOCTH COOTBETCTEYIOT [Bé TOUYKH — CepeAr-
HH nepepoli # srOpoil uermeprTeit.
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Hoxab—% + nk, 7. e. HeJL3A BKIGOYATH B OTBET COPEHEH BTOPOIA

H JeTBepTOii YerBepTeil. 38aUNT, R3ATH MOYKHO TONBKO CEPEAUEY mep-
BOll YeTBEPTH: X = % + 2rn.

Ecnna:-\&,mypannemainx=-‘1; npnnnmmsinx:—vlg.

Emy B8 u#cn0BOd OKPYXHHOCTH COOTBETCTRYIOT BB TOYKH “— CepPeinBER
TpeTheil M yernpeproit vereeprefi. Ho, xar GBIN0 OTMeUeHO BRITE, HEAB3H
BRJIIOYATL B OTBET CePeJHMERI BTOpo#l B YeTBepTol derBepreil, 3mauur,

BSATH MOXKHO TOJLKO CePEAUHY TpeThell YeTRepTH: X = %‘? + 2nn.

ITopeegen mrorm. Ecnu —1 < g < 1, To penuenwii Her; echnn g = \fﬁ,

rox=%+2m;ema=-/§,mx=%+21m;ec.:ma<~\/§,

-J§<a<-1,l<a< V2 am g > J§,rox=(—l)"aresin%+m.

23.32. a) Pemivrs ypasHenme 22 — 2xcoanx + 1 = 0.

Pemenne. PaccMoTpUM 5TO ypaBHEHAE KAK KBAADATHOEe YDAB-
HeHHe OTHOCHTeNRHO X ¢ KoapPUOHeHTAMH, COOTBeTCTBeHHO, 1,
—2cos iy, 1. IIpuMenne dbopMyay KopHell KBAIpaTHOrO ypaBHeHRA,

HONYINM: X = cos X \}coa’ux — 1. 2ra dopmyna UMeer CMBICK ARIIL

npu eos? nx — 1 = 0, UT0 B CBOW0 OUEpPeAb BEUIONHACTCA OpPHA XX = A,
Hrax, KODHEMHA 38J8HHOTO YPABHGHHA MOIYT OHTL TOJALKO LeaLie
YHCHA X = 7.

Ilpm x = n 3anwcanBEsa BHIOe GopMyna KOpHel KBAXDATHOIO YDAB-
HeHHA OpPeBPaliaeTcd B 2 = €08 TN. ITO PABEHCTBO MOMKET HMEThL Mec-
To s opy 2 =0, 1, -1, Ecom n = 0, To noaydaem 0 = eos (0, a0
Heeepuo. Ecoa;m n = 1, To monyuaeM 1 = cos X, 4TO HeBepHO. Ecnu
n = ~-1, To monyqaeM —1 = cos (), YTO BEPHO.

Hrak, 38R0 YPABHEHHE HMEeT cIHHCTBROHHBIK HKOpeHE X = —1.

23.33. a) PempeTs ypabEenme cos®x + sintx = 1.

Pemenue. IlockomeKy cos®x = 1 — gin* x » 0, genaeM BLIBOA,
aro cos X 2 0,

IIpr 2TOM YCJIOBHH BHIIOJHAETCH HEpaBeHCTBO cos®x < cos?x,
Cnpapeannso 1 HepaBencTso sin! x € sin® x. Cnomus »>™n A2 wepa-
BCHCTBA, DOAYIHM ¢08° x + gint x < 1. 3HaK paBeHCTBA MOMKET HMETh
MECTO TOTAA ¥ TONALKO TOTAa, XOrja OAHOBDPEMEHHO BHIIONHAIOTCS
B paBeECTBA: c08’ ¥ = cos® x & sin? x = gin? x. IlepBoe papeHCTBO
BHIOOJIHASTCA B TPEX TOUKAX YHCHOBOM OKDYKHOCTH, OTMeUeHHHX
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HA PHCYHEEKeE 61 g; BTOpOe PABEHCTEO BHIIONEAETCA B TeTHpeX TOUKAX
yncaopoif OKPYKHEOCTH, OTMEUEHREIX HA pucyHKe 681 6. O6mEMH AB-
AAIOTCH TPH TOYHH, OTMEeYCHHEE Ha pHCYHEE 61 a.

0TBBT:£=%+RH,I=2M.
23.35. PeinnThs ypasHeHEe:

2 ny _ ®) _ k.
a)2sin(§x-g) Soos(2x+3)—5,

6)sin § + 2cos £ =8.

8
PemeHnue. a) 3anumeM Asa OUEBUARLIX HePABCHCTBA:
2si.|1( x-—) <2, 3ooa(2x+ ) <3
CHAOXKHB HX, TOJYINM:

26in (J2-5) -3 cos (22 + 3) <5,

ApHUeM 2HAK PABEHCTBA MOXXKeT HMETE MeCTO TOrAA M TOJLKO TOIAA,
ROrZAa OFHOBPCMEHHO BHINOXHAWTCA ABH DABEHCTBA.

2sin(§x-%)=2,-3eos(2x+§)=a.

Taxnam o6pasoM, 3aJaua CBOAMTCA K PEIICHWIO CHCTEME YpABHE-
oA

sin(3x- 5] =1,
cos (22 + §) = -1.
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M3 Gosee mpOCTOrO BTOPOTO YPABHEHUS HAXOAHM: X = % + nn.

IToRcTAEMM STOT PE3YJABTAT B NEPBOS¢ YPABHOHHE CHCTEMEI:

2n 2 2
am( —g"'sm)-l P, €. 8in (18+3m) 1.
370 PABEHCTBO He BHIOOMHHETCS HH IIPH KAKOM 2 € Z, 3HaYHT,
CHCTEMA, & BMECTE ¢ Hell 1 3aplaHHOe YpABHEeHHe He MMEIOT DelleHni.

6} PaccysRAad KAK B IYHKTE a), NPAXOAHM K CHCTEeME YDABHCHAN

s X _
Slll? =
x —2x _
008-—3—'—- =1.
Ha nmepporo ypasHeHna waxofus: x = 2x + 8nn. IlogeraBuM roT

Pe3YVALTAT BO BTOPOe YPaRHeHHEe CUCTEMEl: COS BTM = 1, 9ro paBeH-
CTBO BHNONHAECTCA TOTAA H TOJLKO TOrza, Koraa n = 3k. B sTom cay-
yae SAMACAHHOE BHINE PellleHHe NMepBOTO YPABHEHUS CHCTEMH IIpH-
HAMAST BHUJ X = 21 + 24nk.

28.37. 6) Petunrpy ypasHeHHe
co8 x + «Jsin’x ~ dginxcosx + 4dcoslx = 0.
Pemenne,

Jsin®x — 4gin x cos x + 4coa® x = —co8 X3
gin® x ~ 48in x cos x + 4 cos? x = cos® x;
tg?x-4tgx+8=0;
tgx=1;igx=3;
x=%+m,x=arctg3+m.

HocronpKy 6LINI0 BHIIOAHEHO BOSBeAeHHEe B KpagpaT ofenx qac-
ret ypaBHeEnd, obA3aTenbHA NPoBepKa. Ee MOMKHO OCYINECTBHTDH C
TMIOMOIIBI0 YCROBHA c08 X < (. JToMy HepaBeHCTBY YAOBNETBOPSIOT H3

HalileHHHMX Bbillle cepUlt pellleHMH JMIIL TOUKH, NMPHHAJJIEXKALNIHe
TPeThesl YeTBEPTH YHCAOBON OKPYHHOCTH:

x=%‘— + 2xn, x =aretg 3 + (2n + 1).

23.41. r) PemuTs HepaBeHCTBo 8 sin x + cos x > 0.

Pemenue. Ecnn 6H yRe OLLIH H3BECTHEL POPMYIL TPHIOHOMET-
PHN, TO 35JAHHOE HEPABSHCTBO MOMHO OBLIO mpeobpasoBaTh K BHAY

2 gin (:c + g-) # 0 n pancEeiiinee pemeHEe e OpeAcTaBaio 6K TpyAa.

Iloka ke mpmxoanTcA AelicTBOBaTH mo-Apyromy. PaccMoOTpEM TpH
cnyuaa: coax =0, cosx > 0, cosx <,
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Ecau cos x =0, To sin ¥ = 1 unu sin £ = —1; B lIepBOM caAyIae, T. €.
npnx=% + 2%n, 3AaHHOE HEPABEHCTBO BEIMONMHAGTCA, BO BTOPOM —

HeT.
Ecnm coa x > 0, To, pasgenns ofe qacTH 3aJAHHOr0 HepPABCHCTBA

. V3
0OouNeHHO HA oS X, moayuum: tg x » -3 I'eoMeTpHYIECKOS peImeHHne

PTOI CHCTEMEI HOPABCHCTB NPEJCTABICHO HA pHeYHKe 62 a.
Ecnn cos x < 0, 1o, pasaesue ofe 9ACTH 38AAHHOIO HEPABCHCTBA

V3
OOYASHHO He COS X, HOAYUHM: tg ¥ < -3 TeoMeTpHYECKOS peIlleHHNE

9TOil CHCTeMBI HEDABEHCTE NPEACTABACHO HA pHCYHKREe 62 0.
Ob6bepnaun obe malizeannie aAyrm H gob6aBAB TOYRY ¥ = g + 2nn,

MOJYIHM TeOMETPHYECKOE DemeHKe 3aJaHHOTC HEPABEHCTBA — OHO
OpPeACTARICHO HA pHCcYHRe 62 6.

Orne'r:—%+2m<x€%+2nn.

23.42. a) PemnTe HepaBeHcTBO 8in’ x — 6sinxcos x + S cos®x > 0.
Pemernune. Ecan cos x = 0, To sin? x = 1 u 3aflaHROe HepaBeH-

CTBO BHIOONHAETCA. SHAYHT, X = % + 7n — peIeHWa 3aJAHHOIC HeE-

paBeHncrTea.

Ecnu cog x # 0, 1o, paszenus obe YacTH IANAHHOIY HEDABECHCTBA
TNOYJeHHO Ha cos’ x, moxyqanm: tgZx — 6 tg x + 5 > 0; spavmT, ambo
tg x < 1 (pmc. 68 a), anGo ig x > 5 (puc. 63 6). Hobarue x Hzolpa-

memmnapncymcaxﬁ3an636mpeummmmx=% + nn,
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DOAYYNM TeOMeTPDHYECHKOS PCIIcHHE 3aaHHOr0O HCPABCHCTBH — OHO

Ope/iCTaRIeHo Ha pucyHKke 63 6.
br

Oreerm arctgf+nn <x < 5
rnasa 5

§24

24.38. 0) HNokasars wepapencreo cos (7 — 2x)cos 2x > sin (7 -
— 2x)sin 2x.

Pemenne, coa (7 — 2x)cos2x —8in (7 — 2x)sin2x=cos 7 > 0.
SHAYHT, TpebyeMOe HepABEeHCTBO AOKAZAHO.

24.39, a) 35an, uTo sin (x—%) =0,6u -?231 <x< 7—;, BEYHCIANTE
sin x.

Pemexnue. sinx = sin ((x—%)+%) = 8in (x—%) cos% -
-eos(x—%) gin g-.

Bocnons30BaBRmINCE TEM, 4YTo 8in (x-%) =0,6nm % <x- % <R,
TOXYIAM: COS (x - %) = -0,8.

3
2

&E—g

-4 1 __
5 27710

3maqmT, sin x = % .
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24.41, 6) CpaBHMTEL YHcAa @ = cO8 X €08 2x ¥ b = cos 8x, ecnm

x
- <
3 xX < N

Pemenue. @ — b = cos x cos 2x — cos8 (x + 2x) = sin x sin 2x.
Ilomonm%<x<n,anaqm,1t<2x<21t,ano'muysinx>0,

sin 2x < (. CnegoraTeanHo, sinx sin2x < 0. Hrak, a — b < 0, . e.
a < b.

_ gind cos 4
24.43.6)Cpannmqncnaa-—m5 ub= -

sin4 _cosd4 _ sindsind-cosdcosd _
cos § sind "~ gin 5 cos 5 -

Pemenme. a - b =

cos 9
aln 5 cos §°

YureM, YTO TOUKA 5 UPHHAANEKUT UeTBEPTONR 4YeTBEDTH YHCJAO-
BOil OKpYRHOCTH, & TOUKA 9 — Bropoil. BuagnT, sin 5 < 0, cos 5 > 0,
cos9 <0, mBaArore g — b <0, 3uaunur, a < b.

24.44. a) 3Han, uro co8 (x + y) = a, cos (x — y) = b, nalitu tg x tg y.
Pemenune. cos(x + yy=cosxcosy —sinxeiny, cos{x — )=
=co8x cosy + sin x sin y.
CnoxEB 9TH ABA PABEHCTBA H BOCHOJNB3OBABINACH YCIOBHAMHA 34~
AGIH, DOTYIAM:
€o8 X CO8 Yf = %—b, ainxainy=b_Ta, SRAYAT, XX tEy = :;z,

24.45. 6) IfoxasaTn, 4TO He cymiecTBYeT MADH (X; Y) Taxoil, uro

Y& . 2
cosxrcosy= 3, sinx siny =-—-.
T Pemenue. Ilpeanono:xan OpoTHBHOES; TARAA HAPA CYIRECTBYET.
oTHA
cosxcosy—sinxsiny=cos{x + pg) = _@4__\?}%4,5_1

3\avdT, cos (x + y) > 1, uTo HeBepHO; 3HAYHT, H HAIINE [IPEAIO0-
skeHHMe HeBepHO.

24.49. 0) Brrapesmts cos (arctg% + amn(—--g))
Pemenue. Ilyers arctg = r —x,arcsin( ) = y. Torpa, cornacHo
ompefienennaN OGPATHHX TPHATOHOMCTPHISCKEX QyrKknmi, tgx = %

a0<x<%,siny=—%n—%<y<0.
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Tpebyerca BHIYACARTD c08 (¥ + ¥).

Tanmtgx:%uo«(x-(%, Haxom:cosx=%,sinx=§.'l'an

mmy——% n—% <y<0,naxonm:cosy=%.3ﬂam,

cos{x+ y)=cosxcosy — smxsmy-g--g—g—(—-g)= .
24.51, HoxasaTh PABCHCTBO amcoa% +amoos(—%)=armos(—%).

Pemenue. IlyeTs arcecos (———;—) = X, arccos (-%2- =y, Torxaa,

COTJACHO OIpefieieHHAM O0paTHHIX TPMIOHOMETpHYecKAX GyHKITH,

1 T 13
coax——-.-r-n-§<x<.1l:,eosy——ﬁ n-2-<x<1l:.

= % Tpebyerca AOKA3ATH, 4UTO % +

b =

YaTeM Taxke, YTO Arccos

+ % = y WM, 9TO T0 Ke caMoe, ¥ — X = 3.
B cany yipeaans GQYyREIER # = arccos # MOMCHO CLeJaTh BRIBOA,
1 13
1TO arceos (-} < arccos (—j7). Kpome Tore, ofa aTH ZHAUYEHUA OPH-
HAJJICKAT BTOPOH YeTBePTH MMCAOBROH OKDYHCHOCTH, SHAMHT, HX Pa3-

HOCTh, T. €. ATCC08S —% — arccos (—%) NpHHALNEKHT NepBoft yer-

BEPTH YHCACBOR OKDY>KHOCTH.
Hrax, M YCTAHOBHIY, YTO i — X NPHHAANEKHAT IePBOM YeTBEPTH

YACHOBOHA OKPY’KHOCTH, & HAM HYXKHO AOKA38TH, 4TO i — X = —g ona

9TOrO JOCTATOUHO YOeAMTHCH B TOM, 9TO CO8 (§ — x) = %

Hmeem:
coax=-%, 0089=-i—i, SHaYHT, sin x = ﬁ; siny = %,
N 1 +3 _1
oos(y—x]=cosycosx+smymnx=(_1_ ( )+14 B

970 B TPefOBANOCH JOKABATD.



§25
2521, Baraucaurs B, ecym napecrso, uro tg (o + B)=-3, tg(a - P) =
n % <B<m

=

-3

o +
Pemenne. Iz ycnosmii caegyer, uro ﬁ—@lm% = -3,

TrGa el = F

Beexs HOBLIe mepeMeHHHe X = tg o, ¥ = tg B, monyuam cacreMy
ypaBHenwit

xX+¥y _ 3
1-ay ?

x-y _1

1+rxy &
Penmncucreuy,nonyqnu:x=2,y=1mmx=—%,y=—1.
Hm,mﬁotgﬂ=1,nn60tgﬂ=-1.ﬂonoyc.uonnm-’25<|3<1t,

a moroMy tgp < 0, anaqn'r,tgﬁ=-1,aﬂ=§f-.

§ 26
28.36. BruncanTs:

a) arcsin (—oos%—); 6) arccos (oos( 2;“)),

o) arctg (ctg(~Z%)); ) arocte (tg2%).
Pemenue. Bo Becex aTHX 3aaaBuax (paBHO Kak 3 N 26.85)
HCMOJB3YETCA OXHA H TA e HJed: ecId f — CAMBOJ TPHMOHOMETpHYE-

croff dyarmun, 10 arc f(f(#)) = ¢ Torna I TOJABKO TOTAA, Korga ¢ opn-
HaANeRAT obnacTn sHadenAnit dyRKnmAEN arc f.

a) Yrobu BRHYHCAATE arcesin (—eoa%), HAJO npeoBpazoBarTh
4x xR
(—oos?) Kk Buay siné, rpe t € [-gs -2-] — ofaacTn sEaveHuld QyRK-
1Y aprcEEye. HMeeM:
i _ .1 .’E-*(———-'
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: 4x) _ in %) _ 2
BsayuT, arcsin (—cos?) = arcsin (amlo) =10

6) YT0oGH BEIUHCIHTE Arccos (eos (—;2:—’5)). HARO HNpecbpasoBaTh

cos8 (—%’:—) K Bugy cost, rae t € [0; x] — obnacr: znavenwii dynkr-
IHH aPREOCHEYC. HMeem:

(241:

(4:: + —) = cos .

o (285 < o -
s, o (ron(-24) - aron () « £

B) Yrofxl BHUMCAHTE arctg (ctg' (—2—515)) HaJo npeof6paA3OBATH

ctg (_ﬂ!) kpuay tgf, raet € (_E E) obnacre sRavennit pywk-

e e L25) g (- ) <t 3

-8 - -

Bmaun, arctg |ctg ( ( 2“)) = arctg (t'g( 10)) _%°

r)‘Imﬁunuqncmarcctg(tg% npeoﬁpaaonantg&

K BUAY ctg &, rae t € (0} &) — obnacTy aHavMenu GYHKIME APKKOTAH-
reHc. Mmecem:

g —tg (T2 an) =t F-ctg(§+F) =cts -
sev, st s 2) - st (e ) - 8

26.37. IlocTponTs rpadBr GYHRIHMHA:

a) y = arcsin (gin x);

8) y = arcsin (coa x).

PemeHHue, a) 3aaagaas QyHERKUEA — NepHOAHYECKARA ¢ OCHOB-
BHM ODepHOAoM 2% H HEYeTHAN, NOITOMY 7S DOCTPOSHRA e¢ rpaduka
KOCTATOUHO CHAYANA NOCTPOHTH PeTBh rpadmxa Ha orpeske [0: x)],
OTPASHTH €¢ CHMMeTPHYHO OTHOCHTEALHO HAYANA KOOPAHHAT H 38TeM
BOCIIONIB3OBATHCH NEPHOAHIHOCTEY) pyRKIEH.

5 Anrefipa u metans sort. seasits. 10 xa. 129



s
na];l's

=Y

[0 P ME Ol by 2

_ I3
a) 6)
Puc. 64

Ecmixe[o; %],Toamsin(sinx)=x;emmxe (—’2-‘-, n],'ro(ll:—x)e

€ [0; %), H, CIeROBATEeNbHO, arcsin (gin x) = arcsin (sin(x— x)) =n - x.
Hrax, peur naer o nocTpoeHrn rpabura GyarmHRE

x,echOQxé-g—.
y:

n
n-x,ec.nn§<x<u:.

T'padux npepcTabiden HA pucyHke 64 4. BocnmoassopaBNIUCE He-
9YeTHOCTBIO H NEPHOAWYHOCTEI0 3aJaHHON PYHKOHH, CTPOMM rpadnx
Ha Beelf ocu afcopcec — OH npeAcTaByieH Ha pECYHKe 64 6.

§) SagaHHAR QYHKIEA — NePHOAKYECKAA ¢ OCHOBHEIM NEPHOAOM
2% © YeTHAH, NOPTOMY ANA NOCTPOCHHS ee rpadEKa AOCTATOYHO CHA-
yajia ODOCTPOHTE BeTBE Tpaduxka HA orpeare [0; wx], oTpasnTL ce cHM-
METPHYHO OTHOCHTEJIbHO OCH OPAHUHAT M 3ATE€M BOCHONB3OBATHCS
IePHOAEIHOCTEIY PYHROHH.

Hueen:ousx=sin(%—x),npmenecnnxé[ﬂ;n],m(%—x)E
€ [-%; g-] Ho Torpa amsin(cosx)=arcsin(sin(%-x)) = % - x.

T'padnr dyaroun y = arcain (cos ¥), x € [0; &), may, 9To TO We ca-

moe, y = % — x, x € [0; ] npegcTasner Ha pacyHEEe 65 a. Bocnonsao-

BABIINCE YETHOCTEIO H NEPHOANYIHOCTEIO 3azannolt GyRKmaa, cTpoun
rpadux Ba Beelt ocm afenmiice — OB mpejcTaRNeH Ha pEcyEKe 65 6.

MoxHo 6HN0 pacCY:KAATE HO-APYroMYy: cos8x = sin (x + 12‘—),

awmmnnnny-arcsin(sin(x+§)) mony4aeTca H3 rpabdmxa
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a) 0)
Puc, 65

byarour y = arcsin (sin x) (puc. 64 6) napanneAbHEEM NEPEHOCONM
BROAL ocu afcHpee Ha % BaeBo (puc. 65 6).

§ 27
27.23. BruucauTh:
. i al s R
a) (oos§ + smg)(cae — gin )
Y X n 7 .o
r) sin 75 (cos“ﬁ - sm“-z-z)
Pemenne.

a) (oos% + sin -g)((ms = ~ gin® 1‘)

= (ws% + sinﬁ)(oosﬁ— sin%)(cos’“ +cosE am +mn’”)

8 8
=coa§-(1+%ain-&) = 2@;1.
r)sin%( I %)=

o ot o o ) -
€08

2
= ain X x a2 & s e Bl 3 X o2 R ) _
=sin 35 i3 ((cos 24+sm 24) cos 2481!1 24)
TP RNPET) N
—‘§Bin3"(1 4am12)"21 4 3 = %1

27.25. 6) Beranucaure

-
0086500865008

g8
8

gl
g

8|
2
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PemeHne.
n

27.28. 6) Noxasars papeHCTBO 8in 70° + 8 cos 20° cos 40° cos 80° =
= 2 cos? 10°.
Pemenne,
gin 70° + 8 cos 20° cos 40° cos 80° =

= 5in 70° + Zzos - 4(2 sin 20° cos 20°)cos 40° cos 80° =

= 8in 70° + -5 « 2(2 sin 40° cos 40°)c0s 80° =

1 .
= gin T0° + =in 90° - (2 sin 80° cos 80°) =
= gin 70° + % =8in T0° + 1 =1 + cos 20° = 2 cos® 10°,
132



27.33. 6) 3uasa, uTo cos 4x = g, ; <x < T, BEIMMMCIHUTE tg2 X.

Pemenne. Cunauana Brruucanm cos 2x:

17
cog® 2x = Lt co84x 1+ coadx _3_1

- 2 2 = 81‘
7 7
BuaunT, mubo cos Ax = 9 Jmﬁocos2x=—§.

Homonmoi <x< T,anam,n<2x< S , & noromy cos 2x < 0,

7
T. €, co8 2x = -9

7
1- L
ﬂm,m’x:%:%——-l+t@xww— 9.

SuaunT, tg?x =8
VaTeM, 9TO APIYMEHT X NPHHALIEKHET BTOPOil YeTBEPTH THCIO-
Bo#l OKpY:KROCTH, A MOTOMY tg x = —22.

27.41. a) 3gaq, uto 15cos 2t + 8egint =9 m1 1 <t < 8, BEUHC-
JHTE g t.

Pemenne. Bres BOBYIO HepeMEHHYI X = sini H y4TH, 9TO
cos2 =1 — 2ain®t = 1 — 2x%, nonyuyuM KBaApaTHOE YpPaBHeHHE

15x2 - 4x — 3 = 0, oTKyAa HAXOAHM: X; = —-%-, X, = -g o yemomo
t €(1; 3), a & 5TOM NPOMEKYTEe, NPUEAANeRKAIeM Neproil M BTOpOll

QETBEPTAM YUCIOBOH OKPYKHOCTH, BLINOMHSAETCS HepaseHcTso sin ¢ > 0.

3aaunT, in ¢ = %,amrnatgt=§ mtgt=ﬂ-%.

o yenoBmio ¢ € (1; 8), 3Tor mETEpBAA coaepAT B cele HETEPBAT
(1; %) H3 MepBoH 4eTBEDTH 4MCA0BOH oxpyikHocTH. Ho nna sHage-

HAit 1 A3 nmpam(l; %) papeAcTBO tg £ = % HE MOYRET BEIHOJHATH-
cu,nocmwytglbtg—-l> . Hurepnan (1; 3) cogepxaT B cebe

HHTEPBAJI (%, 3). B unnTepBaNe (%; 3) COIEDIKATCA TOUKA [, = %,
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B KOTOpoli BLINOAHAETCR PABSHCTBO g1, = —i‘f— = —0,58, Ecan

%<t<%,mtgt<—§ H, B YSCTHOCTH, B HeKOTOpOH TouKe ¢

OPHHAMAET SHAYEHHE —-3—. Hrak, tgt = —%.

27.42, a) NoxasaTh, uTo ecam s8in’x = siny cosy, To cos 2x =
= kil
= 2 cos? (4 + y).

PemenHe. cos 2x — 2 cos® (& + y)=oo32x-(l + oos(% + 2y))=

= cog 2x — 1 + sin 2y = gin 2y ~ 2 sin® x = 2(sin y cos y — sin® x) = 0;
TpefyeMoe PaBeHCTBEO JOKASAHO,

27.43. a) MsBecTHO, uTO tgx = %, gsiny = JTIO_O—, 0 <x< %,

0<y<%.l{oaaaa'rb,mx+2y=§.

Pemenune. 3Haza tg x u sin j, malineM nocaegomaTensHO COS §,

tgy, g2y, tg(x + 2):

2
310 1 2ig 3
wey= o y= 5 W=y T =

1,63
_ tgx+tgly _ 174 _
tg(x+2y) = T-tgetg2y = 1_7.1 =1,

IIo yenopuio 0 < g < g, sHauuT, 0 < 2y < n. Ho, KaK MH BHAEAH

Bume,tg2y>0.8mm,0<2y<%,a'mma0<x+2y<ﬂ:.

Hrak, tg (x + 2y) =1 1 0 < x + 2y < n. OrcI048 caexyer, uTo X +
+2= %

OTOT DpEMe]p MOKHO NPefIOERTh YIAIIAMCA B SKBHBAJCHTHOM,

noﬁoneecnomnoume:noman,mamtg% +amsin7:? - %.
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27.57. a) PemmnTs ypaBHeHne: sin 2x + 2sinx =2 — 2 cos x.

Pemenue, Hepenumen ypasHenue B BHAe sin 2x + 2(sin x +
+ cos x) — 2 = 0 B BBEIeM HOBYK OepeMeHHYIO ¢ = gin x + cos x. Tax
Kak (sin x + cos x)? = 1 + sin 2x, T0o momygaeM, aTo 8in2x=# -1, n
TPHIOHOMETPHYIECKOe YPABHERHE CBOAUTCA K KBAAPATHOMY:
#H-1)+2t-2=0;
242t -3=0;
tl = 1’ tz = —3.
Ilonyuran coBOKYDNHOCTH GoJlee MPOCTHIX TPUrOHOMETPHYECKHX

YDPABEEHHR:
sinx +cosx=1; sinx + cosx =—8.

H3 mepBoro ypapHeHHS HAXONHM: X = 27IR; X = % + 2xn. Bropoe

YDPABHEHHE HE MMEeT peneHni,

27.66. a) HailiTe nanmenbinee H EanGo/IbiNee sHAYCHAS PyHKIHY
y = 8in 3x + cos 2x + 4 sin® x.

Pemenue. 8in8x + cos2x + 4sin*x = (8sinx — 4sin’*x) +
+ (1 — 2sin® x) + 4 5in® x = —28in’ x + 3 sin x + 1. Beexsa HOBYIO TIe-

peMeHHYO ¢ = gin x, DepeopMyARpYeM 2aAATY: peut HAeT 00 OTHC-
KAHNHA HANMEHLIIEro N HANGOMLIIero sHaveHnH dbyaxmuum y = —212 +
+ 3t + 1 ga orpeare [-1; 1].

AGcuueca pepimasl napafoant y = ~2t% + 8¢ + 1 pasHa %, OHA
OpHHAANEIKAT 3aAaHHOMY OTPesKy, B Helf GyHKOUA HPUHUMAET HAH-
Gosbiee 3HAueHWE, OHO PABHO 2%. A HaVMeHBIIEro SHauYeHHsS QYHE-

HHEA AOCTHTAET Ha OJHOM H3 KOHIIOB OTPesKA, KOHKpPeTHee npH ¢ = —1
OHO paBHO —4.

OTBEeT: Yous = 2-;—, Ve = 3+

27.72. a) IocTponTs rpadbuk GyEKDARA ¥ = ]%
Pemenne. [lepBuii cnocof. Ecau sinx > 0, To ¥y = 2cos x;
ecsm sin x < 0, To ¥ = —2 cos x. TaruM oGpasoM, pedb HEeT O TOCTPO-

2eosx, ecnH sinx > 0,

eHUB rpathuka KycouHoll dYVHRIWHE ¥ = { 2 o8 x sinx < 0
— . e 3

MoxH0 aeficTBOBATE TAK: PASDE3ATH KOOPARBATHYIO IJIOCKOCTh HA Bep-
THRKAILHEE IONOCH, OPHEHTHPYACH Ha HHTEPRANLL SHAKOHOCTORAHCTRA
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NS EESRREENRNE. SNESNEENREESSEN
- + - 2"""""' e +
TS )
B / \K
-
Q) [ 2 x
\xq VI
4 \ o4 \ r o4
y=2c08% -2 y=-2cosx

PuC. 66

¢yarouR y = 8in x, B 0AHOM cuCcTeMe KOOPAHHAT HOCTPORTE IrpaHKHU
dbyarnuit ¥y = 2 cos x, ¥ = -2 cos x, a 3aTeM CAESNATE COOTRETCTEYIOMME
BHOOD! B ¢«3HAKOMOJCIKHTEIBHEIX » TONOCAX OPATE BeTBH MEPBOrD I'pa-
¢dHKa, A B ¢3HAKOCOTPHIOATENBHRIX» — BTOpOTO (pHC. 66).
Bropoii cnocob. Sazannag DYHKIHA uMeeT INepHoA K. B camoM

Jene:

sin2(x+ ) _ sin(2x £ 2x) _ sin2x

lein(xxm)| ~ |-sinx] = |sinx{

TaxaM obpazoM, 3aAaHHEAA (PYERIEA — HEUETHASA U NepHOAMYec-
Kasd ¢ NepHOAOM K. 3HAYHT, A/ MOCTPOSHHS ee MpadHKA ACCTATOURO
CHAYAJIA OOCTPOATH BETBh rpadmxa

[/
2 B4 NOAYHHTEpPRAJe (0; —g—], OTPASHTE
€2 CHMMETPHYHO OTHOCHTENRHO Haya-
NA KOODAHHAT, A BATEM BOCIOJb30-
\ o BATHCA MEPHOAHIHOCTHIO (PYHKIHH.

T
_—EI\\ o i:'f X Ha noxymaTepsane (0; %] AMeeM
n, N
\l_ﬁ y=2cosx,rpa¢mcna[-§, E]naoﬁ-
l

Puc. 67 payikeH Ha pacyHEe 67, a Beck rpaduk

HpefcTABNCH HA pHcyHKe 66.

28.16. a) BerumcsnTs: sin? 10° + sin? 130° + gin? 110°.

Pemenne. ITo dopmynam npapexeHEs noirydaes, gro sin’ 130° =
= ¢o8?40°, a 8in?110° = cos?20°, Tenepsr K KaXAOMY H3 Tpex
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CJIATAEMBIX I0FARHON CyMMEI HpHMeHHM 38K0H MNe 3: yBuzen KBaj-
par — nmonmgait creneHs (cM. ¢. 26). Ilonyuum:

11— cos P 1 + cos 80r 1 + cos 40°

2 te—m—t773 =
3+ (cos80° + cos40°) - cos 200 _ 3 + 2008 60° cos 20° — cos 20°
= ) = 2 .

Yunrusad, 9ro 2 cos 60° = 1, B mrore nMeeM %

Kak BHauRM, B Opolecce pellleHHA MLl DIPHAMEHHIH W 3aKoH N 1:
VBRAeN cyMMy — pAenali nmpomsBeieHWe.
28.17. BrraucimTe:
a) cos 24° + cos 48° — cos 84° — cos 12°%
0) tg 9° — tg 83° + tg 81° — g 27°.
Pemenne.
a) cos 24° + cos 48° — cos 84° — coa 12° =
= 2c08 36° cos12° — 2co8 48° 08 36° =
= 2 cos8 367 (cos 12° — cos 48°) = 2 cos 36° - 2 sin 80° 8in 18° =

. 2 sin 18° cos 18° cos 36° _
= 2 cos 36° ain 18° = <08 15° =

_ 5in36°cos36°  sin72° 1
= cos 18° = 2co8l8® T 2
6) (tg 9° + tg 81°) - (tg 63° + tg 27°) =
___8n9° = &n90°® 2 2 _
T 089 c0s8I°  cosb63°cos 27°  minld°  sinbd®

_ 2sin54°-sin187) _ dsinlfcoa36° _
= T aniscansd =%

gin 18° coe 36°

28.22. JToxkazaTh, 9T €CAR O + B + ¥ = %, TO BHOOIHAGETCH paBeH-
CTRO:

a)tgo+ g+ tgy=tgatgp ten
6)sino + sinp + siny= 4 cos 5 cos & coe L.

Pemenne. a) IlpumeHnM K BRpaskeHnio tg o + ig B dopmyny
TAHTEHCOB ¥ BOCHOJB3YeMCA TEM, 4YT0 ¥ = & — (0. + ), a noTtoMy

CYMMEL
=t B in(@+B)  sing+p)
gin o
tga+tgp+tgy= cosccosp  coe(a +PB)
_ sin{a + B)(coe (e + B) — coscosf) _ sin(x - Y(-sina sinP)
- cos ¢, coe B cos (o + B) T cosccosPeos(x-y

—gin y gin o sin B
= s omplocoy = € EPIEY.
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6) CnommmM sin o 1 sin 3, a sin v saMennM mHa sin (0 + B); xpome

00, IPHMEHNM K BEIpaXKeHHIo gin (o + B) fopMyny cumyca aAsofino-
IO APryMeHTa:

sin ¢ + sin B + siny= 2sin ‘“2'3 cos O'EB +

+2:z;inm—g--E m%—ﬁ=2sinugﬂ(ma;ﬁ+ma+s)=

=2sinx—51-2cos%ooag=2cos1 20032 oosp-—

_ « B..X
-4008200820062.

28.24. a) JloxazaThb, uTo echk 2 gin ¥ = gin (x + 2y), ro tg(x + y) =
=3tgy.

Pemenne. Ha yenosna cieayer, 910 gin x =gin (x + 2y) — sin x,
T, €, 8inx=2gin y cos(x + y).

Torna

tgxty)-3tgy=(tglx+y—tgy) ~2tgy =
_ gin x _ 2giny _sinx — 2sinycos(x + ) -0
T cos{x+ y)cosy cosy cos (¥ + y)cos y -

3uaunT, ig{(x + y)=3igy.

28.25. 6) Hoxasats, o ecam cos® {x + y) + sinfx + siny = m,
T0 8in x sin y cos(x + y) = 1_2m.

Pemenne, [HopaSoraem ¢ safaHEbRM DABCHCTBOM:
2co8’(x + y) + 2sin’ x + 28in® y = 2m;
2co8i(x+y)+1-cos2x+ 1 - cos2y=2m;
2cos®(x+y)— 2cos(x + y)cos(x —y)=2m — 2;
coa(x + yNeos(x + Y -cos(x—-yYh=m~1;
cos{x + y—2sinxsiny)=m~ 1;

sin x sin y cos (x + y) = I-Tm

§29
29.10. [lokasaTe TOXAECTBO
cos? (45° — a) — cos? (60° + ) ~ cos 75° sin (75° — 20) = sin 201,
PemeRue. 9T0 — KaaccHYecKHI DpHMep HCIONLIOBAHHA VHKA-
SAHHLIX Bhie (B KOMMeHTAPHAX K TeMe 5) Tpex 3axoHOB. IIpuMeHHB
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K IepBOMY B BTOPOMY CAAraeMEBIM JeBOl uacTH GopMy Ty NOHMMEeHHS
creneHH (3axon M 3), a X TpeTheMy caraeMoMy — dopuyay npeol-
PASOBANHA NPON3BCACHUA B CYMMY (3axor Aé 2), momyumnm;
1 + cos (90° — 2a) — (1 + cos (120° + 2a)) ~ (ain (160° - 2a0) — 8in2a) _
3 =

_ 2sin 20 — (008 (120° + 20) + sin (150° — 20))
- : i

Ecan Tenephs obosmaaum 120° + 20t OykBoll ¢ ® OTMeTHM, 9TO
150° — 20 = 270° - ¢, 10 B cKOOKAX NOJYYHM BHIpaXKeHHe: cos £ +
+ gin (270° — t), 1. €. cos ¢t — cos {. B mwrore mMeen: sin 2a.

20.11, a) JIoKASATh TOXKACCTEO
n+l nx
gin sin—[

sinx +s8in2x +ein3dx + ... +sinnx = " x

Pemenue. Haeio pelmieHHA HOACKAILIBAET BAJ NpaBoil aacTr Ko~
KASHBAEMOro TOMKACSCTBA: HAJHYNE TAM «HEM3BECTHO OTKY/AA B3jARIIe-
rocas HAMEHATENSA JACTABAACT ¢«HABASATHS PTOT SHAMEHATENDb JNeBOH
YACTH:

ginx +8in2x +gindx+ ... + ginnx =
sinxsin%_-r sin2tain-i+ sinaxsin% + e b ainnxsii%

. X
8in o

(i) ) o) |
X

2sin§
2n — 1x @n + x x @r+1
o8 - cos CO8 % — 008 ~—.
+a.a+ N x — _2_ x p—1
si.nn"'l sin—"z"g
— . x -
g

29.16. BuuncauTs:
a) coa 10° cos 30° cos 50° cos T0°;
6) sin 10° gin 306° sin 50° gin 70°.
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Pemenme.
V3

) cos 10° cos 80° cos 50° cos 70° = 7> cos 70° ( 2 cos 10° cos 50° ) =
= —‘{1; cos T0° (cos 60° +cos40°)=%(oos70° + 2 cos T0° cos 40°) =
3

=—8-(eoa70°+ooslll)°+oos30°)=% (00970" - co870° + %) =%

6) MoxHO MCIONEBOBATE TE e HAeH, YTC B NIYHKTE a), Ho Gonee
KPACHMEBO PACCYRIATH TAK:
gin 10° gin 30° &in 80° sin 70° = lcos‘a’(l" cos 40° cos 80° =

(2911120“00520"}09540"00330" (2Bin40°eoe40°)00880°
4 sin 20° 8 gin 20°

2 gin 80° cos 80° sin 160° 1

= T 16ein20° ~ 16sin20° T 16°

29.18. 6) JoxasaTs HEPARCHCTRO
c08 (2x — 8) cos (2x + 3) > sin (1 + 2x) sin (1 — 2x).
Pemenrxe. COCTABHB PASHOCTE JeBOH# ¥ npasolt yacTell AoKa3E:-
BAEMOr0 HepPaBeHCTBA M NpeolDRA3OBAE NPON3BeACHAA B CYMME, OXNY-
quM;
cos(2x ~-8)eos(2x+ 3)—sin(1 + 2x) sin(l - 2¥) =

_ co8 4x + cosﬁ—z(cos4x—oos2) _ wsﬁ;cosZ = cos 4 08 2.

Toura 4 NpUHAANEIXNT TPETHEl YETBEPTH YHCJIOBOE OKDYIHOCTH,
a Touxs 2 -—— pTOpoii. 3navHT, cos4 < 0,c082 <0, cosd4c082>0, u
TpelyeMoe HepDABEHCTBO NOKABAHO.

mm.a)ﬂmmmrp@mypamcosﬁvi—u eoaﬂyle)- =
._coss x
2
Pemeane. IlpeofpasoBae npoHsBezieEHe B CYMMY B JeBolt uac-
TH IANAHHOTO YPARHCHMA M HOHM3UEB CTCIOEHEL B npapoll ero uacry,
IOJIYIHM:
cosxy +teosx=1+ cosx,
cosxy=1,
xy = 2na.
Ecemz n =0, 1o xy =0, 7. . aabo x = ¢, 1udo y = §; 210 OCH KOOP-

maw.Ecnnna&O,my=-2§"4- — 810 ceMelicTBo rHmepbOn BRAA

yz.z.,pmk=2m,n=tl,:l:2,:l:3, e s
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Hrak, rpaduK ypaBHeHHS COCTOMT U3 VKARIAHHOrO cemelicTea ru-
nepbon u oceil KoOpAMHAT,
§ 30
30.11. a) HaliTy HanMeHbIIee ¥ HanGonbllee SHAYCHEA QYRKIMN

y=eosx—~/§sinx+2s/§eos(%—x).

Pemenmne.
(cosx - V3ainx) + 2+/3 cos (% - x) =

= 2sin %—x) + 2V3 cos %—x)=

- fp-snfg - )+ Do - ) -
=4(am%am(% - x) + oos%cos(% - x)) =4 cosx,
Temleph ACHO, ITO Yyurr = —45 Yurus = 4.

30.14. Tlpu KaKoM FHAYCHUH HNAPDAMETDA ¢ HARGONLIUee 2HAYCHHE
dbyarIME ¥ = f(x) paBRO HAMMEHBIIEMY SHAYEHHNIO QYHRIME ¥ = g(x):

a) f(x)=Ts8inbx ~ 24cosbx+a— 1, g(x) =3 — 2cos4x.

Pemenne. llockomsxy V72 + 242 = 25, Bepamerne 7 sin bx —
— 24 cos bx momeo mpeoGpazosaTs K Buay 256 8in (5x + o), rae o0 —
BeHOMOTATeALHEI apryMeHT. 3HauuT, f(x)=20ein(bx+ )+ a ~ 1,
& moToMy Ans dyHEDEE y = f(x) DONyUaeM: Y. = ¢ + 24. Tar xax
Janee g(x)=3 — 2 cos 4x, T0 Z1a QyHRIMY ¥ = g(x) DoayIaeM: ¥ .. = 1.
Ocranoch pemaTh ypapaerne ¢ + 24 = 1, oTkyaa ¢ = —23.

30.21. PemmrTe ypaBHEHUE:

a) J§sinx+ooax+2=%§x; 0) J§(sinx—oos:c)=2x- %

PemeHEre,
a) J3ginx +cosx+2= %x,
< x _ 12
28]]1(x+§) + 2= 51'|:x’

ain(x+%)=%x—l.
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[ Y } lsl 1
y-ax—/ld’
T /,
/‘
| 2T 6 3
[ —_
7 3 |
et —sin[x-l‘i‘
=2
*="%
L1 1
Puc. 68

IlocTponM B 0XEOM cCHCTEeMe KOODEHHAT CHEYCORAY I = sin (x + E)

[

H ODAMYIO Y = %x - 1 (puc. 68). OuM DepecexaAIOTCS B TOUKe (% 0)

Buauur, x = % -~ @AMHCTECHHEIH KOpeHL SaZaHHOIO YPABHeHHS.
6) V2 (con x — sinx) = 22 — §;
J- J_eos(x+4) 2x-——-'

B _.._T
ooa(x+a-)—x yy

ITocTpouM B OXBOIN cHCTEME KOODAHHAT CHHYCOHIY I = COS (x + —:-)
L xR, 0
H mpamMyo y = x — 7 (puc. 689). Omm mepecexaioTea B TOUKEe ( ’ )

3aaunT, x = -E— — eAMHCTBEHHEIA KOPEHb 3aJAHHOIC YDAEHEHHS.

30.25. 6) MokazaTh, uTo OpH MOOEIX SHAYEHNSX X BHIOAHAETCA
HepPABEHCTBO J3sinx — 7 cosx > ~%890.

Pemenue. Ilockoapky \!(w/g)g + 7 = J5_2, JIeBYIO HACTDh HOKA-

3LIBACMONO HEPABSHCTEA MOYEHO NpeolpasoBaTh K BHRY /52 gin (x — 0),
rAe (. — BCOOMOTaTeAbHEL aprymenT. HanmMentniee sHavende QyHK-
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BE) RED4
H A
] e 2 //
1 1 » /
w. H b .Q,/

/1 1 \k AL
4 110 AN j, X
:/’ Th d
% _ )

/171 4—008(.174-4)

1
-
r=-£
1 II41

Puc. 69

i y = 52 sin (x — o) pasio —/52. BrauMT, Tro6H yORAHTHCR B
COIpaBeANUBOCTY SAAAHHOTO HEPABEECTBA, JOCTATOYHO YCTAHOBETD, UTO

-52 > -¥ ,T.e.tm'oﬁ<%3390.
[IpeAnoNoXXEM IIPOTHEHOS, YTO V52 > #390. Bossensa ofe uacTu

HepABeHCTEA B KYy0, nmoayunm \V52¢ > 890. Bozsean ofe wacTe Hepa-

BeHCTBA B KBajpar, moayuum 52 > 300% 52 - 52 - 52 > 390 - 390;
652-4-4230-80;52-4515-15; 208 » 215,

IIpmuam K OPOTABOPEYAK), SHAYAT, HAINEG TPEATIONOKEHAE HERED-
Ho. Taxkmu ofpazom, TpeGyeMoe HepPABEHCTBO JOKABAHO.

§3

31.9, Pemmurs ypapucHue 8g8in®x + 3cos2x + 2cosdx +1=0.
Ykasanue. BocnonepsosaTsca TeM, uTo 2 sin? x = 1 — cos 2x, = see-

CTH HOBYK) IepeMesHYI0 { = cos 2x.

31.10. a) PemuTs ypapgenue 5sin 8x + 2sinx = 0.
Yrasauue. BocnonpgoraThes TeM, ITO 8in 3x = 3ginx — 4 sin? &,
H BBeCTH HOBYIO HepeMeRnywo ¢ = gin x.

31.11, a) Pemmars ypaseenne 3/cos x| + 2 cos x = 5lsin x| — 3 sin «.

Yrasanue. IlenecoofpasHo paccMOTPETb YDABHEHME ANA Kamaoil
YeTBEDPTH YHCIOBOH OHDYMKHOCTH HO OTASALHOCTH, Hanpumep, ecan X
HPHHEAIEAAT BTOPOH ueTBepTH, TO [cos x| = —cos x, [sin x| = sinx &
YpAaBHeHHe IDHHUMSAeT BEZ —c08 x = 2 gin x, T. e. tg x = —-0,5. Ilockonp-
Ky X OpAHAINeHEUT BTOPOH YeTBepTH, moayuaeMm x = —arctg 0.5 +
+ m(2n + 1).
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81.16. Pemnts ypaBHenne tg x + etg x = 8 + cos 4x.

Pemenne.

ain
m: + %‘i‘ =24+ (1 + cos 4x);

sin® x + cog? x
cos x gin x

1
m=2+2(1-81ﬂ’2x).

= 2+ 2cos?2x;

Breaa HOBYHW nepemeHHyI0 { = sin 2x, NoXy9dMM ypaBHeHHEe

#* — 2y + 1 = 0. [Ina ero peinenus BHCIONL3YEM METOZ PASACKCHEA HA
MHOMHTENH:

P-+1=¢ - -@-D=@- DG +y -1

Hs ypasrermust (y — 1) + y — 1) = 0 naxogum: y;, =1, y, ; =

= Lz’[g SEaunT, 33994 CBOANTCS K PEIISHUIO COBOKYITHOCTH TPeX

ypaBHeHRiA:

sin 22 = 1 sin 22 = “L5 8, gin 2 = L5
Tlocneanee ypaBHeHWe He HMeeT DeIIeHMi.
Orser: x = % +an; x=(-1)- %arcain ng"l " %’

31.19. Pemmts ypasuennme sin 2x + tg x = 2.
Pemenue. Bocmonsayemca dopmysoit sin 2x = lf_J;—gf;, a 3a-

TeM BEEJIEM HOBYI) TIEDEMEHHYIO § = tg X (YHEBOPCANEHAA IMOMCTAHOB-

na).Tornaypannennenpmerml—%g+t=2nna.nee:t’—2t’+

+B-2=0; (B -t - (- )+ (2t~ 2)=0; (¢ — 1IN~ ¢ +2)=0;

t=1;tgx=1;x=-§+1m.

31.22. Pemurs ypasHenme 2(1 —sinx —cosx) + tgx + cigx = 0.
Pemennue. Hpeolpasyem RaHHOE YPABHEHHE K BHAY
2 - 2sin x + cos x) + g = O,

BBefieM HORYIO HNepeMeHAYI) t = §in x + c08 X H BOCHOJB3YEMCH
TeM, 4ro 8in 2x = (gin x + cos x)? — 1. Torxa ypapHcHMe NPHMET BHA
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1+6
2

2‘2’4‘?‘{— 0, oTkyza Haxomam: ¢, =0, ¢, ; = . IToxyaaem

COBOKYIIHOCTD TpPeX YpaBHeHMIi:

sinx + cosx = 03
sinx+oosx=1+2‘{g;
sinx+cosx=l_2‘lg.

H3 nmepeoro ypapaesua saxoaum: tgx=-1, x = —% + nn. Bropoe

ypaBHeHHMe MpeolpasyeM X BHAY Jﬁoos(x—%) = l"’—z@ H pajee

(x__) 1++5

=5 OT0 ypaBHeHHe He MMEET pemeHHnil, MOCKONLKY
ero mpasad vactrs Ooapme 1. Tperne ypaBHeHMe COBOKYIHOCTH e
o8 my _1-48 .
pasyeM K BHAY COS (x'?) a7z ° OTHYAX HAXOXHM:
V2 -+10

x= %:l:arccos 1 + 2nn.
OTser: —% + nn; % im@ + 2grn.

81.28. a) PeuraTs ypasreEme COS %‘E = cos? x.

Pemenne, IlpeofipazoBaB ypABHEHHE K BHAY 2 €08 % =1+

+m2xnmee2(2coa’—23§-—1)=1+cos(3-%) H BBejd HOBYIO

me;mnnymt=oos§-3{,nmtymypamem2(2ts—1)=1+(4t‘—3t],

OTHYRa Haxomum: £, = 1, £, 4 = :I:ﬁ. OcTaerca pemuTE mpocTedi-

2
IHe TPRMOHOMETPUYECKHEE YDABHEHHA: COS % = 1; cos % = :|:—J2§.

SamMeTHM, 9TO BO BTOPOM cAydae BhIPOfHee HepeliThm K ypPaBHEHHIO

oos’%'—=-3—nmeexypasnennml+cos4; g,cosu —%
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31.28. Pemmrs ypasrenne 3 sin x — 5 8in (7x+%) = 4 co8 X.

PemeHne.
(8 5in x — 4 cos x) — 5sin (7x+%) =0

5sin(x—a)-5sin(7x+-g—) =0, meoc:arcain-g-;

- R < -2l -0

1031n(3x+12+2)cos(4x+12 2) 0;

. o . T _o x .

x+tmtg=mdat gz —5=3+tm
x=-——-%+—“§:x=%+%+%,meu=amsin-§—.

31,27, PemATs ypaBHeHUe
(sin2x + V8 cos2x) = 2 + 2 cos (% ~ 2x).

Pemen ue. BocnoJs3oBaBMIECE TEM, 9TO sin 2x + V3 cos 2z =

=2cos(%—-2x),nmmnonymuepeuennymt:cos(-g--%), no-

AYYNM KBaApaTHOe ypapHenue 42 — 2t — 2 = 0 ¢ Kopramm: ¢, = 1,

£ = -%. 3raunr, aubo cos (2:: - %) =1, T. e. X = % + =®n,

x) __1 .
y % nubo cos (21: - 3) = —3, OTKYyAS HAXO

4 -y

/ N cw E L.

L 3AECh eCTh BOZMOKHOCTE IIPDOBECTH AOLOX"

N 7 HUTeNBbHEE DacCyAaeHua Aia obnepune-
a 4 HBA HaltZeHHrX pemeHmit. Ecaux orme-
ﬁ—-fr THTD HA THCIO0BON OKDY/KHOCTH TOYKE XN

Sror OpaAMep HHTEPDECCH TeéM, 4YTO

PUC. 70 B t3 + nn (pEC. 70), TO HerpyAHO cocTa-

BHTS 00myIo GpOPMYAY ANA IIeCTH TOUCK: % IlosroMy OTBeT MOMXEHO

aanncarbnmmex=f§+ —ﬂs-ﬂ
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a) 6}

Puc. 71

cos’y ~ cosx - sin® x =0
1-cos2x—sinx

31.28, PemuThs ypaBHEHHE

Pemenue, IIpupasagas HyA0 YHCANTEIL ApobH, cogepranieiies
B nesoff uacTH ypaBHeHHS, IIOCHe NOHATHHIX IpeocOpasopaHAil NpH-

JeM K COBOKYINHOCTH ABYX YPaBHEHHIii: cosx = 1; cosx = —%. Orme-
THM HA YHCAOBON OKPYHKHOCTH COOTBETCTEYIONINEe Toukn (puc. 71 a).

IIpupaBHAB HYJIIO 3HAMEHATENs NpobH, comep:kameiica B Jepoit
YACTH IANAHHOTO YPDABHEHNSH, OOCJE IOHATHRIX Ipeolpasosannii npn-

JieM K COBOKYITHOCTH ABYX YpaBHeHmil: sin x = 0; sinx = -12- OrMeTAM

HA YHCAOBOH OKDYKHOCTH COOTBETCTEYIOLIHe TOUKHE (puc. 71 0) —
«3aNpeeRHEIes TOUYKH,

SaMeuaem, UTO OfHA U3 «3AMPEIIEHHELIX» TOYSK COBMANAET ¢ TOY-
rofi, orMeuenHolt Ha NeppOR OKPY)KHOCTH, €€ OPHUJAETCA B OTBeT He

BRAIOYATE. TakAM 00pasoOM, ITOYIA6M OTBET: X = t% + 2nn.

31.29. Haiitm xopuu ypaBHemud cos 4x + 11_? 'tx = 8, opuHEAK-

nexxamue orpesry [—2; 1,41

Pemeuue, 3amMeTHR, YTO %E;; = gin 2x, DOAYYHAM XOCTA-
TOUHO OpocToe ypaBHeHue cos 4x + 5sin 2x = 3, orkysa HaXOZUM:
x=(-1) 112 + % Bece 3TH peinensa npuHagnesxar ofacta onpenene-
HHA YpaBHEHHd, 3aaaBaeMoll ycaopueM cosx # 0, T. e, x # % + nn.
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Ocranocs H3 HalifjeHHEIX pemeEuilt oTobpaTe Te, ROTOpEIe NPUEAR-
ACIMAT 30ZAHHOMY OTpesry. ClesaeM 2T0 ¢ nOMOmMEBK «mepebopa no

napamMeTpy» B Halifieano# cepun x = (-1)° % + —’;’e

Ecom =0, T0 x = %; % OpUHEAANEAMT OTpesKy [-2; 1,4).
6x_ bn
Ecnnn=1,'rox=ﬁ; i = 1,31, 5TO UHCAO IPUHARILEHAT OT-

pesky [-2; 1,4].
IIpu n =2, 8, ... MH BHXOAEM 32 IPeAeIH SAZAHHOTO OTPESKA.

Fena n=-1, 10 &2 = —%‘; 9TO YHCHO NPHHANAEHKHT OTPE3RY

[-2; 1,4].
Ipa n = -2, -3, ... ME BEIXOAUM 38 DpeAeinl 3AJAHNOIO OTPEsKA.

. _I%, % bn
Orper: 135 155 13°

81.84. 6) Pemurh ypaBHeHHE clgx — tgx — 2igx - 4igdx =
= 8 tg 8x.

Peme Hue. HecKonrKo pas BOCIIONBROBABIINCE JIETKO TIDOBEDAeMOH
dopmynoit ctg ¢ — tg ¢ = 2 ctg 2¢, nomyunm ypassenne 16 ctg 16x = 0.

OTBem: x = 1;‘—Z(Zn + 1).

31.35. Pemute ypasaerane 6 tg x + 6 ctg 3x = tg 2x.
Pemenne.
5(tg x + ctg 8x) = tg 2x - tg x;

5(sinx 40083x) 8in2¢x pinx,
coex sin8x) cos2x cos x?

Scos2x sinx
cosxrsin3xr cos2xcosx?

5 cos? 2x = sin x sin 3x;
10 cos® 2x = cos 2x — coe 4x.
B nocreaseM ypapHesuH nenecoofpasHO BBECTH HOBYIO IEPEMOHHYIO
t = cos 2x. B nTore mosyunm, uTo Jubo cos 2x = %,Jmﬁooosz.r=—%.

Cpear pemenmif TEX ypaBHeHHH HeT HOCTOPOHHHX, T. €. pemeHmI,
VAOBJETBOPSIIOIIMX OAHOMY M3 CAeAVIOHMINX ypaBHeHHH: cosx = 0,
coa 2x =0, sin3x=0.
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31.87. Pemmrs ypasmenme (sin x + 3 cos x)sin 8x = 2.
Pemende. Bocnoansopasmuch TeM, uTo sinx + 3 cosx =

= 2 cos (x--;?), npeolpaayem sajlaHHOe YpaBHeHHe K BHAY
2008 (% ~ Z)sin 3z = 2

H Aanee sin (4x - E) + gin (2x + E) = 2, TlocnemHee PABEHCTEO BO3-

L] 6
MOKHO TOT/IA M TOIBKO TOMAA, KOTAA Kask/I0e CJaraeMoe B Jepol gac-
sin(4x - g) =1,
TH paBHO 1:
sm(2x + %) =1.

H3 FTOpOro YpaBHEHNWS CHCTEMBI HAXOMMM:
1
X = E + nn.
IToxcTABEB 9TOT PE3YALTAT B DEPBOE YpABHEHHE CHCTEMBI, IOMY-
msi.n(—%‘-+41m—% = 1 — pepHOe PaBEHCTBO.

OTBeT: x = % + nn.

31.38. Pemiuts: ypapHeHME cos2x(l - %sin’Zx) =1,

Pemenne. Ilpeobpasopas ypasmeHHe K Bugy 1 — %sin’zx =

1
= o8 2% 3aMEeTHM, YUTO JeBAA YACTh HEOTDHIATENRHA H He IPEeBOCXO~

gar 1, 35a4uT, H OpABAA TACTH AORHA OLITR HeOTpHIATENbHOHR (TOU-

HeEe, HONORHTENLHOH); IpH »ToM OHA ABHO He MeHnmme 1. 3Hauur,
1- %sin” x =1,

PeIIEeHREe YPOBHOHRA HARO HCKATE <HA CTHIKES: 1

eos2x=l'

Orser: X =11,
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31.39. PemuTh ypapHEHNE Sin X + CO8 X = V2 + gint 4x.

x

Pemenne. llpeobpaszopas ypapHeHEe K BHAY V2 gin (x + 4)

= V2 + sin® 4%, 3aMETHM, YTO NeBast TACTL He MPEBOCXOAMT v2, B 10
BDEMS Kax NDABAA YACTb He MeHhme 2. BHAYMT, peilleHHe ypaBHe-

Jﬁainx+;;.)=J§,
V2 + gint4x = 2.

HNA HAZKO HCKATE «HA CTHIKEs:
Ha mepBoro ypasHEHHWA HAXORAM: X = % + 2nn. 9rE sHAYCHHSA
YAOBACTBOPAIOT U BTOPOMY YPABHEHMIO CHCTEMBEI.

Omaem: x = % + 2nn.

31.42. a) PemuTh ypaBHEHHE (ctg-g- - —g-sinx)\Mx -x2+5=0.

Pemenne. PakTHUeCKH peub HIET © POILISHHU COBOKYNHOCTH
ypannennﬁ:ctg% - %sinx=0: 4x — x* + 5 = 0. Ha sTOpOTrO YpaB-
HeHUd HaXoauM ¥, = -1, x, = 5.

M3 nepporo ypasHeHRA HAXoAHM: * =R+ 2gn; x = :l:%“— + 2rn. Ho

H3 STEX cepH Hy:XKHO orolpaTh Te SHAYEHHH, KOTOpPhle BXOAAT B 00-

J&CTDH ONPCALACHNA 3aJAHHOTO YPaBECHHA, T. €. YAOBJCTEODAIOT He-

pasescTBY —1 < x € 5. TaKOBHMEA SBASIOTCA TPH UHCHS: T, %, %.

OrBer: -1, b, n, %, %

31.44. PeminTe YDaBHEHHE!
a) J8in7x — sinfx = |sinx;

6) Joosbx + cosx — ginbx = yEinx,

Pemenue.
a) sin Tx — sin 5x = sin x;
2 sin x cos 6x = sin x;

sinx=0;cosﬁx=%;

—xns r =+ 4 I
x-:tu,x-:l:ls + 3
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¥paBHeHHEe AOCTATOYHO TPOCTOS, OCHOBHOH HMETEDEC mpeacTaBa-
eT IpoBepKA HAWACHHLIX pellleRuii o obaacTu OIpefeNeHHA HCXON-
HOTG YpaRHEHHA, 3aJABACMOI HepapeHCTROM 8in x » 0. Cepusa x = nn
3TOMY YCJIOBMIO VAOBJETBOPSET, A K3 CEPHA X = :I:% + %’ HAJO BH-
OpaTh Te TOYKH, KOTOPHE NPHHALJEIKAT NepBoit HIE BTOPo# YeTBenTH
YHACIOBOH OKpy:KHOCTH. IT06E O0TOGpATH TaKHMe TOYKH, AOCTATOYHO
JATh HapaMeTpy n sHauenua 0, 1, 2, 3, 4, 5 (opa OCTANLHLEIX 3HAYE-
HEAX nDapaMeTpa Touxm GYAVT TeMH Ke).

Ecan n = (), To GepeM Ak OAHO 3HA-

n
WeHMe X = yg. Ilpm 1 = 1 nmoaygaeM ABA /,L.-i\

5n _ Tn 1A i i e O
BHAYCHNA: 77 H 7. LpH » = 2 momysaeM
18 ¥ 18 L] ______\_
C1llx _ 13n e s
ABa 3HAYEHHA: o~ U g lpu 2 =3 Ge o]
PeM JIEIDL OO 3HAYCHHAE X = 11-":8’1. Hoay- N //
qegHBe 6 Touer (puc. 72) oXBATHBAKTCA B

TpeMa dopMynaMu: x = (-1)" % + nn,

x=(1) & +an, =1 I+ xn,

6) cos bx + cos x = sin Hx + sin x;
2 cos 3x co8 2x = 2sin 3x cos 2x;
_x_ e __ R 7R

x—4+ 2,.1:—12+ 3"

Kak ¥ B IYHKTe 4), HY'KHO BBHIIOJEHTE IIDOBEDKY HAallieHRHX pe-
meHd# D0 Of6MacTH onpeAeaeHEa HCXOAHOIO YPABHEHHSA, 3adaBaeMOH
HepaBeHcTBOM Sin x 2 0. W3 c0enx NoNyIeHHHX cepHi Hafo RRIGPATE
T€ TOYKH, KOTOpHe TPHHAANEIKAT OePBoil MM BTOpOl YeTBepTH YHC-
nopoit oKpyHOCTH. YT0bE O0TOOPATE TAKHNE TOUHH, KOCTATONMHO B TIep-
BOH cepHH XAThH NapameTrpy n smEadenma (0, 1, 2, 3, a Bo propoit —
sHaueHEa ot 0 go 5.

,I.IJmceplxt:m[Jc=%+1':2E

npu n = 0 Hopydaen —}, apu n = 1 noxy-
yaeMm %.Ecmn=2wmn=3,mnonanaemnmpmmnnnqmep-

Tyi0o YeTBepTH. TaxuM ofpasoM, U3 neppoil cepun OepeM ABe TOUKH
(puc. 73 a), Koropeie MOKHO 00BeMHUTE GopMynolt x = (—1)* -E + nn.
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" &
[7] _k\ 0

a) 6)
Puc. 73

I[aacepnnx=% +% npu n = 0 nonyuaeM %,npnn=1

AoayJaeMm %, WpH n = 2 noJyuaeM 3—“. Ecou n = 3, 4, 5, To nonazaem

B TPeTLI0 HJIH YeTBEepPTVIO dYerBepry. Tamim ofpaszom, H3 sropoi ce-
pun Gepem Tpu TOUKE (puc. 73 0). Toury n3 BTOPOH YeTREDTH MOMHO
He 6paTh, OHA BXOJAHT B nepnyno cepuio. Ocrapminecs XBe TOUKH ONH-

chiBaloTea hopMyIaAME: X = 12 + 2nn, x = i'; + 2nn.

Orser a) x = mn, £ = (-1)" % + wn, x = (1) 3% + =,
138
x= ( ) 18 + nn;

&) x=(-1y & +an, x= & + 2nn, x = 35 + 2mn.

31.45. a) Pemmuts ypasmenne sin (5 - x2) = 0,5.
Pemenne. avh — x2 = (1) % + mn; V6 - x* = (-1)" % + n.

DT0 ypaBHeHHAEe He AMeeT pemeHnii npu 2 = -1, -2, ..., DocKoaB-
Ky B IpaBoii YACTH YPABHEHESA HpH HTUX 3HAYEHHAX NapaMeTpa —
OTPHUATENLHOE YHUCNO. Y PABHEHHe HE HMEET PeleHdi U npn i = 3,

4, ..., TOCKOJABLKY JEBAA JACTE YPABHCHEA He HPEBOCXOIUT Jg, anpu

YRAZAHHLIX SHAUEHHAX NapaMerTpa rnpapaa yacrs Gonnme V5. Taxam

ofpasoM, HAM HAJQ PACCMOTPETh AWIE TPH CAYYAA: B = 0 1, 2.
Ipr n = 0 ypasrerne npremMacT BuA V5 — x2 = , noxyqaemM:

Ji79
Xy =t

152



TIpu 2 = 1 ypaHenwe OpuHuMaeT BuA b — %% = %, NOJIY4aeM:
J155

xa" = iTo

Ilpw n = 2 ypasHeHHe OpUHAMaET BAA V5 — x° =~'%, TOIYIacM:
xms=i“J;Eo

31.46. Pemare ypaBaeHNE tg ﬁx'zg + gin Th':g =2.

2tgi

Pemenne. Bocnonssopapmucs dopMynoit sin 2 = T+ 637

Bpe-

AeM HOBYIQ IEDEMEHEYI0 [j = tg -1—% Torzaa 3aHAREOS YDABHEHHAE IIPH-

ue-rmy+1—f_Lv, = 2, oTRYNA HaxoAmM: i = 1. SnaunT,

g g =l =g TR (dn+ ) -4x+(@n+1)=0.

,I_ 2 _
Haxoque RODHM KBANPATHOIO VPAEHEHHS: X = LE: 146:*_18“"'3.

HdosHo BHIIOIHATLCA HepapeHeTBo —16a2 — 82 + 8 » 0. Ilonyaaem:
—% “n% % Ho n — nenoe uneno, A B YKASAHHEIX Opefeaax coiep-

JMKHTCA JAITh 0fE0 nenoe aacno 0. Urak, n = 0, a Torma na dopmynn
KOpHeH KBaADATHOIY YPABHEERA nOaydaeM: x = 2 +4/3,

TAGBa 6

§32
32.26. BorameauTs:
2i4 4 8i5 e-10 .
A EraEr) T BB’

2i16 _ g9 (1+ 21y 08 — 36
) G-y t@E-aza-7) T " 3;m

Pemenne. a) YR06HO OpOBECTH BLIYMCHGHHSA N0 AefiCTBHAM.
" 6 _ : 2t + 8i° 2+ 8i _
DTaxwep ' =1la =6 T GigyE+) ~ C+308+D

-1 _8-i
=8+i_ 66 °
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DTak rax (2— i) =((2 - )P =B -4)¥ni*=-1, 10
- i @3- _
G-oB- =" B-8-1 —

3-4i _(3-4i8+i _ 28 +20i
8-1 45 66

—28 + 20i _ —20 + 28!
8~ 65 -

3) 86;‘ +

248 . 8i? 2 - 8t 1
6) 1) Tak kak i®*=1u i® =i, 10 G “ @G-8 “9°3 =

_ 2+ 3
- 18 ¢

2) Tax kax (1 + 2i)* = (1 + 20 = (-8 + 4i)* = (3 — 4i)%, 10

-+ 2t 8 - 4i)? 3 4; _(B-4i)24+T)) _
~4)24-T) T B-4iN24-T) T 625

100 - 75 _ 48t

==6% - ";m
2+3i , 4-8i 98- 86i _
=g *~ tem -
_ 252+ 8)+ 134 -8) +(93-36) _ 195 _ 3
= 335 =3 = §

OreBeT: 8) -_-206;528—‘-; 6) 0,6.

32.31. IIpn xaxmx RefiCTBATENALHBIX 3HAYEHHSIX ¢ THUCHO
z=(2-ai)) — (8 - ai) + 5 + a(1 — a%i):
8) ABNsAeTca AeHCTBATENbHEIM,
6) aBxAeTcA UMCTO MHUMEIM?
Pemenue. Tak xar
2-6i)=8-8-4.ai+3 2. (aif — (al) =
=(8 — 6a®) + (-12a + a®i u (8 — ai) = (9 — &®) - 6ai,
roz=(8-6a>-9+a*+5+a)+i(-12a + a®* - 6a —a®) =
=(-5a®+ a + 4) — 18qi.

a) 2 — aelicTBUTENALHOE WIICAO TOIAA ¥ TOJABKO TOTAA, Koraa Im 2 =0,
T.e. -182=0, a = 0.

6) 2 — uMCTO MHMMOE UNCJIO TOTAA B TOJABKO TOrAa, Koraa Rez=0,
T. 8. 5a — ¢ - 4 = 0, oTkyAa HAXOAEM, 9yTO ¢ = 1 mam g = -0,8.

OrserT: 8) 0; 6) 1, —0,8.
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bz - 3z, = -9 + bi,

32.38. a) PemnuTe cHCTEMY YDPABHOHHH { 43, + 2, = 3 - 4i,

Pemenune. yerv 2, =a + bi, 2, =¢ + di. Toraa

b2y - 32, = -9+ 6i, |Bla+ bi)-3(c—-di)=-9+85i,
42, + 2, = 3 - 4i; a - )+ (c+adi)=3- 4i;

{(5a—3c)+(5b+3d)i=—9+5i,
43 +¢c)+ (—4d+ d)i =38 ~ 4i.

HenoapayeM yCJIOBHe PABEHCTBA ABYX KOMILNeKCHBIX UHCeN, T. €.
OpPHPABHAEM JEHCTBHTENLHEE M MHHMBIE YACTH B KaX(EOM H3 ypas-
HeHHOii monyueHHoit cacremeul. Torpa

5a -3¢ =-0, [5b+3d=5,
da+c¢=3 " |ab-d=4,

r.e.4=0,¢=3,b=1,d=0,

Buaunr, 2, =a+ bi=i,2,=c+ di=3.

3agaua 32.38 sarpennger yMeHMe HOALIOBATLCH (opMypaMH
2-7Z =|zP nz+ Z =2 Rez. B To 7xe BpeMA 0PN €¢ PEIICHAR He06X0~
JAMO BCHOMHHATH YDABHEHHE OKPYMHOCTH HA YHCAOBOM NJAOCKOCTH.
9ra 3afaua N0 CYINeCTBY OTHOCHTCH ViKe K TeMe CISAYIOINETO NADA-
rpade U CAYEHAT 3XECH CBOENO POJla «MOCTHKOM» MeXAY anrefpan-
ueckoil dopmoii 3anmchH KoMnaeKcHRX ancen (§ 32) m Hx reomerpn-
geckEM HzolparxeHneM Ha mnocKocTH (§ 33). PaceMoTpuM ee pelnme-
HEE,

1
z+1

a) ¥ KOTOpOTro JefiCTBATENbHAA YACTH HAAMEHDBIIIAN;

6) ¥ KOTOpPOTO MEHMAA YACTH HAMMEHDIIA;

B) KOTOPELA GIEIEe BCero pacHoXOMKeH K Hauany KOOpAHHAT;
T') KOTOpBIA GAMMKe BCero pacHoliodKeH K YHCIY i.

Pemenue. CHayana npeoGpasyem 3ajaHHOe YDaBHEHHe.
E+1=%; (Z+1Hz+D=1; Z -2+ Z +z+1=1,

32.38. Cpean ropueit ypaeueHus Z + 1 = HATH KODEHE:

IIyerb 2=x +iy. Torna Z =x -1y, Z -z2=x*+ 3%, 7 + 2= 2x.
3nagnT,
Hy+2zx+1=1; (x+ 1y +y2=1,
T. €. MHOMKECTBO PeINeHKH AAHHOIC YPABHEHHUS — 9T0 OKPY)KHOCTE:
paxnyca 1 ¢ neaTpoM B Touie (—1; 0) (pue. 74). Ha nocTpoeHHo# reo-
MeTpPHYEeCKOH MOJeNH Cpasy NOIYy4aloTCa OTBeTH K 3aAAHUAM a), 0), B).
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/Y a) Hexomulit KopeEb — TOUKA Nepece-
YeHHS OKPYIKHOCTH ¢ OTpHRUATeNLHOH Jeli-
CTBHTELHON MONIYOCHIO, T. €, 2 = —2,
A -1 6) HexoMEull KOpeH: — TOYKA OKPyX-
ﬂ—\—j HOCTH, HMeIIas opauHary -1, T. e,

ny

W r7) z2=~-1-1i.

A ;7‘ 8) MckOMUIE ROpeHL — NPOCTO CAMO
= HA9AN0 KOODARHAT, T. €. 2 =0,

1) Hentp (—1; 0) OKPYHEOCTH CHCZY-
€T COeMHHTE OTPesKOM ¢ Touxoit (0; 1),
KOTOpas KaK pas H COOTBeTCTBYeT YHueay i,
Puc. 74 ¥ HaliTH TOUKY NepecedeHns STOro OTpes-
KA ¥ OKPYMRHOCTH, OpAMHATA TOUKH HEpecedeHUA PABHA 8in 45°, T, €.

1 _ o _ 1
7 a ee abcnucca paeHa -1 + cos 4b°, 1. e. ~1 + = 3nagnr,

o 1.1,
z= 1+7§+ Vol
1-V2+i
R

OTBeT: a)z=-—2;6)z=—1—i;s)z=0;r)z=7—

§33

B 2ToM naparpade oK0J0 NOJOBHEN BCeX 3aJaHMIA CBA3SAHH C I'eo-
MeTpuelt uHcnopod maockocTH. C ofHOM cTOpPOHH, 8TH 3ajaHUA,
HeCOMHEHHO, OTHOCATCA K HOBo# TeMe «KoMmIexkcHule uncaas. C apy-
roii cTOpoHRH, OHH CBA3aHH ¢ MsolparxieHHeM Ha ILIOCKOCTH rpaduikoB
npocreinmx PYHKIHE U MOXTOMY NMOBTOPDHIOT CBASH MeMKAy AHAIN-
THYCCKHM H rpapuuecKuM cnocobaMu saganma GyErnuit, OcHoBHEIM
TeXHUYECKHM YMeHHeM ABAACTCH Nepexol OT YpaBHeHHA HJAH Hepa-
BEHCTES, 38XAHHOIG B KOMIUICKCHBIX YHCIAX, K COOTBETCTBYIOIMEMY
VPABHEHHMI0 NIH HEPABEHCTBY, J0XAHHOMY B OBLIYHEIX ACKAPTOBRIX
KOODIHHATAYX.

33.7. HaolpaseTh HE KOODKHUHATHOM IUTOCKOCTH MHOM(ECTBO BCEX
KOMIAEKCHEX YACEA 7, YAORACTBOPAICHIUNX 3aXaHHOMY YCAOBHIO

6)Rez¥=Imz+1; r)(RezImz)=1.

Pemenmue, 6) Ilyets z = x + iy, Torna Rez = x, Imz =y
n pasenctBo (Re 2)? = Im 2z + 1 npumamaer pEg 2=y + 1, y =22 — 1.
Hexomoe Muomectso — oSpraEas mapabosa.

r) Pasencrso (Re 2) (Im z) = 1 npeofpasyerca K Buay xy = 1,

y= %. Hcexomoe MEOMECTBO — CTARJAPTHAA rEmepboaa, rpaduix ob-
PaTHOE DTPONOPUHMOHANBHON 3aBHMCHMOCTH.
1566



Ecnm papeHCTBA B 3aZaUaX OpeABIAVINEro THIIA 3AMEHHTH HA Te KN
HHEIE HePABEHCTBA, TO BMecTo rpapuxoB ¢pyuxnmi GyayT noryguaThes
YACTH IJIOCKOCTH, OTPAHHYEHHEIe TIOAXOAAITMME IpadmkaMu pyarnmit,
B eaegyromeil zagave mosyualoTes UACTH IUIOCKOCTH, OrPaHHYCHHEIE
WIH NPAMEIMH, HAH Dapafonamu. BeckMa CymecTBeHHEIM MOMEHTOM
ABJIAETCH TYT OTPaloTKA TPABRMILHOIM rpatdmueckoil HHTepHperanmn
COIO30B «HM» (HepecevdeHHs MHOMECTB) H «UAH» (00LefjHHeHHe MHO-
xecTs). KoHeuHo, MOXKHO BOCHPHEHMATE CHEAVIOINYIO 38484y H KaK
yOpasKHeHHe HA ACOOJIb30OBAHHE HDOCTeHINHX JOrHYecKNX omepammii
KOMBIOHKONA ¥ IUSHIOEKONA. ONHAKO HA 9TOM MOMEHTE He clemyeT
OCTAHABJIWMBATBCA CHRIOKOM noppofHo. JIyamre, uToOE STH Onepammp
TPAMOTHG IPHMEHANACE B KOHKPETHON H HATAAAHON CHTYAITHH.

33.11. H300pasuTs Ha KOOPARHATHOH IMIOCKOCTH MHOMECTEO BCEX
KOMIUTEKCHRX YHCeA 2, ¥ KOTOPHIX:

6)Imz>2umu Rez < 3; B)Rez> (Imz2)®m (Rez)’) > Imz;
r)Imz»>2Rezunru Rez <3Imaz.

Pemenwue, 6) IJycrs 2=x + iy, Re z = x, Im 2 = y. HepaBencTeo
Im 2 > 2 npurumaer sug y > 2, Ha yACHOROH NNIOCKOCTH NONYYHATCH
TONYILIOCKOCTD, JIYKAINAA BHIIE I'OPH3ORTANLHON npaMoit y = 2. Tou-
KH ¢aMOff NOPH3OHTANIM IIPH 9TOM B OTBET He BXOAAT, BEAL HEPABEH-
crBo crporoe. Hepasenerso Re 2 € 3 osnauaer, 9ro x = 3, 1. e. mony-
YHTCH OOAYIIOCKOCTD, JIGKATHAA NeBee BepTARANH X = 3. ToukH ca-
Mot BePTHKANM IPH 3TOM GAEAYET BRJIWYHTD B OTBET, TAK KaK Hepa-
BEHCTRO HecTporoe, B yeIOBAM CTOHT COW0O3 «HAH S, TODTOMY IONYYEH-
HEe FBe NOAYIUIOCKOCTH ClexyeT O beAHHATD.

B) Hepasenctsa Re 2 > (Im 2)* u (Re z)* > Im 2 samumen xax x > i°
" X > y. YpasHenue y = x° saugaer napaGony, a HepapescTBy x2 > y
VHORJCTBODAIOT TOUKH, JeRaliue H:xe aroit napaGoan. ¥Ypapnende
x = i 3afAeT «TAKYIO JKe» Mapabony, HO ¢ BeTBAMN, HANDABIEHHEIMH
BOPAED, H OCHK abCOuce B KaYecTBe OCH CHMMeTpHH. HepaBenctay
X > i YAOBNETBOPAIOT TOTKH, JIXKAIHE IPaEee («BHYTDH» ) aT0if mapa-
Goner, OeTaeTea B3ATE OepeceveHre HAHAOHHLIX MHOMKECTB, BeAb 1O
YCJAOBHIO HAAO HANTHE TOUKH, KOTODHE YAOBJICTEROPAIOT KAK HEDaBeH-
crey x° > y, TAK H HepaBeHCTBY X > ¥® (pBe. 75).

r) Hepapenerso Im 2 = 2 Re z osHavaer, 9o y 2 2x, 4 HepapeH-

crBo Re z < 3Im z ozHauaer, yro x < 3y, T. e. y > %. Toaromy BCe

TOYKH UKCAOBOR OAOCKOCTH, Jeail(Ue BLillle npsamoit y = 2x wau Je-
SEaue Ha caMoi 910t npamoit, ceayver o0beIMHATL ¢ TEMH TOMKA-

MH, KOTOPHIC JIOIRAT BHINE TPAMOHA ¥ = % (pme. 76).

PassrTHIO YMEHEA IPAMOTHO COYETATE aATeOpaddYecKknll B reoMer-
pEueckHt mMOAXOABRI NocBAmMeHk zazaud 33.17—33.19. ORE nosso-
JAAIOT HA HOBOM MATEeDHANEe, CBASAHHOM ¢ KOMILIEKCHEIMH THCIAMH,
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Puc. 75 Puc. 76

nosTopuTHL 6asoBEIe rpadurE: NpaMylo, napatony, ramepbony. Ormo-
CHTeALHO HOBHIM ABJAETCHA IPHEeN HCKAKNYCHAA NEePeMEHHOH n H3
BBYX 3ajaHHBIX COOTHOIEHMH x = x(n) B ¥ = y(n), B Pe3yALTATe IET0
nepeMeHHAR [ BEIPAIKAETCHA 4Yepes X, 4TO B NPHBOAWT K rpaduiaM
dyrxnmii.

33.17.a) Ina n =1, 2, 8, 4 mocTPOATEL HA KOOPIAHATHOR IM/IOCKO-
cTA TouEH 2, = (2n - 1) + (6 — n)i.

6) oxasars, 4TO BCe 3TH TOYRY JeraT Ha ogEON mpamoit [; cocTa-
BHTH YpaBHeHHe npamoit [,

B) YrazaTh QYHCHO, Nexaliee Ha npamoii I, y Koroporo Re z = 5.

r) YKa3aTh 94BCHO, JeKamee Ha npaMoit I, y xoroporo Im z = 8.

Pemenne. a) B papescrro 2, = (2n — 1) + (5 — n)i cneayer opo-
cro noacTasuTh 2 = 1, 2, 3, 4 ¥ Ha UMCHOROH IIOCKOCTE N800pA3ATE
ToukH z; (1; 4), 24(8; 3), 2;5; 2), z(7; 1).

6) TeoMeTpEYECKH OYEBHIHO, YTO 9TH TOUYKM JIEHAT HA OZHOH
npsivoid. Jlng nonyueHHs ee YpARHEHHA MOMKHO B3 PABEHCTEA X =2 — 1
BRIPA3UTE i ¥ NOACTABNTE €0 B DABEHCTEO ¥ = 5 — n; momyunm: y=5 —

- x;l = 95.1:. SHAYUT, BCe 3TH TOYKH JeMKAT HA OpAMOH y = 4,5 —

- 0,5x,
B EBobmx=Rez=-5,roy=Imz2=4,5+25=7,1.e.2=-5+
+ Ti.

NEmy=Imz=8,r0ox=Rez=24,5-y)=~T,r. e. 2=-T7 +
+ 8i.

33.18. a) Anan=1, 2, 3, 4, 5, 6 HOCTPOHT: HA KOOPAUHATHOMH
ILIOCKOCTH TOUYKH 2, = (n — 1) + (n® — 5n + 6).

6) {okasaTh, ITO 3TH TOUKH JIOKAT HA 0AHOI napaGone; cocTaBETE
ypasHeHHEe HAapalonsl,

168



B) Haiitu geficTBHTEALEYVID UACTE CYMME AAHHEIX YHCENd.
r) ¥YRasaTe HOMEP N1, HAYAHAA ¢ KOTOPOro MHMMAA YACTh YHCAA 2,
Oyzer Soasme 100.

Pemenme. a) Tourknd cTpoATcd, KAaK B NPeARIAYINEM HOMEpe.

6 {x:n-L

¥y=nt-bn+6.

H3 nepsoro ypasEenas Haxopam: n = x + 1, IloacTarnaem sToT

Pe3yJETAT BO BTOPOE YPABHEHHE:
y=(x+1P-58(x+1)+6; y=x*~-38x + 2.

B)2, + 2o+ n +2,=(0+2)0+(14+0-H+@2+0-D+ @+
+ 2i) + (4 + 6i) + (5 + 12i). JelicTBUTEIRHAA YACTH 2TOH CYMMBI DAB-
ma+1+2+3+4+5=15.

r) Cneayer permmTs Hepaserereo Im z, > 100, 1. e, #° - 5n + 6 > 100,
H BRIGpATH HATYPAIbHOE 7, HAYMHAA ¢ KOTOPOrO 2T0 HePABSHCTEO BEPHO.

Hueen: nf - 5n—94 > 0
5 — /401 5 + /a0l

2 n > 2 *

n <

IlepBoe HepaBeHCTBO He BRINOJHAETCH HU NPH KAKOM HATypaib-
HOM 3HA4eHRH 7, BTOPOe BHIIHAETCA NPH HATYDANBHWX n # 13.
Wckommil Homep papen 13.

88.19.a) Inan=1, 2, 3, 4, 5, 6 mocTpoMTs HA KoOpHMHATHONH
3.
INOCKOCTH TOYKH 2, =(n + 1) + Tk
6) lorxasaTh, YTO BCe DPH TOYKH JERAT HA OxHON rmmepfosne; co-
CTABHMTH YPABHEeHMe IHIOepboLL,
B) YKasaTh TouKry, HanbGosee Gamaxyio ¥ ocu afemuce.
r) YrasaTs TOUKy, Rambonee (IH3KYI0 K HAYATY KOODAHHAT,
x=n+1
Pemeuune. 6) i

n
Ha nepeoro ypasEeHEna Baxoaum; n = x — 1. Toraa BTopoe ypaBHe-

HHME OPHMET BH] i = xgl' Ha a1oit runep6oiie neKAT Bee MIECTH IIO-
CTPOSHHHIX B NYHKTe &) ToukH: (2; 3), (3; %), 4;1)nurT. 8

B) PaccrosiHEe 0T TOYKH Z, A0 ocH aGCHECC PABHO MOAYJIO Opjau-
BATH TOYKH Z,, T. €. PABHO %. H3z DoCTpOEHELIX TOYEK 5TO PACCTOA-

HAue GyfeT HanMeHbIMAM IpH 22 = 6, 3HauuT, 2, = 7 + 0,50 — TouKa,
Hanlonee OMH3KAA K ocH abcauce.
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r) Paceroanne d, or TOURN 2z, A0 HAYANS KOODIWHAT DABHO

1’(:; + 1) + n%

Mo:xr0 DonpoboRaTE NCCASAORATE NOAKOPEHHOE BRIpAEeHHE TIPH

Beex . Ho B faHBEOM ciyyae MOMKHEO IPOCTO Nepefparh Bce MIECTh BO3-
MO HOCTeH:

n 1 2 3 4 5 6
a2 13 11,26 17 >17 >17 >17

SHaYHAT, d;, — BAHMEHLIIEE M3 BCEX DACCTOAHMH, T. €. K HAYAAY
KOODAMHAT ONAMe BCEr'O TOUKA 2, = 3 + 1,b6i.

§34

SapaumsA HA NEPEBOA 3ANMCH KOMIINEKCHOTO dYMchaa uz2 anrebpan-
YecKOo# (POPMBI B TPHPOHOMETPHYecKYHo B GOIBINIMHCTBE CAy4YaAEeB 88-
paHee OpeANORAraioT, YTo B anredpanueckoli ¢opMe HeT HEKAKOH
TpurosoMerpad. Hanpumep, sammcars B TparoHOMeTpMwecKoii ¢op-

Me umeaa 2 + 2i, f3 + i, ... 1 T. I. (TaRoBm N 34.21—84.25).
B 9T0M cMEICe HECKOJNBKO HEOKHAAHHO BRIFAAAAT 3ANAHAA, B KOTO-
pHX anreSpamveckas ¢opMa COAEPIKUT TPHTOHOMETPHYECKHE BHIDA-
menus. PazfepeM apa TAKMX saganMda. B neproM M3 HAX NPHXOARTCR
OpEMEHATE HOPMyJB NPABEACHNA, BO BTOpoM — dopMyast XsoiiHoro
APryMeHTa, 8§ Npeo{pasoBLIBATE 3aJAHHOS BHDAKEHHE NPHEXOAATCH
K Bagy ricos o + isin o), rae r > 0.

34.26. SanpcaTe KOMIVIEKCEOe YHCA0 B TpATCHONMeTpIdecroll dopme:

a) sin 35° — i cos 35°%; 6) sin (—23°) + i cos (—23°);

1} 8in (-20°) — { gin (70°).

Pemenrue. a) Tax xar sin 35° = cos 55° = cos (55°) m —cos 35° =
= —gin 55° = gin (-55°), 7o sin 35° — i cos 35° = coe (—55°) + I gin (-55°).

6) Tar wrar sin (—23°) = cos 113° m cos (—23°) = gin 113°, To0
gin (-23°) + i cos (—23°) = cos 1138° + isin 113°.

r) 8in (~20°) - isin (-70°) = —gin 20° + isin 70° = cos 110° +
+ is8in 110°.

34.27. 3andcaTes KOMILIEKCHOE UHCJI0 B TDHIOHOMETPHEYeCKOH dop-
Me:
a) 1 — cos 100° + i gin 100°;

in X - cos &),
r) 1 — cos 250° + i sin 610°.
160



Pemenue.
a) 1 — cos 100° + isin 100° = 28in* 50° + i - 2 ain 50° cos 50° =
= 2 sin 50°(cos 40° + i sin 40°),
. 4n =) x % 2x
6) sin F + i(1- cos4%) = 2610 & c0s T + 1. 20 T =

= 2 sin? %(eos-— + ism—-}

r) 1 — cos 250° + i 8in 610° = 2 sin® 125° + i sin 250° =
= 28in 126° (cos (—35°) + i sin (—35°)).

B sapsEAAX Ha oTPaGOTRKY NPEBNJIA «NPH YMHOKEHMH KOMIACKC-
HBIX IACER MX MOAYJIR NEPEMHOMKAIOTCH, & ADIYMEHTH CKIANIBAIOTCH? ,
Rax nopasmio, Goablnce BEAMARNE YASASIOT NOBEICHMIO APrYMEHTOB,
HMeHHO TO, KAK BHIIAZHT Ha eAuHMuHO# (uucmopoit) oxkpyxRHOCTH
omepanEsa YMHOMEHMA ROMIVICKCHEIX, 9HCE[, COCTABNAET ICHTPANDL-
HHE MoMeHT BCell TeMEl, KOTODHIl yaoOHee Bcero oTpalaTHIBATH HA

KONIUIEKCHHX HHCARX, NPAHAANCAKAINNX eAHRAYHOR OKpYMKHOCTH.

34.35.338&,'!1‘031=%+%i n
Z,
AT
nz,,=—i2SL + %, n306pasuTs HA ~"E - N\
KOMIIIEKCHOM NIOCKOCTH YHCAA 2, KA %
2y, 2z 1 HAWTH APTYMEHT YKASAH- 0 1 x
HOTO YMCJIA Z: 8) 2= 2,253 6) 2=(2,)%2,; |\ }(
B) z = 2)(2;)"; ) 2 = (2,)'(2)". N )4
PemeHue. ADIrYMeHTH UH- ~ T/
cen z; = -% + %inz,zﬁ—% + %,
Puc, 77

PACHOJOMEHHNX HA 6AMEHYHON
OKPYIRHOCTH, MOJKHO JIeTKO HANTH ¢ MOMOIMBI PHCYEKA 771; arg 2, =

n 5r
='3",argzg='§'.

a) 3133—003(34‘%) + is n(s"'—"‘) -cos? +isin-?6£;

b ™=
argz=—g, (a He g » TIOCKOJIBKY arg z € (—=: =n)).

0t n (354 5) st 55+ ) mon () i ()=

=—i; argz——%

€ Amrchpe 1 uwmam uat. sheTos, 10 K, 161



B)zn(za)“=eoe(§+%) +£sjn(§+%) =

27x 27x .
=cos =g~ +1sin “g= =i argz= 3.
1y Y0 — 1ix _ 50m 1ix . 50x) _ 36n
1) (2)" ()" —eos(a + 6)+isin > +—6)_m-_.3 +

+isin% =cos 12+ isin12xn=1; argz=0.

34.36.3m.mzl=%+%inz,=-% +%,naoﬁpaamna

KOMILICKCHON IROCKOCTH YHCHA 2, 2y, £ W HaliTH apryMeHT YKAa38H-
HONO YHCAA 23

a)z=%; 6)z= 25; n)z=§; r)z=§.
1,43 J8

Pemenne. ApryMenTH qucen 2, = 3 + StHz=-
yike HalifeHsE: g 2, = 5, OTE 2; = %

oasomsn (5 ) 1 3 -
= =i ar£z=-12".

6) z% =eos(%) + isin (%) =ecosn+isinn=-1;argz=mn.

n)(zl)‘t(za)’woa(‘—;—“T“ + isgin 4—;—%")=m —%E +

+ igin (-%‘); argz = %

r)(z.)"=(zz)"=cos(3%-%) +isin(%—£:—§) -

108=

= cos {-12%) + s ain (-122%) =eos(—181l:+%)

+
i 58) _ g N 5, _ 5=
+ism(—181|:+—6-)-cos ¢ + igin 6 argz="g.
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84.40. Ina ypcaa z = cos (0,11x) + i sin (0,117) yRA3ATH HAMMEHE-
[mee HATYPAALHOe YHCJ/O 1, IPH KOTOPOM:

B
Darg()> g Oarg()> 3 »arg() > G 1)arg () <.
Pemerue. Ilpoime Bcero paccyxAaTh, SBHMrAACh N0 6AHHATHOM

OKDY:HOCTE B DONOKHTENLHOM Hampapaennu. IIlar TaAxkoro ABHiKe-
HAA cocraBager 0,11x:

z=co08 (0,11%) + i 8in {0,11n);
22 = cos (0,22x) + isin (0,22x);
2® = cos (0,33n) + isin (0,33x%); ...
2* = cos (0,11nx) + isin (0,11RK); ... .
a) Tak kax arg (%) = 0,22n < 0,25%n < 0,38 = arg (z*), ro n = 3.
6) Tax xax arg (2*) = 0,44n < 0,8% < 0,58% = arg (2°), To n = 5.
B) Tak Kak arg (2°) = 0,7Tx < % < 0,88% = arg (z%), To n = 8.

r) arg (2°) = 0,998 < 7, 3HAYHT, ITOT APIYMEHT — NONOKHETSABHOES
umeno. Nanee 21° = cos 1,1% + i ain 1,17 = cos (—0,9%) + i sin (-0,9x%).
ApPryMesT — OTPHIATEALHOE IACAO, 3HAUET, 1 = 10,

B mBYX 3aKJOUATENBHBIX 384898X STOr0 nmaparpada OCHOBHBIM
ABASeTCA NepeXon 0T YPABHOHES HIIH HePARSHCTBA, S4AAHHOTD B KOM-
IMACKCHEIX YMCARX, X COOTBETCTRYICIIEMY YPABHOHHIO HAM HepABeH-
CTBY, 38A3aHHOMY B OOBINHBIX AeKAPTOBHX KoopauBaTaXx. Ilo cpaBme-
HHIO ¢ NpeAHAYIIMM naparpadoM ACGARNMeHH TOABKO BOIPOCH NP0
APryMeRTH KOMINGKCHBIX YHCeJ.

34.41. a) Cpexu xopHelt z ypasrenua J8(z + Z)z — 7) = 41 mait-
TH IACJIA, APTYMEHT KOTOPLIX paBeH 16E;

6) cpeam xopmed z ypasaeEBEA Rez - ImZ = l:;s-naim qHCcaa,
APIYMEHT KOTOPEIX pDaBeH %.

Pemenue. a) IIycts 2=x + ly. Torpa Rez=x, Imz =y, 2 +
+ 7 = 2%, z — 7 = 2iy. TlosToMy ypaBHeHHe 3+ 2Nz - F)= 4P
B ACKAPTOBHX KOOPAHHATAX HMEeT BHJ 4J§ixy =4i, T, e. Jﬁxy =1.
Tar xakx arg z = %,'roy=7x§ nx>0.

Hrak, x> 0, J§xy=1,y=%.lismﬁcnmmmonninaxo-
m:x=1,y=vl§,r.e.z=l+7!§.
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G) Vpaprerne Rez-Im7 = i;-snempmm KOODAEHATAX AME-

€T BHI X - (—y)=—J_ 8. Tax xaxk argz = 3,my= J§xnx>0.lﬂ1'ral¢,

x>0,xy=-J§,y=J-s.x.llaa-roicncmycnonnimom:x=1,

=J§,T.e.z=1+iJ§.
Orser:a)l + 7%;6)1+ts/§.

34.42. a) HaolpasaTs HA KOMIEKCHON DIOCKOCTH MHOMKECTBO

J'

HCEN 2, YAOBAETROPAIOIMMX YCIOBMIO |21 — 8i + 4| < | . Yeny
paBHO HanGonbuIee sHauenue |2|?
0) HaolpazuTh HA KOMIUIEKCHOH IOCKOCTH qucea z,

YAORIETBODAIOIGHX yexoBHio |28 — 8 — 4if < —;— + i2§~t| Yemy paBsHO

HAMMEHbIIee 3HATeHNEe |2|?

i,

2

mmeer BEA |21 — 3i + 4] < 1, Vneenm: |zi ~ 3i + 4| = |i(z — 8 ~ 4i)| =
=l - |z - (3 + 4l =)z - (3 + 4D)|.

Hrar, MH NOMyYRIH HepaBeHCTBO |z — (8 + 4i)] < 1. Dro — Kpyr
SMHHIEOrO PANHYCA ¢ NEHTPOM B Touke (3; 4) (pzc. 78). Haubons-
mee 3paveHEe 2| panno cyMMe pagMyca KPyra B DACCTOAHHIA OT 1eH-
Tpa KpYra A0 Hauaaa wooppauar: 1 + 5= 6.

Pemenne. a) Tax xax |%— |=1, TO 2aA@HHCE HEPABEHCTEO

6) Tax nax |—;~+i2§-i| = 1, TO 3a7aHHOR HEPABEHCTBO HMEET BHJ

|2t — 3 ~ 4i| < 1. Mmeen: |2i — 8 - 4i| =|i(z — 4 + 81)| =
= -|z-(4-8)|=|z- 4 -3

HTag, MH NOJMyINIH HepaBeHCTBO |2 ~ (4 — 8i)| € 1. Bro — mpyr
€AMHHYHOTO PAAHYCA ¢ HeHTPOM B Touke (4; —3) (pmc. 79). Hammesns-
mee 3EAYCHEE |2| PABHO DABHOCTH DACCTOAHHS OT LIGHTPA KpPYra Ao
HaYana KOOPAMHAT M pajguyca Kpyra: 6 — 1 = 4.

OreerT: 8) 6; 8) 4.
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35.16. H300pA3NTE HA KOMILNEKCHOM MJIOCKOCTH MHOMKECTBO J;.
eCaM:

a)|z|=1,0<argz€%; r)|z|=1,-%<argz<u.

Pemenne. Tax Kax |z| = 1 8o Bcex DyHKTAX a) — r), TO BCIOAY
pedus BHAEeT O AYTAX eEHHMYHON OKDPYIKHOCTH.

a) Hepapereinon 0 « argz & % 3a7AeTCA ONePeCceueHne efAHAI-

HOH OKPYRBEOCTH B NEPEOH KOODAMHATHOH JeTBepTH. ¥V Kaskmol 104-

KH 2 M3 NOAYICHHON AYTH OKDYRHOCTH MHEOMKECTBO Jz cocromr
ABYX CHMMETPHIHLIX OTHOCHTENLHO HAMANA KOODAHEHAT Tower, Tam
KaK <IpA HABICYeHHR KBAJADATHOTO KODHE APTrYMEHTH ASHATCH IO~
IOJIAM#, TO OTBeT GYAeT COCTOATE B3 ABYX Ayr. Ileppaa na HUX — 27O

m|z|=1,0<argz<j},anmpaanonyqaemaeecmewpmm

orobpaskeHNeM OTHOCHTEALHO HA- 7
. qana goopmamaT (0; 0) (puc. 80).

Tax KAK HepABEHCTBA HecTpOrme, -
T0 KOHIE AYr CHEAVET BEMIOTHTD wa s
B OTBET. Vi

r) PaceMoTpaM TOMRH 2 = €08 O + 1( E‘E—*
+ igin o exEEAIRON olcpymnoc'm 4

o 1
IIpH B3MEH ymauo-r—z.qon. %
Torna z =:H{coe 0,5 + i sin 0,500). ) 4
Bee Tourn Buga cos 0,50 + i sin 0,50, 1
®
-3 S o <x aamonmar ayry jz| = 1, Puc. 80

»Y
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23 —%(argz<%,a'roqmnnm

% NG (008 0,5¢: + 1 8in.0,50), —F SO <R

BAIOAHAT CHMMETPHIHYI0 OTHOCH-
TeNbHO HAYANA KOOPAHHAT AVTY.
h Kax ¥ B OyHKTEe &), OTBET COCTOHT

\ i H3 ABYX myT (puc. 81).
\f\ 8 ¥
" § 36

18 yBepeHHOrO IpHMeHEHHMS

Puc. 81 dbopmuyar Myaspa B pasAMvIHELY
safadaX ONHHEM H3 OCHOBHHIX HeDBOHAYAJBHLIX yMeHNE apiaserca
ACHOe TeOMeTpHYecKOoe NPEACTABICHHE O TOM, KAK DACIIORATAIOTCA HA
€AMHHYEON OKPYXHOCTH HATYDAAbHLIC W IENhlie CTENeHN KOMILIeKC-
HEIX YHCeX 2, |2z| = 1. Ha 210 opHenTHPOBARE NepBHE NUTH 38KaY 1A~
parpada. B Ne 36.6 paccMOTPEHE CTENCHH 9HCIA, MOAYAL KOTOPOro
MeHbIIe eANHHIEL.

mr. N
oV
=
nY

38.8. IIycts z = 0,5(cos 0,23n + isin 0,23n). Kakue uncna Bz
muoxecrsa {2, 22, 2%, ..., 2% 2'%:

£) pACOIONOMXeHK BO BTOPOil KOODAMHATHOM UeTBOpTH;

6) pacnoioskensl BHe Kpyra paamyca 0,2 ¢ HeHTPOM B Haualde Ko-
OPAHHAT;

B) PACIIOJIOIKEHEI B IePBOil ROOpAHHATHOR JeTBepTH;

I) pacToNoMKeHE! NpaBee OCH OPAMEAT H BHYTDH Kpyra pagmuyca
0,001 ¢ nenTpoM B HaMANE KOODAWHAT?

Pemerne. Tak rax |z} = 0,5, To wacno w = 2z npEEsgAEKET
eaunuvuHol okpykHOCTH. UMeem: w" = 2°2°, 2" = 2™"w". BHauuT, ecan
MEI y3HAEM PacHpeJeIieHEe IO YeTBepraM cremeHed w, u?, w?, .., w’, w'°,
T0 MEH Y3HACM M PacCIpefeleHHe crenened z, 22, 22, ..., 2°, 2'°

Uncaa w2, w?, w?, ..., 0, w'° pacnogoKens HA SAHANYHON OKPYIK-
Boctd. ITo dopmyne Myaspa

w?=cos(2 - 0,28n) + 1 &in (2 - 0,23n) = cos 0,46x + i sin 0,46mx,

w® = cos (8 - 0,28n) + {sin (3 - 0,23x) = cos 0,69x + i sin 0,69x,

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

w® = cos (9 - 0,28r) + isin (9 - 0,23n) = cos 2,07x + i 8in 2,07x,
w'? = cos 2,3x + isin 2,8R.

TeoMeTPHYECKHE HTO BLITJIANHT TAK, KAK CXCMATHTECKH IOKAZAHO
Ha pucynke 82. Tenmepr Jerko mnoaydmTs oTeeT: a) 2°, 2% 0) 2, 2%
B) 2, 2%, 2%, 2% r) 2%,
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3amernam, uro B nyREKTe §) MoskHO oboliTHc: B Oe3 TpHrOHOMer-

pun: [2| = 0,5, |2*| = |2 = 0,25, |2*| = 0,125, |2*| = 0,0625, ...; acro,

mmnmmxoznz‘. B nyskTe r) mpasee OCH ODEHHAT HEIKAT
z, 23, 27, 28, 2%, 2'°, HO TOABKO y 2 MOAYJIB ZOCTATOYHO MAJ:

2-10 - m < 0,001.

C nomomzi 3axauyn 36.14 ogHOBpeMeHHO NpOBEpACTCA KAK yMe-
HHe HCHonbL30BaTh Gopmyny Myaepa, Tak H SHAHMe TPHINOHOMETDH-
yecEnX Sopmyn geoitEOro aprymenta. KpoMe Toro, B Hell HCOOIR3O-
BRHA BOCTATOYHO DACHPOCTPAHCHHAN <«JOBYIIKA»: LA BOBBOACHAHA
uneaa sin o + i o8 O B 110 CTeNeHDb Hellbad NPOCTO VMHOERTE O HA 18 —
970 «HempaBHIbEAAY (opuyns Myaspa. Jl/1a NpaBRABHONO HCIOAbL30BA-
HBA 3T0H (POpMYNH cHavYajda caeayer no GOpMYNaM NpHBeACHHA Ne-

peimxrpmnouerpmmoﬁaanmaina+ima=cos(%-a) +
E_
+isin(—2- a).
36.14. a)Bmumrbz”,ecnnz=2ooa%(ain%+i+ icoaﬁ);

4

5“+ism5“

6) BurauemnTs 2%, ecox 2 = 2sin12(1 cos s
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Pemenne. a) Crauana npeolpasyeN caMo QHCIO 23
z=2cos%(2sin-§g—eos-3—“»+ 2ieoa’§"4-) =

8 8
- LA ¥ 3n) _
-4m8mss(ain8+iooa—§—)_

e B B % E) _onin X foos & ) _
-4oosssm8(mss+isin8) 26in (eoss+isin8)

-J'(coa-+isin")

Ilo dopMyne Myaspa

7%= (ﬁ(eos% + Isinl‘-))u =2°(oos% + tsin%’-‘-) = —64i.

2 51: 5
6) 2 = 2 sin 35 (2ain® 5% + 216tn 5% cos 5%

_ = X . 9K E _
-4sm1231n12(sin1 +icosm)-

=9 .9gimn X x in-E| =
=2 2mn12coslz(oosw+imn12)_

x x 2
= 2 s8in 6(eos—+isin12)-cos12 + £ sin 13-

Iio dopmyse Myanpa

0
z"’—( Z 4iginE ) - 3°"+mn3°" =1

12 12

Orser: a) —641; 6) i.

Bagenua 36.17 u 36.18 manoMHEAOT 3aganAs 36.1—36.6,
HO TOVIBKO PACCMATPHBAETCA BCA NeOMeTDHYECKAS Dporpeccud 2z, z°,
2% oy 2, ¢, ..., A He HeCKOABKO €€ HAUANLHEX uieHoR. KpoMe
TOTO, APryMEeHT SHAMCHATONA NPOrpecCHd CYMMeCTBOHHO MeHbIe, T. e.
HA ¢AMHEYHON OKDPYKHOCTH NOAYYAIOTCA SHAYHTEALHO GoJlee LIOTHEE
MHOYKECTBA THCel.

36.17. Iyers 2, 22, 2, ..., 2%, 2", ... — OecKOHeUHA: TeOMETpH-
qecKas mporpeccua ¢o sRaMeHarTeneM 2 = ¢08 0,1x — i gin 0,1x.

2) YKa3a7> HaMMEHBIIee HATYDANRHO 3EAYEHHS Ni, NPH KOTOpOM 2"
NPHEAINEKHT TpeThell KoopAmHATHON yeTBepTH (He HA KOODAHMHAT-
HHX 0CHX).

6) VrazaTs HAMMeHEIIee HATYPAABHOES SHAYCHHE II, IPH KOTOPOM 2"
npnn)a.unem BTOPO KoopaEHATHON YeTBepTH (He HA KOODAHHATHLIX
ocAx).
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B) CHRONMEKO B 3T0H NpPOrpecCHr PasiNdHBX YHACeA?

r) Haiiaure cyMMy 2THX DA3NNTHEIX YHCEN.

Pemerne. B cooreercreun ¢ gopmyiocli Myaspa caeayer Haun-
HATHL ¢ TOURA 2 = cos (—0,17) + i sin (—0,1x) u pEUraTLCs DO eAUHAIHON
OKPY’XHOCTH B OTPHIATeNRHOM HANpaRiNeHwn ¢ maroM (,1x (pec. 83).

a) Yucaa 2, 2% = cos (-0,2%) + isin (-0,2r), 2* = cog (~-0,3n) +
+ igin (—0,3K), z* = cos (—0,47) + isin (-0,4n) GyAyT DpEAAANEXKATD
TeTBepTOil YeTBepTH, YMCAO Z° = —i OKAKETCA HA MHEHAMON ocu. 3pa-
4uT, 2° Gyaer mepsLIM WiIeHOM IIPOIpeCcCHH, KOTOPLI OKANETCH B Tpe-
Thelt deTBepTH, T. €. 1 = §.

6) Uncna 2%, 27, 2%, 2° npuHapIeKAT TPeTLEll YeTBepTH, 8 20 = —1 —
OTpHIATeNLHOS AERCTBRTEALHOE Tmeas. 3maumr, 2!! Gyaer mepemIM
YAEHOM NPOTPEcCHH, KOTOPHI OKaskeTcA BO BTOPOif deTBRepTH, T. €.
n=11,

B) Ha apaamaToM mare Mu oxa)temcs B Touxe 1, segr 22 = 1,

3naunTt, 2% = 2!, 2% = 22, 2 = 2P, ..., 7. e, mpomece, KAK ropopAr,
sganpKIaTeHs. Iloryyaercs «IeprogMYecKass HOCAEAOBATENALHOCTD,
B KoTopoit poHO 20 pasaHIELX IMCce]l.

r) Bee o 20 wncen pasGUBAIOTCA HA MADH TAK, 10 CyMMA THCeN
B KaxAoll mape papEA BYM0: 2, + 2, =0, 2, + 23, =0, ...y 2,0 +
+ 2y = 0, Buauwrr, # ofmas cyMMa paBHAE HYIO:

z2+22+2+ ... +2®+2%=0,

36.18. Ilycts 2, 22, 28, ..., 2%, 2"*Y, ... — OGCHOHEYHAS IeOMETDH-
yecKAd OPOTpeccHd €O sHaMeHaTenaeM 2 = cos 0,01x — i8in 0,01,

a) Yrazars BAAMeHbINee HATYDAJLHOE JRATCHHE 1, NIPH KOTODOM
2" Je3RXUT BO BTOPO KOOpAHHATHOH YeTBepTH.
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6) CroapKo B 2TOM OporpeccHy paziuYHBX Inacen?
B) CROJBKO M3 9THX YHCEJ JEKAT HA OCAX KOOPAUHAT?
T} Haifra cyMMy 9THX DASIMYHBIX THCEN,

Penmenae. PaccyrfeNAn AHAJIOTHYHE PACCYKACHUAM B IIpea-
aymelf sazage, TOABKO JJIMHA mAara ymMeEkmaerca B 10 pas, a s@a-

YMT, KOJMYECTBO 1IATGE M NepHoA nporpeccun pospacrant. Ha ocax
KOOPAMHAT OKAXXYTCH, COOTBeTCTBeHHO, ToukHm 2% = —i, 2% = -1,
20 =j, 2 =1,

OTBeT: a) 101; 6) 200; 8) 4; 1) 0.

B creayiomeil zaza4¢ SHAMEHATENs OPOTPECCHE Yile He IPHHAR-
JEKNT eANAMIHON OKpY:KHOCTH. II02TOMY IDH BOZBENEHUE B HATY-
PaIEHYIO cTeneHs SYyAyT EPOHCKXOAATE He TONLKO MOBOPOTH, HO H pa-
CTAMCHAA ¢ HEHTPOM B HAYANES KOODAWHAT.

36.19. Ilyets 2 = 1 + i. Kaxkue uncna B3 Muosxecrsa {25, 25, ...,
zll’ zla}:

a) nme:xarT Ha ocH afenmee;  B) JIeKAT JeBee OCH OPDAHHAT;

() npaeee npaMoi x = 9; r) Buioe npamoit y = 27

Pemenue. Taxmz:ﬁ(eoa% + isini‘-), TO BCe HY>KHHE cTe-

MeHH Jerko MOACYUTATE o dopMyne Myaspa, a mociae aToro maobpa-
SHTH NeOMeTpHYECKH.

- (Jﬁ(oos.’! + ;mﬂ))= = 2(oos-;; + isin-’-;-) = 21;

(J_(cos + isin= 4)) = 2«/_(003— + zai.nsn) =-2 + 2i;
0 (Z{on 3 + 1 )" =525 co0 18 + 10 05) - 52 + 33
M= (Jﬁ(cosi + isini‘—))lz= 64(008% + isml‘-i—“-) = —64.
IIpe nepexoze ¥ ClegyiOImeMy WieHy NPOTDeCCHE APIYMeHT yBe-

JIHMHEACTCA HA ‘%. Teueps ANS NOAYYEHHA OTBETOB OCTASTCA TOJLKO

«CUNTATE» HHPOPMADHIO,
OreeT a) 24, 2%, 2'% 6) 2%, 2°%; ®) 28, 24, 25, 2", 2'% 1) 2°, 2'°, 2L,

B nocnepneii sagavue § 36 popmyaa Myaeppa «paboraers BMecre ¢
6A30BEIN yMEHUEM SANACHBATEL KOMILIEKCHO® YHCI0 B anredpanueckoli

dopme,
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36.24. a) IIpu raxoM NeHiCTBHTENEHOM SHAYCHHH ¢ BHpPANeHHE
(o(sin 75° + i cos T6°))2
a + 2P - (14 - 3ai) - 2
apngerca JelCTBUTEeNLHLIM YHCIOM?
6) [Ipx xaroMm HeficTPATENHHOM JHAYSHHH b BHIpaKeHHE

b : (cos 22°30 — i gin 22°
WS- b — (3-8bi) - 8
ABIAETCA ACHCTBHTONLHBIM FHCIOM?

Pemenne. a) Havaem ¢ 1vacARTENAA:

(a(sin 75° + i coa 75°))'% = a'*(cos 15° + i8in 15°)' =
= g'¥(cos 180° + i gin 180°)'2 = —g!? € R,

Tax Rak yHeaurenrs — AeficTEHTEARHO? YHCIO, TO 387AYA CBe-
JAAch K HAXOXKACHHIO TeX 3HaYeHni 4, ANA KOTOPHX U 3HAMEHATENDb —
aeficreurenbHoe wMeno. Tag rar i(a + 2i)* — (14 - 3ai) - 2 = i(a® +
+ 4ai — 4) + 3ai — 16, To MERMAA YAcTh I Zz uncaa z pasHA 4% — 4 +
+ 3a =(a - 1¥a + 4). 9Ta MEHIMAA YACTEL PABHA HYNAI0, TOILRKO SCHH
a =1 a = —-4. Ho npm a = —4 3aaMenaTes s OGPAIAeTCS B HYNE;
3T0 3HAUeHHe He (epeM.

6) b : (cos 22°30" - {sin 22°30')"* = b[eos(—% + isi.n(—i )-“ =

=blcos2x + Isin2n) = b € R.
z2=U3i - by —-(3—-8bi)~ 3=i-9 — Gbi + b*) + Bbi - 6,
Imz=5+8p-9.
Imz=0, ecia b =9 unu b = 1. 3nauenne b = -9 He NOAXOTUT.

Inasa 7
& 37
37.39. HaliTy EauMeHLIORE WieH NOCASAOBATENLHOCTH:
a)y,=3n"~10n + 3; 6)y,=—%.

Pemenne, a) Hafigen aGcnmecy pepmHan napaboast y = 3x° —
- 10x + 3; monyusM x = 1% . T'padur sananHOH NOCAENOBATEABHOCTH

COCTONT M3 TOYCK, NMPMELIIEKAIINX YKasaHHOH napabone, BeTBH KO-
TOpOX HANpPABNEHH BBEPX, M WMEIONIAX CHOMMH AGCHHCCANE HATY-
pamEsie unacha. Bamxe Bcex x pepmuHe mapalonnl pacmoaaraercs
rouka ¢ alcuuccolt 2, HMenHO B Hell MOCAEAOBATEALHOCTE H NOCTHIA-
€T CBOer0 HeNMEHBINEero SHAYCHHS: Y, ... = ¥ = ~5.,
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6) Jnsa paEnofl MOCAeRoBATeNLHOCTH HMeeM: U, > 0, i, > 0, a Bce
OCTANLHBIC YICHH OTPHLATEILHE, HMEHEO CPeAM HHX U CHeAVET MC-
KATE HAWMEHbIMM.

IlocneR0BATENLRCCTE ¥sy Y4 Y5> oo BOBDACTAIOINAS, JHAUHT, HAH-
MeHBIIUM ee UIeHOM ABaAgeTca Y, Hrak, y,.. = U; = —3.

37.40. Hadtrn rapfoarmnit 9nes nocaeaoBaTEALHOCTH!

a)y,=-2n+1in-2; )y, = T}z.

Pemenne. a) Hafinem abcmuccy pepinmar: napaGone: y = —2x% +
+ 11x - 2; DONYSHNM: X = 2%. Tpadpur 3a08HHOR NOCNAEZOBATENBHOCTH
COCTOHT B3 TOUeK, NPHHALISKAIMNX YRasaHHol napa6osie, BeTEH KO-
TOpoit HApABACHH BHH3, H AMOIOITEX CBOAME alcmuccaMmy HATYpAIb-
HEle YHena. Bimyke BoexX k BeplnwHe NapaGosikl PACTIOAATAETCSH TOUKA

¢ abcuuccoli 3, AMeHNHO B Hell DOCACAOBATENLROCTD H AOCTHUIAET CBOS~
ro BaRGONFIEro SHAYCHAN: Y,..c = Vs = 13.

46)3anannnanocne.nommomyﬁummmm, SHAUMT, Yuuus = Y =
-5-.

37.44. HzpecTHO, uTO (X,) — OrPAHMYEHHAA TOCAEAOBATEALEOCTD.
Sengerca /m orpaAuYeHHOl NOCACACRATENLAOCTE: a) ¥, = —5x, + 2;

x3 1
Op =231 B aA=gavi’

Pemenne, a) ITo yenormo (X,) — OTDAHHYEHHAA TOCASIOBATENE"
HOCTB, 2HAYHT, CYINESCTBYIOT 9YHCAA 4 B & Takue, UTO ANA Mmoboro n
BEIDONHACTCH HEPABEHCTBO 4 & X, < b. Ho Torma —-5b < —5x, < -5a,
-5b + 2 < —Hx, + 2 < —ba + 2. [lonyuenHoe pBolHOE HEepABEHCTBO
03HAYAET OTPAHNYEHHOCTE: MOcAeAOBATeNAbLHOCTH (Y,).

2
6) fAcuo, uro 0 < Ex:_l < 1 aaa moboro n., 3HaUNT, DoCASAOBA~
TenxbHOeTs (P,) OIDAHHYCHHAS.
1
B) Hcno, ure 0 < W—l % 1 ana moforo 2. 3saunT, NOCIALAO-
BATENLHOCTE (2,) OrpaHmIeHHAA,
37.4%7, a) Ilpx KaKAX 3HAYCHAAX MAPAMETDA P ODOCICAOBATSABHOCTD
2n+ p
Yn = = OTPAHUYUCHA CHEPXY UHCIOM 1?2
6) IIpn KaxkMX 3HAMCHHAX MAPAMETDA P NOCACAOBATEABHOCTH

Yu= 'g—"i% OrpaHM4YeHA CHHIY umicioM 17
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Pemenue. a) lag moboro n AO/KHC BHIOAHATLCS HOPABSHCTRO

%t‘% <1, 7 e.n~ 12 p. Illocnegaec BOZMOXKHO TOI'JIA H TOABKO

ToTAa, Koraa p < O,
6) Ina moforo # JONKHO BEINOIHATHES HEPABSHCTRO %4'—_?{4 =1,

7. e. 2n —~ 1 3 —p, [locneaHee BOSMOMHO TOTAA H TOJXLKO TOIZA, KOTAA
-p< 1, 7. e. korga p > —-1.

37.52, IoxasaTh, 9T0 30AAHHAA BOCASTOBATENEHOCTS BOZDACTACT:

nt+3n%+1
Ay =n*+2n; DY, =TI s

Pemen ne. a) JOocTATOMHO QUeBHAHG, 9TO ¥, ., = (7 + 1)) + 2(n +
+ 1) 6oabure, yem y, = #? + 2n; 3HAYAT, MOCAEAOBATENLHOCTE BOZPAC-
Taer.

1) IlpecbpasyeM IOCHAeROBATEALHOCTL K BUAY ¥, =1 — -'-tr-'_fw

Yem Gonwlie n, TeM OoNbIle SHAMEHATEAL APOGH, 3HAYAT, TEM MEHB-
mre Apolr H, COOTEETCTBeHHO, TeM Jonbime y,. IlochexRonaTeNLHOCTE
BOIDACTALT.

B N 37.60 Baa0 npuBecTH ODpHMEPh NOCAEROBATEIbHOCTEH, ofna-
JAIOMINX onpefe/leHHEME cBoiicTeamu. IIpuBeaeM Bo3MOYKHEIE BApH-
aHThHI.

a) Boapacranomasa, OrpaHIYeHHAA CBEPXY NOCHASA0BATENLHOCTR, BCE
9NeHBI KOTOpO# moNo:EATeabHEe 9nchaa. Moxno B3ars y, = arctg n.

6) Y6nmamwinag HOCHeAOBATONREOCT, BCO SEOHLL KOTOPOH NpAEHAS-
nexarT ETepBaay (0; V). Moxno saaTe y, = 7 arctg n. B caMoM Jene,
byaxnua y = 7 arcetg x OpRHEMaET TONLKO MOACKHTEIALHEE SHA-
YeHEns B yOLIBAeT, SHAYHT, H VKAGSHHAA TOCAEAOBATENALHOCTH VOBI-
BARET K Bce ee WiIeHH Goxbine Hyada. C apyroft ¢cTOpoHH,

7arcctgn<7&mctg‘l=7f: < 7.

B) Bo3pacraninas nocaei0BATeILHOCTh, HMBIOMAS POBHO TPHE OTPH-
naTeapHmx wiena. Moxxno paare y, =n -4, y,=2n-7,y,=3rn- 10
HT. R

r) HeorpanuyeHHad HEMOHOTOHHAA NOCAEROBATEABHOCTH. Hanpnu-
Mep, y, = (—2)".

§38
38.12, [ioxasaTh, 94TO NOCACAOBATONLHOCTL HMEET Ipefes:
Bty =1t s+ bt g O)mm ot g bt B
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1 1 1 1
Pemeune.a)Bnecax,,:l-i—E +¥+...+—2—.,x“,=1+§ +

1 1
+?+...+?

HOCTEL BoapacTaer. Jlanee, BOCHOJR3OBABINNCE (opMyNoH CYMMEH 1t
YWICHOB TeoMeTpHYeckoll DporpeccHE, DONYTIHM:

1 3-G))

1 B 1\
x—1+ 2+23+"'+ )—1+ 1-1 -2_(§) <2|

1
+ > ficro, uT0 X, < X,,1, T. €. [OCHACHOBATEINH"

BHAYHUT, DOCAEAOBATENRHOCT OTPAHNUEHA CBepXy. 1o Teopeme
BefiepmiTpacca mocaeROBATENBEHOCTE CXOLHTCA.

1 1 1 1 1
OBrecsx = Tyt prg Tt M= a2 tRsd t
1 1 1
te-tp*t*Imaat o
PaccMOTDHM PASHOCTE X,y — X, FMeeM:
1 1 1 1 1

T T LT i1t ;me2 " n+l T+l sz 0

BHAYAT, NOCJACACBATENLHOCTh BospacTaerT. [Hanee,

-t . _1_ 1 1 1 1 _
x“—u+l+n+2+ +M + +o.l+,"—ln

Hm

3HAYNT, MOCHeJOBATeIBHOCTE OrpPAHEYEeHA cBepxy. Ilo Teopeme
BeftepmiTpacca IOCAeAOBATENBHOCT CXONATCH.

1
Im |73 3 3.575.7 7"""*(2::-1)(2“1))'

1
et @n-i2n+D) =

(2n+1)«-(2n-1))_

(@n-1)2r + D

3 35
(-3¢ G-8)+G-2)+ - E5-5) -

Tenept AcCHO, TTO HCKOMEIH NpeAen paseH %
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* “ . n
88.21. a) Bruncaute lim 2,L3—f.
nsw 2 —86-4
Pemense. Ecrh CMECT NOYICHHO PASACARTL YHCAHTENL H 3HA-
MeHATeNb xpobu Ha 4", Iloayunm:

i 28 4347 _ limz.(_i)“”

e 2°-6-4" a3 (%)3—6 '

Hockxonbsgy (%)u ->0= (%)“ — 0, monyguaeM B npefene —%.

88.87.6)Pemm'hypannema02x+1+x’—x“+x‘—x‘+,,,=ls—,
ecau HIBECTHO, uTo |2] < 1.
Pemenue. 3amern™, uro x%, —x°, x4, —x%, ... — GecroHeunan

reoMeTpHYeCKasd MpPOFPecCHd, 3HAMeHaTeNh § KOTOpo# paBeH —X, OH
no moayaio Meabine 1. IlpuMenns dopMmyny cymmu SeckoHeuHOH! reo-

MeTpHUecKoit mporpeccun (S=1_q NOAYUNN:
x2
x*—x‘+x‘—x‘+...=m

OcTaeTcq pelluThL ypaBHeHue 2x + 1 + 1+

17
OTBerT: 3 g

88.88. a) PemmuTs ypasHenue gin x + sin* x + sin*x + ... + sin® x +
+ ou=5o

Penie HHe. YDABHCHEIO He YAOBJSTBODSIOT Te SHAYCHHUA X, OpH
KoTOpEIX sinx = 1 nau sin x = —1. SEaunr, MOMHO CUATATE, UTO

|sin 2} < 1, » mpuMenwTs ¥ MeBOX wacTE ypaBHeERA GOPMYNAY CYMMEI
fecroReyHOM reoMerpudeckoit mporpeccEn. B nTore 3azaua crezerca

ain x
K PelleHHI0 NPOCTOr0 YPABHEHEA T _ gn » = o
OTBeT: X = (—lrarcsin% +n, ncZ.

§39
39.10. IlocTpouTs rpaduK HenpepHBHON Ha (—00; +-00) GyRERRIENA
¥ = f(z), obnagaomeli caeaywImuMn cBONRCTBAMHA: a) Pﬂlo flx) =0,
f(x) > 0 ma (-o0; 0), E(f) = [-5; 5], dynxnus yGumaer ma [2; T}
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6) lim fix) =5, Um fx) =0, E(f) = [3; 5), {(x} < O 5a (0; +),

X400

dyHKIHA Bospac'rae'r Ha [3: +cc) u youeaer Ba [0; 8).

PemeHnue. a) Tpadux usobpaxen ma pucyHke 84,

0) I'padux paoGparxkeH BEa pucyuxe 85.

Caegyer 3aMeTHTE, UTO NOAO0HEIE HeTPARUIBORARE IS YIAIIKX-
cqA 3ajaHuA HOCAT TBOPYeCcKHH xapaxkTep, a moToMy EMeT Goxsmoe
PasBHBANOINEe BHAUEHHE,

39.32. BuuHcanTs:

a) im¥Ex8=3, 6 tim (/2r+ 8- V2r- 7).

x*x=>3 x—+io0
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Pemeune. a) IIpu x = 3 7 IBCAATEADL, B 3HAMCHATENH Apobn
oﬁpamawmano—mcneonpegenennmma%».ﬂmzeepac-

KPHITHA N YMEIHTENL, M 3HAMEHATEND Apobu AOMHOMKHM HA BRIDAIKE-
HHE, COMPSIKOHHOS THCHUTETIO

a)hm"x'" -3 _ (Jx+6-3)(Jx+6+3)=
x=3 x3-38x x=>8 (x2 - 3x)(Jx+6 +3)

(x + 6) —

= Hm hm——l-—— =
=3 x(x - 3)(\4 8 + 8) x-+3 x(slx +6+ 3)
1
18°

3(J3+ +8)
6 lim (V2x+3-V2r-T) =

Xy 400

fi 028 - V2 DBr+ 3+ VB -7) _
£maae J2x+3+y2x—T -

. 10
= lim
¥t fOx 4+ 3+ 22 - T

=0.

39.33. Berauenurs:

1-cosx
s lim 1325,

6) gin Tx — sin 3x
x-0 gin Bx — sin 2x°

Pemenne. 3aeck nCnonbp3yeTca DepPBLHH 3aMeIaATEILHEIN IPeaeIT
B ofofimeHnoM BHAE:

xro kx =1
2 X gnX ginX
1-cex 20075 01 T3 5
a)!]_l'l% x: T ¥o0 x2 -x—}oz- X x -
2 2
1 1
=§'1 1=-2-.
6 8in 7x — gin8x _ 2sin 2x cos 5x
)x»osinsx-smz.x_z-m 2 sin 8x cos By
- 3%..?2"_.._31 1-3
T a0 8 2x gindx ~ 3 -3

7 AareGpa b s var, umaee. 10%8, 177



§ 40
40.10. 6) BocrionbsoBapmIack onpeienrenaem, HafiTy npoOHsBOJHYIO
1
bymKIME y = 3.
Pemenne. 1) Bubepem dExcupopasEylo TOuKy x # 0; B atoit

TouKe f(x) = =

2) Nagam aprymeHTy npmpalleHHe Ax, HO TaK, 4To X + Ax # 0;
B 2Toil Touke fix + Ax) = m

1 1  —2xAx - (AX
3)A”=(x+AxF'Z§= X+ AXE

-2x - Ax
4)%= 2Ax + AP

. 2-Ax _ 2 1y __2
S)Mﬂx+my— xg.sﬂam, (;'5)— xg-

Ar =0

40.11. BocnoassopaBmmceh OnNpeleneHHeM, HallTH TpOHZBOIHYID
bYHKUMHE B TOUKe ¥, AN AOKAJIATH, ITO OHA He CYIECTBYET:

8) _{&:,ec.lmx}(), o
¥y= —2r+3,ec.mx<0;x°_ ’

x2, ecma x < 1,
Ty=

=1.
2¢ -1, ecmx x > 1; *o
Pemenue. 8) ApryMeHTY MOMKHC AaTh AHGO NOAOKHTEAbHOE,
apbo oTpALATEAbHOE NpHPpamende. Beam Ax > (), 1o paGorarh caeay-
eT [0 DepBofi CTPOKe 3agamna GYHKIMH; DOoayIAM: Ay = 3Ax B B npe-

nene Las % npu Ax = 0 nonyunm 3. Ecnmr Ax < 0, To paborats cie-

IyeT 0o Bropoll cTpoKe 3afaHHA QYHKINH; TOAYIAM: Ay=-2Ax n B
npeaexe nuA ﬁxﬁ npu Ax — 0 noayunm —2. Ilpegenn peasHHe, 3HA-

YT, DpoEaeoAHag B Touxe 0 He CyIIecTByeT.

Ha camMoM peXe, 3zieck BCe SCHO apriori, IOCKOJLKY 3QARHHAS
¢dyHRIEA PASPEIBHA B Touke X = 0 (pme. 86), a moroMy Reaudxbeper-
EapyeMa. Paspuie MOXHO Gein0o 00HapYRUTL cpasy, (e3 IoCTpOeHHA
rpadHKa, H CAeNaTh BHIBOJA O HeCYIIeCTBOBAHHE IPOMIBOXHOHN B 34-
AaHHON TouRe.
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r) ApryMcHTY MOKHO AoTb AuG0 NONORMUTENLHOS, Aulo oTpHIA-
reasHoe npupamenne. Ecan Ax > 0, To pafoTATE: cAefyeT N0 BTODPOH

wwmmam@ymmn;umywu:Ay:zAxnnnpemem%

opu Ax -> 0 moayusM 2, Ecou Ax < (, To paforars cireayer no mep-
Boil cTpoKe 3agAHEA QyHKUHHN; noayaam: Ay = (1 + Ax)? — 12 =2Ax +

+ (Ax)? u B npegene ana % apu Ax — 0 poxyunm 2. [Ipesen ogue B

ToT e, Kpome Toro, PyHKIHA HenpepHEBHA B TouKe X = 1, sHauuT,
NpOHM3IBOAHAA B 9TOH TOUKe CYIIECTBYET H paBHa 2.

Tpadax GyHERDER NpeAcTamieH HA pucyHKe 87. Baano, Kax noc-
ae TourkH (1; 1) mapaGosa naapHo, Gez HaNOMA IepemiIia B OPAMYIO.
9Ta npaMas -— KacaTeNbHAA K napabone ¥y = x% B Touke x = 1.

PaxTHYecKH 3fech peyk BAer of OQHOCTOPOHEEX npeAenax. Crporo
roBopd, B yueluEKe 00 9TOM HAYEro HEe CKASAHO, NOPTOMY DeIICEHe
OCHOBAHO Ha HHTYMTHBHOM NOHHMAHHH — NOTOMY-TO IPDHMEp 4 OT-
HOCEH K YHCAY DPHMEPOB HOBEIICHHON TPYRHOCTH,

§A0

41.38, 6) Cymecrayer sm nporssoanas pyuxnmum y = |x® — 5{x| + 6]
B YKA3aHHEIX TOUKAX: X, = —2, 1, = 0, x, = 2,57

Pemen ne. MOXEO nocTpouTh rpaduk PyEKIEN B BCKO HeoOxo-
IUMYI0 HEGOPMANIRI0 K3pNedbh H3 reoMerpuueckoil moaean. I'padu
CTPOMTCA B HECKONBKO IIAT'OB:

1) crpoun napatony y = x* — 5x + 6; 2) ocrasuB TY YACTh Napato-
JIBl, KOTOPAA JeXHT NpaBee OCH OPAKHAT, @ A0GARHB CHMMETDHIHYIO
elf OTHOCATENLHO OCH OPAMHAT BeTBb, DojiydaeM rpadpmx dyaxmun
y = x% — 5|x| + 6; 8) ocranock ToABKO OTOOPAZHTE CHMMETPHYHO OTHO-
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CHTEJBHO OcH abcnwcee Te yYacTKH rpadbMira, MOCTPOSHHOTO HA BTO-
POM IIATe, KOTOPHE JI@XKAT HUIKe oCH aGemucc (puc. 88).

Toukn x, = —2, x, = 0 — ToukE HaNOMa rpadpuKa, B 2THX TOUKAX
KACATENBHYIO K TpadHRy OPOBECTH HeNb3d, SHAYHAT, NPON3BOAHAA HE
cymeceTByeT. B Touke X, = 2,5 k rpadhMKy MOKHO IDOBECTH KACATEIL"
HY10, OpudeM OBHA OyAer mapasnrensha ocu alcumec, SHaAYHAT, MOMKHO
Heé TOABKO YTBEDIKAATH, ITO B 2TOH TOYKE INDOMSBOAHAA CYIIECTBYET,
HO M YEA3aTh €0 3Ha4weHHe: y =0,

41.60. Banary apamuTveck® byaxnunw y = f(x), ecom rpadu-
KOM ee MPOM3IBONHON ABAAETCA:
a) napeboaa (puec. 89); ©6) nomanan (puc. 90).

Pemenue. a) Ilapalona, cyaa 1o uepresxy, IPOXOANT Jeped TOY-
KB (0; =8), (1; —2) e (—1; —2), ee ypasaenne y =22 - 3. Beat f(x)=x*- 3,

x3 x?®
mf(x)=—3--3x(06mninnn: f(x):-g— = 3x + a).

Hm,y=% - 3x.

A 7}
e
_\ A~ y=r(v
\ /
=\ 10| | 22| |~ "3.5 0 [ n r
\
Puc. 89 Puc. 90



6) 3HaA ABe TOYKH, Yepe3 KOTOPHEe OIPOXOANT NPAMA NUHNW, He-
TPYAHO COCTSBHTH €¢ YPaBHEeHHE. JTO JAeT BOSMOMKHEOCTE 2JaTs IpO-
H3BORHYI0 KAK KYCOUHYI0 QYHEIHIO:

-2x - 4, x < =25,
2
— - LX<
Y= 7x + T 25<x<x1]l,
2 8
3.1: + 3’ x>1.
3uayuT,
-4x +a, x < -2,5,

1,2 .12 _
y= 7:: + 7x+b, 2Zhwx<l,

1 8
2x +32x+e, x> 1.
3x3 i 1

Ocrasioch 3EAUEHHAA KOHCTAHT g, b, ¢ mogobpars Tak, yrobn yak-
KA 0317 HeNmpephIBHA B CTHKOBMX TOYKAX, HHaUYe HA rpaduxe mpo-
H3IBOAHON IPHUAETCH B CTHKOBLIX TOYKAX CAENATEH MpoKoarl. Oqun

BOSMOMHLIX BAPHAHTOR: @ = 121%-, b=T,¢c= 6 11 {anayenue, HANIDH-
Mep, AnA napaMerpa b BaaTo mayram: b= T).

41.62, IIpy xexnx sHAYSHHAX ¢ U b dyHRNUA
_{2x~3,ecnnx<l,
V= x+ax+b ecrm x > 1:

a) HeOpepHEBHA HA Beell uucnoroil mpamoil;
6) auddepennupyeMa Ha Beeill yucaonoll npamoit?

PemeHne. PYHKIHA APHO HePepHBHA B AEddepeEnEpyeMs BO
BCeX TOYK&X IHMCIOBOH npaMoll xax npH x < 1, Tar x upu x > 1. Coenu-
AARHOTO PACCMOTPEHUSA TPe(yeT JHINh ¢TOMKA CTRIKA» — Touka x = 1.

a) TIpm x = 1 sHavenne pyRKopn BEYUCHAETCH N0 Depeol CTPOKe,
oHO pasHO —1. JIna HempepriBHoCTH QYHKIMM B 210l TOuUke AOIKHO
' BEINOJIHATLCA PABOHCTBO El}{x’+ax+b)=—1; moryaaem: 1 + e + b=

=-1, T. e. ¢ + b =-2. Ilpn oToM ycmoBunm sapanHad byHKORA Herpe-
phiBHa Ha Bcell umcaopoill mpamoit.

2 ecmx<l,
2x+a,ecm x > 1.

Oyuaxuus 6yperT auddepennEpyesa B NpopepieMoli Touxe x = 1,
ecrm 2=2-1+a, 1. e, npu g = 0. Ho venp3a 3a0LBATL 0 HONYIeH-
HOM B OYHKTEe 4) YCJIOBHH & + b = —2, orRyza nonygaaeM, aro b = -2,

Hrax, dpyuxups axubpdepennupyers Ha Beell uncenopoil mpamol,
eciaag=0,b=-2.

6)Hueemy’={
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41.69. Crpourca Moer napaSonnueckoit GOpMBl, CoeARHIIONTHN
OYHKTLI A B B, paccroaare MeXRAY KOTOPRME paBHo 200 M. Brean
HA MOCT H CHe3Z] ¢ MOCTA AOJDKHH OLITh NPAMONHHEeHHNIME YIACTHA-
MHE IIyTH, 9TH VUACTKH HADPABJCHE K FOPHIOHTY IIoA yriaoM 156°.
YHA3aHALIE UPAMEE OOJKHBL ORTE KACATEALHEIME K napaGone. Co-
CTABHTEH YPABHeHHEe NDpodIiIsa MocTA B SaAaHHON cHCTeMe ROODAHHAT
(puc. 91).

Pemenne. Ha pucynre 91 ACB — napabosa (mpodrie Mocra),
TOUKHA A # B nMesor xoopausat A(—100; 0), B(100; 0). Ilpamuie AK
u KB racawTrea napaboiil B ToUKax A B B, nX yrnossie KosddEIHEATH
DABHH, COOTBETCEBOHHO, tg 15° i tg 165°. BygeM HeKaTh YpARHeHHe IIa-
paGonss B BEAE: y = ax® + ¢, rae a < 0, ¢ > 0, Torna ¥ = 2ax, npaueM
¥'(~100) = tg 15°, Baagnr, 2¢ - (-100) = tg 15°, oTKyna HaxoguM:

__lg16°
=550

YureM, uro y(—100) = 0. Iloacrasus B ypaBHeHHe mapaGoJaLl 3Ha-
gemnsa x = ~-100, y = 0, noayunm:

0=10000a2 + ¢;

¢=-10000a = -10000 - (-%3%) = 50 tg 15°.

KoapdunoaenTs 4 ¥ ¢ HAlAeHE, ¢ UX NOMOIILIO COCTABNAEM yDaB-
HeHHe Npoduaa MocTa:

y =% 1 50 tg 15°.

41.70. a) IIpn xaxux 3HAUYEHHAX MAPAMETDA d KACATENLHEIC K
rpaduky dyaxnmm y = 4x% — |a|x, nposeserEBIe B TOUKaX ero mepece-
96HHA ¢ OChIO X, 0bpasyior Memay coboli yron 60°?7

6) IIpn KaKMX 3HAYCHHAX TMADAMETDA & KACATENhHBEIC K rpadnky
dyrxnmm y = x* + |a|x, nposesenHnIe B TOUKAX ero MepecedeHHA €
OCEI0 X, OGpasyioT Mexay cololt yronm 45°7

Pemenne, B »roif sanage, Kak ¥ B Opeanymeit, peus Baer o
KACATENBHEIX K rpaduiy dpyarnun. COCTABIATE ypABHEHNE KACATEID-
Hoil HM B TOil, HH B APYroi 3a7a9€¢ He HAKG, ACCTATOYHO HCOOALIO-
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BaTh (YTO GoJNlee BAXKHO HA AAHHOM 3TANE) IeOMETDHYOCKHE CMEBICK
OPOAIBOABOH, T. €. YIHOBEE KoodPMunenTH KacarTeabHbix.

a) T'padpuroM PpyHKNUE ABIgeTcA OApPaGoJiA ¢ BeTBAMH, HAPAE-
JICHHBIMM BBepX, ODepeceRaloman och X B IByX Toukax (coyualt a = 0

a
HAC SIBHO He ycrpamBaeTr): x, =0 u x, = "3 BUPOUEM, SHATHMO JTHIIb

10, 9TO X3 > 0 (puc. 92). Kacarensapie AM um BM nepecexalorcs mox
yraom 60° B rouxe M, nexamelt Ha ocH napaGosbl, IpMYeM BOSMOK-
HEI ABa cayuas: mabo ZAMB = 60°, mbo emexurnll yroa pasen 60°.

B neppom caydae yrod Mexay KacareasHoll AOQ H ochl) X paBeH
120°, cregoBaTensHO, yriaoso#t xoshhEnmeHT Kacareanuol pasen
tg 120°, 1. e. OH paBeH 3.

Hanee nmeem: i = 8x — |a|, ¥(0) = Ja|. Taxum obpazom, noxyua-
em, aro —V3 = —{a|, r. e. a = 3.

Bo sTopoN cayuae ZAMB = 120°, noaroMy yroa Mexay KacaTeAb-
Holt A0 u ocpio x pager 150°, Buauur, yraosolt KosddunuesT Kaca-

TenbEON paBenH tg 150°, T. e. o® paBen —%. Taxkam oSpasoM, OOAY-

3

3 L]
6) 'padukoM PyEROEM ABAgeTcH Napabosa ¢ BeTBAMM, HANDAB-
JIeHHBIMH BBepX, IepeceKaloas och X B ABYX ToUKax: x; =0 mx, <0
(pmc. 98). Kacarersane AM w BM mepecexarorca moz yraom 456° B

rouke M, nexamelt Ha ocH napalonsl, DpHvYeM BOSMOMKHEL JBA CIY-
uan: anlo ZAMB = 45°, arto cMexHERIE yroa paeH 45°,

qaeu,trro—%=—|a|, r.e.a=¢%
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B nepBoM caydyae YroJa MexRmy RacareasHol BO B O0CBI0 X paBeH
67,5°, cnepoBaTensRO, YrIoBold kKosdduUNHeAT KacaTeAbrHoH paBen
tg 67,5°, BrmomaRM HeoOXOAEMEBIé BEXIACACHRS!

»_ 8in67,6°  28in67,5°cos67,6° _ _sin135°
48 67,5° = s = Toos67 5 o0 6755 = T+ cwslsss = V2 + L.

Hanee, umeem 3 = 2x + |a|, (0) = |a|. Taxum obpasom, noayua-
em, uto V2 +1=|a, 1. e. a=+(v2 + 1.

Bo propoM cayuae ZAMB = 135°, mosToMy yroi MeXAY KACATeNb-
nolt BO ® ocblo x pageH 22,5°. 3Haunar, yraoeoi xospdunaenT Kaca-
reapHON paBeH tg 22.5°, T. e. V2 - 1. Taxanm o0pasoM, nmoAydaeM,

wro V2 —1=a, 7. e. a =2(¥Z - 1),
OrseT: a) iJE_l, :L-%; 6) +(V2 + 1,22 -1 (xopoue sTO MOXK-

HO 3amucaTh Tak: +V2 t 1).

§42

B #10oM naparpade sHaKOM & OTMeueHN HoMepa 42.8, 42,16, 42.34
u 42,38, KoTOphie, HA CAMOM Aexe, 0¢ofoli TPYAHOCTH He MPeRCTARIA-
10T (10 KpaitHelf Mepe INA YUHTeNAd MATEeMATHKH), JTOT SHAK YKASHI-
BAaET NAMb Ba afcoMoTHYI0 Heo(ABATENLHOCTh YKASAHHLIX HOMEDOB,
ocoBeHHO IIPH HeZOCTATOYHOM KONHYeCTRe YACOE Ha HY'eHHe Kypca
anrefpM B BHAYAN AHAIASA.
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§43
438.47. a) Yepes Toary B(—2; 3) npopecTA KAacATeALHYI0 K rpadm-

Ry PyHROAN
y=V8-x.

Pemenune, Henonrssya ofmuit BRx ypaBHeRHA KacaTenbHOM’
¥ =1 (a) + f(a) (x — a), cocTaBuM ypaBREeHWe KacaTeabHOR K rpaduKy
sapaHHON QYHEEUMM B TouKe ¢ alcnuccoll x = a:

1
y—«/S—a—m(x-a). )
IlopcTaruR B 3TO YpPaBHeHMe 3HaYeHHA x = -2, y = 3, moayIaM
HpPATHOHANBHOS YpABHEHWe
1
3=V8-a -3/ a2
DEIINB KOTOpoe HAXOAMM: &, = 2, a4y = —22. Ecau a = 2, 1o ypasHeéHne

(1) npumer BEA y = —923 + 2; ecnin g = ~22, vo ypaeHende {1) opamMer

eag y = —0,1x + 2,8,
Apanornuno pemaporea M 43.47 6 » 43.48,

43.50. 6) CocraserTe ypaBHeHEe KacaTensHON K rpadmry QyHK-
un y = %, x < 0, orcexaromedt oT ocefl KOOPAMHAT TPEYrOALEHK,

IJIOIGAAEL KOTOPOrO PABHA —g

Pemenue. Peur HjeT 0 BHUHCICEAY IVIOMAAN TPeYTOABHHEA
OABnapncymce94;AB—uacamnaaxrpa¢mcyq)ymmy=;1§,

¢ — afcoEcca TOUKH KAacAHMA,
CocTaBEM YpDaBHeHHe KACATeJBHON

B ofimieM BHJe: 7
2
yp= "'a—z' - ?(x a),
2 3
y=—g=* + =" (2) 1]
y =
Haitzen roUKH Depeceterna »Toit np:- xI?
MOit ¢ OCIMH KOODAHEAT.
Ecmx=0,my=%.c.uenonam- 1__.3
. 3 >
HO, TOUKA B uMeeT xoopau=aTi B (0, pr ). IA T _Il ry) x
noaromy OB = % Puc. 94



Ecnr y = 0, o x = 32a. BHauuT, TouKa A uUMeer KOOPAHHATH

A(% 0) noa'rouyAO——g {(ME yuan, uTo a < 0, a 3geck peds uAeT

0 CTOpOHe TPeyroNbHHKA, A He 00 abcomcce Toukm A).
9
Mo yeropmo naomans S TpeyroxbHarka AOB pasHa B CHeAoBa-

TeABHO,

1 9
EAO -0OB = B

=8a
T2
a=

¥

—-ng.
8

Do =

3
ET
-2.

TloacraBur 210 3HAYeHHe B ypasHenme {(2), NOJAYYHM YpPABHeHHe
ACKOMOH KacaTenbHON:

1.3
y=3+7%

AnanorsyHo pemaiorca Ne 43.50 a u 43.51.

BaMeuanne. K sToMy BpeMeEM yualllHecs eie He SHAKOME ¢ dopMy-
moit padpdeperneEposarny cremenaol dysrmun. Movromy nponseoaay0 drynk-

1
UBH y = 7 IPUXOANTCH MCKATH N0 NPABHTY AE(MpepeHMUPOBAHHA ACTHOTO,

a He 0o rorosoi Qopmyxne ¥ = —2x 2,

43.52. a) Ha ocn y 3aTa Touka B, U3 Hee MPOBEACHE! KACATENL-
Hble K rpadaxy dyHKoHE y = 3 ~ %x’. HagecTHO, YTO BTH KACATENb-
HEle 00pasyioT Mexay coboit yron 90°. HafiTe xoopauaaThl TOUKE B.

Pemenune. Ha pucynre 95 naobpaskens uapaboasa y = 8 — %x’

U KacarenbHule K Helt AB un BC, ZABC =90°, LZABQO =45° u ZBAQ =
= 45°, 970 3RATAT, YTO KACATEALHAA K Napafose B TOYKE ¢ HEHIBECT-
Holf HaM mora aGcmuccofl a ofpasyeT ¢ HOJAOEHTENLHEIM HAIPABe-

HHMeM ocH x yroa 45°, a noromy f(a)=1, rae f(x) =3 — %xg.

HAmMeeM: 1'(x) = —x; f'(@) = —a; —a = 1; a = ~1 — alcuucea TOUKH
KacaHEA. CocTABMM YPABHEGHHE KACATENBHON:

Y=+ D+ 1) y=25+(x+1); y=x + 3,5.
Buauwr, B = B(0; 3,5).
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43.58, 0) CocTaBETh YPABHEHHA TEX KACATEARHEIX K rpadary GyRr-

ouu Y = % (1 — x%), RoTophie nepecexalorea mof yraom 120° B Tou-

Ke, Jemameil Ha ocH ¥ (pue. 96).
PemeHnue. KacareasHaa BC cocrapiadeT ¢ ochlo abeiuee yron

150°; tg 150° = ——‘/3—5 — 9T0 yrioeoif kRoaddunnenT RacaTensuol BC.

V3

¥raosoil kosddrnrenT KacareasHolR AB paBeH, cOOTBETCTBEHHO, ~7—

3
Hmeen: i = -—%x. W3 ypaBHenM# %x = %

aro abcuucea ToukH Kacanufa npaMoll BC u mapabomni. B rourxe x =1
sagaraad GyEKOuSa npaEAMAacT 3Ha49erne (; oTcoia caegyeT, 9To TO9-
KA KACZHUA NeXHUT HA ocH aficnuce, IOSTOMY TOUKOR KACAHHA ABJIA~
eTCA TOIRA C (AMEHHO TAK H CACNAH 9epPTeix).

HAXORuM: r = 1 —

187



Tenepr y3¥e HeTPYAHO COCTABHTH YPABHEHHMA KacarTeJbHHX. Ilxa
BC pmeeM: y = —%(x —1); g AB uMeeM: y = ‘—?(x + 1)
Anagormano pemarorea Nt 43.53 a m 43.52,

43.54. 6) HaiiThn TOUKY nepecedeHHN KAaCATEIbHBIX K rpadHKy
dyernuu y = x* + |x ~ 1|, nposefeHHRIX Uepes TOURE ¢ abcmuEccaMu
xr=2,x=-2

Pemenne. Bum x = 2, 10 [x — 1| = x — 1 1 ananurideckoe 3a-
napne GyEEnMM DpuHAMAaeT BHA ¥ = x° + x — 1. YpaBHende Ka-
caTeAbHOM K rpadmiry »TOH PYHRIHMH B TOUKEe X = 2 HMeeT BHA
y=13x — 17.

Benu x =2, 10 |x — 1| = ~x + 1 u aHagATHYeCKOE 3afanne QYHE-
UMH OpHEHMaeT BHA ¥ = x° — x + 1. YpaBHeHne KacaTedbHOR K Ipa-
tdmxy sTodt pyEKOEM B Touke ¥ = —2 UMeer BRA ¥ = 11lx + 17. [fiBe
moXydeHHKIe IPAMEE Nepecexkaiores B Touke (17; 204).

43.55. a) IIpn KaRUX SHAYCRHAX TAPAMETPa P KACATeNbHAS K I'pa-
duxy bysxmua y = x? — px B Touke x = 1 npoxoguT Yepes Touxy (2; 3)?
Pemenne. CocTasuM ypaBpHEHAE KACATEASHOH K rpaduKy 3ajaH-
HON (PYHKIHMU B TOUKe X = 1:
y=1-p+@B-py{x—1).
Tax KaK STA NpsSMad IPOXOAAT Uepesd TouKy (2; 3), To mMeeT Mec-

To pasencrBo 3 =1 —p + (3 — p) (2 — 1), orkyaa HaxoamM: p = %

43.56. a) fIzngerca in npaMaa ¥ = 4x — 5 KacaTenbHoOM K rpadm-
vy dynruyn y = x* + 2% — x — 27 Ecan aBasercs, To HANTHE KOOpKH-
HATH TOYKH KACAHHA.

Pemenne. Hyers f(x) = x* + 2 — x — 2. H3 ycaoBua ciaegyer,
YTO AONAKHO BHRINONHATHCA PaBeHCTBO f'(x) = 4, rAe ¢ — BOSMOSKHAA
abcopcca Tourkm Kacamma. Hmeem:

f(x)=8x%+ 2x - 1;
8a®+2a—-1=4;

a, = 1, a, = _g.

Ecnu Teneph COCTAENTL YPABHEeHHe KacatTensmoi ¢ rpadmry sa-

DaRAO#d GYHKOHHE B KAYKHOK M3 ARYX HANJEeHHLIX TOYeK, TO OKAIKET-
cfl, UTO B TOUKe 4 = 1 Kax pas H noayuuTea ¥ = 4x — 5. BHaunT, roura
KacaHnsd HMeeT Koopauzars: (1; —1).

48.568. a) TIpu KaKNX SHAYCHUAX NapaMeTpa @ TpaMag y=ax + 1
ABNAETCH KacaTeJbHoN K rpadmky Gynknum y = Jdx + 12
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Pemerne. 3z yeroBHA cllefyer, 4TO ACAAHO BHNIOAHATLCH Da-

pegeTRo (D) = @, rae f(x) = Vix + 1, b — aGcomeca TOYKH KACAHEHSA.
3HauHuT, ¢ 1 b cRA3AHK Memay coboit pasencTrOM
2

oy Sk @

CocTaBnM ypaBHeHHE KACATENbHON K rpadHRY sagamaoi HyHEKIHH
B Touke b:
y=f(d) + F'(bXx — b);
T 2

y=ax+ (J4_b:-—- JL)'

4h + 1
H3 ycnoBEA clefyeT, 9T0 AOAMHO BHINOJAHATLCA PABEHCTBO

Vib +1 - J‘é’;ﬂ = 1. Pertup 910 ypagHeHEue, moayuuM b = (. Tor-
aa 13 (3) moayuaeMm, U410 a = 2.

43.59. 8) K rpaduky dynxmun y = 2 sin® x + V8 gin 2%, x € [0; -g-]

AOpOBeieHA KACcATENBHAS, Napaineabaas upamoll y — 4x — 1 =, Haii-
TH OPAHHATY TOYKH KacaHWA.

Pemenme. y = 48in x cos x + 2v3 cos 2x. Abcnueca HETepecy-
el HAC TOYKH KACAHAA YAOBNETBOPsET VPABHEHNK I = 4. Hmeem:
4 8in x cos x + 2V3 cos 2x = 4;
2ginx cosx + ~/§(cos*x — 8in? x) = 2(gin® x + cos? x);

(2+V3)tztx - 2tgx+ (2-V8) =0;
tg'x=2—\/§.

Hm,tgx=2—~f§,xe [0; %].Bnam,x=arctg(2—\f§) -

afeunueca TOYKH KacaHHA. YTo0R HallTH ODAHWHATY TOURKH KACAHMN,
npeoOpasyeM BHIpaXceHHe, sajawinee PyEKLHAID:
2sin?x + V3sin 2x = 2tg x cos x(tgx + V3) =
2tg x(tgx + V3) 4(2 - V3)
= — = T = 1.
1+tgix 1+(2-3)

Oreer: 1.
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43.60. 6) Haitru HambosibInee OTPHNATENLEOS 3HAYCHEE X, OPH
KOTODOM EKacaTeAbHble K rpaduraM pyuxmuik y = 2 — 14s8in8x n
¥ = 6 8in Tx DapansenbEH.

Pemenne. 3a8aua cBOOUTCA K PellleHUIO YPaBHEeHHA
(2 - 14 sin 8x)’ = (6 sin 7x)’.
Hmeen nocnenoBaTeALHO:
—-42co83x=42co8 Tx; coe8x + cos Tx =0; 2co8bx cos 2x =0

n xn R , =k
x=ﬁ+-3-m:lnx=z+?.

HamSonpmee oTpUnarensHoe sHAUeHHe B IepBoll cepuM mojgyua-
€1TCca OpH n = —1, 0HO PaBHO —-1%. HanGoanmee oTpHOATENLHOS SHAYE-

HHe BO BTOPOH cepuH noayuaerca opu & = —1, 0HO paBHO —f:. M3 pali-
ACHHBIX ABYX uHMcen HauGoNsIINM ABISETCH IIePBOe.

OrBeT: —1—’:).

48.81. 6) Toura A ¢ abcuuccoit ~3 m Touxa B ¢ abenuecoli 3 mpu-
HOTORAT rpadbary QyERDEE ¥ = %x’ — 2x% — 22x — 28. HaliTu cym-
My aficomce Becex TexX TOYEK, B KaXKA0# M3 KOTOPHX KacaTenbHAd K
aTOMY rpadEKy naparnenbHa DpaMoi AB.

Pemenue. Halinem xoopaseaTs Touerk A ¥ B: A = A(-3; 11),
B = B(3; —103). Ilonezno o0hACHHTE VIAIMMCH, YTQ ANA HAXONHJCHHAA

yraosoro KoadwpuiyenTa npaMoill, npoxogamelt vepes Toaxku A(x,; ¥y)
n B(x,; y,), Be obsAsaTeNnHO COCTABAATE YPABHEHHE IPAMOIl, MOMCHO

BOCIONBB0BATLCH JIErKO BHBoOgEMO# dopmynoit k = H . B pgam-

-103 - 11
HOM cydae k = —3+3 = -19.

HaTepecyioniye HAC KacaTelbHBe AWIEKHEI HMeTh YTA0BON Koad-
buuzuenr —-19. s ypaBEenHa (-;—x‘ - 2x% - 22x - 28) = —19 nomy-

ugem: x — 4x — 3 = 0. Iro KBaApaTHOE YPABHEHHEEe HMeeT HBa AeHcTRH-
TeJbHBIX KOPDHA, HX CYMMa 10 TeopeMe Bmera paBHa 4.

OrperT: 4,

43.82. a) CocraeuTs ypasHeHHe ofme# kacaTensHoilt k rpaduram
yuxkmpli y=x>-x+1my=x+ 5x + 4.
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Pemenne, 3uecs MOXHO O0OHTHCE Oe3 NponzeoaHHIX. KacaTonas-
ByI0 K napalofe, Kak M KacaTeNLHYI0 K OKPYKHOCTH, MOYKHO OIpeae-
JHTH HE TOABKO KAK BPeJCAbHOS OWIMKCHAES CCRYIMeil, HO U KaK Opda-
MYI0, He ABIAIOILYIOCE Ochio napabo/bl 1 HMeomyio ¢ napatonoil oguy
oy Touky. 3HaUMT, ecnd ¥ = kx + m — ypapHeHHe HCEOMOit
obmeill xacarenbHoH, TO OJHOBPEMEHHO ACHMCHLI BHIDOJHATHCA ABA
YCI0BHA: YPaBHeHHME x2 ~ x + 1 = kx + m UMeeT eAUHCTBEHHKIN KOPeHk,
u ypaseeHHe X2 + S5x + 4 = kx + m mMeeT eAUHCTBEHHHINA KOPEHbD.
3HAYAT, AHCKPDHMHHAHTH O00OMX KBAaZPATHHX YpaBHeHHH paBHH
nysmo. [lna mepsoro ypaseesua saxogam: D, = (B + 1) - 4(1 — m);
Ana sroporo — D, = (6 — kY — 4(4 — m). OcTaeTcd pPeIIHTH CHCTEMY
B +2k+4m-8=0,

¥ -10k+4m + 9= 0.

Briura Bropoe ypaRpHeHne U3 NepBOro, HaxoanM, uTto k = 1. Torga
m = (, 1 ypaBHeHHe HCKOMOM KacarenbHOH MMeeT BHA J = X.

1
> By =/x?
P e i e H u e. KpuBrie nepecexaiorea B Touke (1; 1). B oroii TouKe

Ana nepeofi dynkonm ¥ = -1, a Ana sropolt — ¥ = % Yron Mexay

KPHBHIMH — 2TO YToJl MEXKAY KACATETLHHMMHE K KPHBHIM B TOUKe Iepe-
cevyeHRA KpAREIX. Ha pucyeke 97 uckoMueil yroa oboanauen OyKBoit V.
Hmeem:

ypaBHeHHAH {

43.63. a) ITox KaKMM YIIIOM TIEPECeKAIOTCH KPUBHE If =

tgoa=-1,1gf= %,a=li+?,

1
_ . _wo-—tgB _ 2
tgy=tg(a ﬁ)—m%— 1 3.
2
3naunT, 7= n — arctg 3.
31‘1 | |
=1
NIV =
'\ -
N7
YT NFe
- 0 'l R — ™
1 _Jf__}_ C[D .
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OGLIYHO OPeANOUUTAIOT YIJIOM MEXRJY KPABEIMH CYHTATHL TOT HS
CMEIKEEIY YITIOB MEHIY KaCATCARHEMA, KOTODLA ABIACTCH OCTDRIM,
HosroMy B ZarEOM cayuae NedecoobpasHee CUMTATL HCKOMLIHR yroa
paBHuEIM arclg 3.

43.85. a) U3z xaroii Touxkn ocn y kpaeasa y = V1 + x? sugma nog
yraoM 120°?

0) Ha#iTn MHOKRECTBO TOYeR KOODAMNHATHON ILIOCKOCTH, H3 KOTO-
puix wapaGona y = x¥° BUANS HOA HPAMBIM YUJIOM.

Pemrenue. a) Caenaem cxemaTnueckuii deprex. Oyaxnaa y =

= J1 + x% BoapacTaer upu x > 0 ¥ ABIACTCH YeTHOH, 66 rpaduK CHM-
MeTpHYeH OTHOCHTEALHO OCH I U NPOXORUT Uepes ToURYy (03 1). Hanee

X
¥ = L 52° SHAUAT, ¥ =0mpu x =0, T. e. B 9T0lf TOUKE KACATENL-

Hada ¥ rpaduKy PYBERDNU napannenbHa ocH X. I'padur dyHKINM B3006-
paien ma pucyEre 98,

IIyets A — TOUKA OCH ¥, H3 KOTODOH MOCTPOERAAA KPHBAS BHUIHA
nox yrnoM 120°, 1. e. KacaTeNbHEE K KpABOH, nNpopeAeHARle H3 TOY-
KA A, ofpasyior MexRay cofolt yroa 120°, 910 paBROCHIBED TOMY, TTO
KacaTenbHaa AC COCTABASET ¢ MOMOKHTEILHELIM HANIPABICHUEM OCH X

yroa 30°, ee yraosoi KoeddrunmerT k pasen tg 30°, T. e. k=%. 3ua-

m,aﬁcunccaammCynomwmopaerymmef(a)=-J3§, rae f(x) =

N wrepet a___i3 )
= 1+x2.Pmypannennem— 3> TONYdHM: & = ==

CocTaBuM ypaBHeHHEe KAcATeILHON K rpaduKy 3afaHHOl pyHKIEA
b Haigennoli Toure a:

L XN w74 P g

=N d 7/*22'/
il [ ”C

;A

Ve

| Ao

=Y

9] a_1

Puc. 98
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¥ = fla) + f'(a)x — a); A )
S, B () Bl
V=3 3 27/
¥=-3 3" L1\ /
Oreopa eaexyer, uro A = A(O; %} \ t
6) Hac maTepecyoT TOYKH KOOPANMHAT- M-1 %
Hoii WIocKocTH, 06AKAI0IHTHE CAAYIOMTHM Ll
CBOMCTBOM: M3 KAMXKA0H TAKOH TOYKH MOMK- Puc. 99

HO NPOBECTH K sagaHHOK nmapafome npe

KacaTenbEHe (OTCIOAR ACHO, YTO TAKHE TOUKH MOIYT DACIONATATHCS
JHIOH B HAKHEH HONYNIOCKOCTH), NPUYEM YTOJM MeXAy STHMHM Kaca-
TeNILHRIME — pAMoi (prc. 99).

Iyers M{a; b)) — oaua A3 TAKAX TOUEK; 3Aech, KAK YKABAHO BH-
me, b < 0. Cocrasum ofmuil BRA ypaBHEHHSA KacaTeNbHON: y = x5 +
+ 2x4(x — x,); BAECH X, — abcOouMeca TOYKM Kacanwms, & 2x,— yraopoit
xKoadduuenT KacaTenpHON.

Racarennsaa mpoxopuT 4Yepes Toury M(a; b); sEaumr,

b= a3 + 2x(a — x); b=2ax,— xi; xo=axtJa® - b.
Hrax, ML uMeeM A ABYX KACATENbHLIX 3HAYEHHA HX YTAOBBIX
Koa(duLMenTos: k, = 2a + 2vVa? - b, k, = 2a ~ 2Va? — b. Ope mpa-
MEle HePOEHAHKYAAPHEL TOrXS ¥ TONLKO TOrAA, Korga Rk, = —1. 3Ha-

unr, (22 + 2Vt - ) (22 - 2Va® - b)=—1, OTKYES HAXOZM! b=-%.
SaauKT, HAC YCTPAHBAKT TOYKH BRAa M (a.; —i), T, €. TOUKH OpA-
Mol y = -%. 910 U eCTH KCKOMOE MHOMKECTRO TOYEK.

43.668. a) Hal¥ru sHAUEHHNEe mApAMETpA @, MIPH KOTOPOM Kacareib-
"pag  rpadEKy GyHrnmH ¥y = x° + a°x — a B TouKe X = —1 npOXOAUT
gepes Touxy M(1; 7).
Pemenue. IIyers f(x) = x* + a’x — g; Toraa f(-1)=-1 — a® - a,
f-1)=3+ a.
CocTaBMM ypaBHEHHE KACATENLHON:
¥=1-1) + f{(-1)x + 1);
y=-1l-a*-a+@B+a%x+1).
o ycaoRHIO 9TA KacaTeAbHAA DPOXOAHT uepes Touky M(l; 7),
spauut, T=-1-a® - a + (3 + a®)1 + 1), oTKyZa moayyaeM: @, = -1,
ag = 2-
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43.67. a) Hajita nuomaas TpeyroibEARA, 00Da30oBaHHEONO GHCCeRT-
PHECAMHE KOODAMHATHBIX YTJIOB B KACATeJbHOM K rpabHMKy QyHKIHH

y=x® — 5 B TouKe x = 3.
Pemenmne. Ilyers f(x) = Vx* - 5; Torma f(3) = 2, f’(x}=Fx_=5,
r@)=3

CocTaBuM YPABHEHHE KACATENbHOI:

y = (38) + F(8)x — 3);
y=2+ 3x - 3)

=3 _3
y=2*" 7
i 5| TIpAMOYTOMBHELA TPEYTOJBHEE
By OAB, naomaabk KOTOPOro HANO

5 BaiTH, HaolparxeH Ha pucynxe 100,
/) | HaiineM KoopaHHATH Touek A H B.

3 b
Hs ypapuenua X = § = ~X HAXO-

7Y

aM: x=1; 3Hatm'r,A A(l; -1).

iwy

Hs ypapHeHus 2x———xnaxo—

AuM: x = b; anaunt, B = B(5; 5).
- Janee nmonyuaeM: 04 = JE,

_I?// OB=52,8=1.+2.52 =5.

Puc. 100

L4
4|

OrgerT: 5.

43.68, 6) ITpaman y = Tx — 10 Kacaerca napaboisl y = ax® + bx + ¢
B TouKe x = 2. HaliTu snauenua xosdunuenTon @, b, ¢, eCJit H3BECT-
HO, ¥T0 napafojaa mepeceraer och afcmuce B Touke X = 1,

Pemenne. ITyers fix) = ax? + bx + ¢; Toraa f(2)=4a + 2b + ¢,
flix)=2ax+b, f(2)=4a + b.

CocTaBHAM YPABHEHHEE KACATEABHOM:
y=1f(2)+ 2Kz — 2);
y=4a+2b+c+ (4a + bXx - 2);
y={4a + b)x + (¢ - 4q).
H3 ycaorua cneayer, uvro {(da + b)x + (¢ — 4a) = Tx — 10. Do
saaqnT, uro 4a + b = 7 1 ¢ — 44 = -10. KpoMe Toro, H3BeCTHO, YTO
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uapafona mepeceraer och abcmomce B Toure x = 1. D10 3HAUHT, UTO
f1)=0,7 e a+ b+ ¢ =0, TakumM o6pasoM, safada CBOAUTCT K
PEIICHHIO CHCTEME YPaBHeHHI

4a+b=7§

¢~ 4a = <10,

a+b+ec=0.

Pemms cucreMy, noayuus: a =3, b=-56,c=2.
43.69. JoxaaaTk, YTO TPEYrOALHHE, 00pasOBAHHLIN KACATENLHON
2
K ranepbone y = %— H 0CAMH KOOPAMHAT, NMEeT NOCTOSHHYIO R0~

INaAb, & TOUKA KACAHUA ABRIAETCH MEHTPOM OKPYKHOCTH, OMMMCAHHONX

OKOJIO 3TOI0 TPeyroMbHAKA. PACCMOTpEB TepTeX K 3aaa4€, OPAAYMATE
reoMeTpHYecKRl cnocob mocTpoeHHA KacaTeAbHOHR K runepdone.

2
Pemerne. Ilyers f(x) = Ex- " x = b — alcumcca TOUKH Kaca-

und. Torza f(b) = 9;-, )= —%. CocraBRM YPABHEHHME KACATeNbHONR:
= f(d) + f'(B)}(x - b);
2 2
y=% - Fl-b)

2 2
y=-Gx+ X @

OTA KacATeNBLHAS OTCERAeT OT ocell KOOpAHHAT Tpeyronkauk OAB
(puc. 101). Ecan noaoxnuTsh B ypasHenun (4) y = 0, nonyunm: x = 2b;
2

ecAH IONCXKHUTL B ypasHeHu# (4) x = 0, noayuum: y = -ZL. Buaqur,

OA=2b,OB— .Si-l 2h g‘i--—2a" TaxuM ofpazoM, IOMIARD

TPEYTOJLHUKA OAB He 38BHCHT OT
BEIfOpa TOYKH KACAHHMA X = b, OHA NE ! T
Bcerga paBHA 2a°. A
Ecas onycTmTh B3 Touka M |—B Ry
nepneHzaryaap MP na cropomy {
OA, To saMeTnM, uTO P — cepefn-
Ha ¢TOPOHK OA (HAIOMHHAM, 9T0
OP = b, a OA = 2b); auaunr, M —
CepeANEA THNOTEHYSB AB mpaMo-
YIOJILHOTC TPeyronbERKA OAB, T, e, =T
HEHTD ONMCARHOH OKOMNO TPEYTONL- I
HHKA ORDYXKHOCTH. Puc. 101

=2
Ji_x
M.
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Onupasich Ha PeIIeHAY 38489y, MOMKEC OPEAIONKATD YUAIAMCH
CAeAYIOmMAHA reoMeTpEIecKHE cnocol mOCTpOeHRA KacaTeALHOH K rm-

2
mepfone y = %: fepeM DpoH3BOABLHYIO TOUKY M rumepboasi B OOHCEL-

BACM OKPYKHOCTh paguycoM OM; 3Ta OKPY/KHOCTh NEPECeKAeT OCH
KOODAMHAT B TOUKAaXx A U B, Toraa npaMaes AB — uckoMan KacaTedb-
Has.

43.70. HoxasaTs, YTO KacaTeabHas K mapabosne ¥ = x* B TOUKe X = @
Jeqmr momonaM orpesok [0; a] ocm abcumec. PaccMoTper geprex K
sajaaue, IPEAYMATL reoMeTpHyeckuil cnocol NoCTPoeHNA KacaATeIEHOH
K napaGone. O505IIATE 2TGT PeSYNBTAT H FTOT CHOCOS TOCTPOSHAS Ka-
caTenbpHOI Ha a6yio cTeneEHYIe QYHKIUY y = x", rfle 7 — HAaTy-
pansHOe yHcno, Sonsmiee 2,

Pemenue, IlyeTs f(x) = x* B x = ¢ — abcnumcca TOUKY KACAHASA,
Toraa fia) = a®, {'(a) = 2a. CocTaBAM ypaBREeHMEe KACATENBHON:

y=at+ 2a(x — a);
y = 2ax — a®.

a
Sramcamnaanepeoexaewocbaﬁcnnocnmmx=§,mn

TpefOBANOCE NOKABATE.

MoRHO OpeANOMHETE YIAMEAMCA CAeAYVIOINHI rMeoMerpHdYecKuM
CHOCO0 HMOCTPOGHHA KacaTesabHONM K mapabose y = x% GepeM npoms-
BOJMIBHYIO TOUKY M(a; af) mapafionsl 1 OPOBOAHM IPAMYIO Uepes Tod-

Ky M 1 Touxy (g-; 0) ocu aGemHce; 9Ta MpAMAAs — HCKOMAA Kaca-

rexapEad (pue. 102).
3apaus gomycxaer ofobuieEMe Aaa mwoGoll crenenHolt GyHRIHR
y=x",raen €N, n » 2. AMeen: f{x) = x* 1 x = a — abcoucca TOUKH
9k racanus. Torxa f(a) = a*, f(e) =
= na" !, CocTaBUM ypapHeHHE Ka-
M caTeaLHOR:

; f y=a+na"(x - a)

\;{-x y=na""'x+ (1 — n)a".
DTa KACRTENBEHASA TEPECeKAeT

\ ocbaﬁcl:mccn-mmex=-(-n—;l—)£.

Ly

[

N W Ecan, manpmmep, HYKHO OpoBec:

TH KACATENBLHYIO K KyOHuecKoll ma-
pabone y = x%, To GepeM ma Relt
IPOMBBONBHYIO TOUKY M(a; a®) n
Puc. 102 TPOBOAEM MPAMYIO Yeped Toury M

=Y

bt &
I
&
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H TOURY (-233, 0) ocH aficucc; ora OpAMAad — HCKOMAA KaCcaTeNLHAA,

I[natbymmmy=x‘naocnaﬁcunccauﬁnpaercﬂmm(%; 0) HT. B

§44
44.34. TIpn xaxnx sHaveEuax napaNerpa ¢ Gynknna y = x* — 3x:
a) yOuIBaer Ba orpeske [a + 1; ¢ + 3]; 6) BoBpaCTAST HA OTpE3Ke
[a-—%; 2a+2]?

Pemenne. a) ' = 3x% ~ 3 = 3(x — 1)(x + 1). IIponssogBas OTPE-
maTennHa Ha (—1; 1), sgausT, Qysaxuua yompaer aa orpeake [-1; 1].
BT0T UTPE3OK, PABHO KAK IAJAHHEM B yenosad orpesok [a + 1; a + 3],
HMeeT JNHRY 2, 3HaUUT, OTPe3KH AO/LKHH COBOSAATE, UTO BOZMOIKHO
AR IpH g = -2,

6) Hs ycaosna clrefiyeT, 9TO AOMEKHO BHIIOJEATHCA HEPABEHCTBO

a - % < 2a + 2, v. e. a > —2,b5. [IpouspogHAn 3aBaHHOH DYHRIIMH

NOJOEUTeNsHA IPH ¢ < —1 un npa ¢ > 1. Pyaroas GyaeT Bespac-
TaThL H& OTPe3Ke [a - %; 2a + 2], €CJIH 2TOT OTDE30K IIPHHANJECIEAT
ayay (—o0; —1] nam ayay [1; +00), ITepsrii caydail HMeeT MECTO, eCAH
2¢a+2< -1, 7 e. opu a = -1,5. Bropoit caysail nMeer MecTo, ecan
a—% 21, r.e.opug>1,5.

Orpera)a=-2:8)-25<g<-1,5uma > 1,5,

44.58, 6) Heeneposats Ha skcTpeMym dynemmo y = |x° — 8| +
+l—1] -2

Pemenue. Eenux > 2, rox* > 8, [x* - 8|=x -8, [x* - 1| =
=x*—1;38avmAT, y =22 -’ - 9. Ecm 1< x <2, To ¥* < 8, |x* - 8| =
=—(x*-8),x221,|x*-1|=2*—1; sgaunT, y=7 -~ 2. Bemm x < 1,
o x* < 8, |x* — 8| = ~(x* ~ B8), * < 1, |x* — 1| = —(«* — 1); smaunm,
Yy = -2x% - x? + 9. Taxkum ofpasos, peur HAeT 06 HCCISKOBAHHH HA

20 —x* -9, ecmm x 5 2,

BKCTPEMYM KycouHo#l dyrxmmm y =47 — ¥¥,eeml< x < 2,
-2 - x4+ 9, ecmx < 1.
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ool g
=1 J
[y
=Y

nY

Puc, 103

6x2 — 2x, ecaim x > 2,

Hafinem npoussoanywo GyHRmum ¥y’ = 1-2x, ecan 1 < x < 2,
-6x2 — 2x, eciu x < 1.

OfpaTPre BHMMAHAE HA ¢TOYKH CTHIKa*» 1 W 2, vame Bcero y Ky-
cOo9HON PYHEIHUR TAKHE TOYKH ABAAIOTCA KPUTHUYCCKHMHA, B HUX NIpO-
HM3BOXHAA YAINE BCErO HE CYDIECTRYET (pPedb BAEST, PASYMESTd, TOML-
KO O TAKHX +«TOYKAX CTEIKA», B KOTOPHX JYEKIHAA HeNMpDePHBEA).

HaififeM cTanuonapHsle Touxda. Ha yparmenus 6x* — 2x = 0 raxo-

JuM: x, =0, x, = % Hu oxHa U3 9THX TOUEK He YAOBJIETBOPAET yCAO-

BHIO x > 2. M3 ypasrenns —2x = 0 moayuseM x = 0; 9T0 sHAUCHHe He
yRosaersopser yesioeaw 1 < x < 2. Haronen, us ypasaenng —6x? —

— 2x = 0 gaxoanm: x, =0, x;, = —-:1;. Qe 5TH TOYRH YAOBAETEODAIDT
yoioBuw x < 1,
Hrax, aMeeM cTAHOHADHBIE TOYKH X; = 0, X, = —% H KpATHYEC-

KHe TOURM X, = 1, x, = 2 (B oTHX TOUKAX 3aJaHAAA QYHKOHAA Henpe-
phiEHa). OTMeTHB HX BHA JYHCAOBOH HpAMOR H DACCTABHB 3HAKH NPO-
H3BOAHOM HA MOJYIEHHEIX OpoMeXKYTKaX (pre. 103), npuxoguM K cie-

AYIOIEMy BHEBOAY: X = —g ~— TOUKA MHHAMYMa, ODHIEM Y, = 8-52“7;';
x =0 — TOUKA MAKCHIMYMA, IDHYEM ¥, .. = 9; ¥ = 2 — TOUKA MUHHMY-
Ma, npEYeM Y. = 3.

44.71. a) Pemmrs ypasmenue 3 cos ix + 5sin 5 + 18x = 43 —
— x% — 22x3,

Pemennme. ITyers f(x) = 3cosmx+5ajn%: + 18x, g(x) =43 -

- x% = 22x%, Noxaxenm, uro GyHKDRA ¥ = f(x) Bospacraer, & GyEKIEA
¥ = g{x) yOriBaer, 5

HMmeen: f'(x) = -3msin nx + 5 cos 5 + 18, &'(x) = -bx* — 6622,
flcno, uro £'(x) < 0, spaunTt, pynruua ¥ = 2(x) yOuiBaeT Ha Beel wHCa0

poil npamoii. Hanee, f'(x) = ~8x sin tx + % cos % +18 > 18 — 3 —
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bx _ 36-1ln

3 = 3 > 0. 3naunr, pyaxung y = f{x) oapacraer Ha Beelk

upesaopolt npaMoik.

Hockonsky GyHxnua y = f(x) pospacraer, & Gpynrnma y = £(x)
yOplEaeT, YpaBHEHRe f(X) = 2(x) uMeeT He GoNee OAHOrO KOPHA. 3aMe-
98eM, ITC X = 1 yAOBIeTBOpseT 5aJAHHOMY YDABHEHHIO, 3HAIHT, ITO
eIHHECTBEHEN KOPeHL YPABHEHEHA.

OrBer: 1,

44.73. 2) oxasaTs TOMACCTBO

JI—F - {mx, eemO0<x<],
—arcsinx, ecm -1 x < 0.

Pemenue. CHaYAIA NPOBEPHM KOHIEBHE ToukH. Ecau x = -1,
10 arccos V1 - x? = arccos |1 — (1) =arccos0=%;—arcsinx=
=—aresin(—1)=arcsin1=§;anam,amooad1—x’=-arcainx.

Ecmua x = 0, 1o arccos V1 — x* = arecos V1 — 02 = arccos 1 = 0;
arcsin x = arcsin 0 = 0; sEaunT, arccos v1 — 22 = aresin x.

Eexn x = 1, To arccos V1 — 22 = arccos V1 - 12 = amcosO-z,
arcsin x = aresin =%;anam,amoosw/l—x’=arcsinx.

Yyers Temeps O < x < 1, f(x)=amcos~/1-x’,g(x)=arcsinx.

1
Fcoon: £(2) = = (i = la-e7 . (2m = ek

g'f(x) = Jl—iii 3maqmT, f(x) = £'(x), a moromy f(x) = g(x) + C. Yro-

Op1 BalfiTE 3HAMEHHe KOHCTAHTH C, AAMMM TMepeMeHHON X HeKOTopoe
1 1
sHavuenne w3 uaTepraga (0; 1), RanpaMep x = 3 Toraa C=f (-2-) -

- (8. s 1) = e i 3] = arnn S = 5 ) -

=arcsin% —E.BHaqn-r.C-g - 3 ={. Hrax, ma (0;1) punoneserca

TORAecTBO f(Xx) = (%),
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ABANOTHYHO YCTAHABJAMBaCTCA, YTO HA HETepBajae (—1; 0) pxmosn-

HAeTCH TOMAeCTEBO arceos V1 — x* = -arcsin x.
TaxuM 06pasoM, SaAAHEOS TOMACCTBO BLITONHACTCA AAfA MOORIX X
H3 orpeska [-1; 1).

44.75. NorasaTek HePABEHCTEO!

a) ¥* — x° < %,ecamx:» g; 6) 2Vx > 8 - -:lz,ecmax>0.

Pemenne. a) HocreyeM HA MOHOTOHHOCTh DYHKOHIO § = X° —
- - g

Hmeem: y' = 2x — 322 = —x(8x — 2); ¥ <0 mpm x > %. SHAUNT,
bynknua ybnisaeT Ha Jyde [%’ +oo), a DOTOMY npH X > -g BRAYEHAA

GYERIER MeHbIOe, 9eM B TOUKe %

Ho » yraszannoli Touke 3HAYCHHE PACCMATPHEACMOE GyHEIHY paB-

HO -%, T. €. MEHBII® HYJA, OTKYAR U CHCAYeT AOKABHIBACMOS Hepa-
BERCTRO.
6) Paccmorpam dyEKIui ¥ = 2Vx — 3 + % Hmeenm: ' =

| e |

== 2 .Haypannennaxﬁ—l:Onaxom:x:l-—m

-

€AMHCTBEHHAN CTAIMOHADHAS TOUKA DYHKIHN BA TpoMesxyTre (0; +0°),
OpAdeM TOUYKA MAHEHMYMa. 3HAYHAT, B 9TOH TOYUKE paccMaTDHBAeMAA
JYBROHA AOCTHTAET CBOSTO HANMEHDBIIErO JHaeHH I, OHO PABHO HYIO.
YIpH BCEX OCTANLHEIX 3HAYEHHEAX X QYHKIAS OPHHAMAECT TOIOEKATEN:-

1
HHe saadeHusa. Taxum obpazom, 2z >3- E,ecmax>0.
BameTHM, YTO LIS JOKAZATENHCTBA [NPeMJIOKOHHOIO HEPABEHCTBA
MOYKHO HCIONL3OBATE SNEMEHTADHEIE IIPHeMbl:

oig —g+ 120z -8r+1 =275(J;~2—(x—1)=

x x

_Wr-e-Jx-1) _ (x-DWx-D2Vx+1) _
x x

_ W -1evr +1)
; :

HoayyerHOE BEIp&KeHHEe HEOTPHUATENBHO NMPH obux x > 0.
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§45
45.8. TlocTporTs rpadmk GyERIUM:
Dy=2Vx —x 6 y=Vi+4+2J9- 5s.

Pemenmue. a) D(f) = [0; +c0). Touex pasprBa HeT, HyJH QPyHK-
nEn: x = 0, x = 4; ga (0; 4) dyaxoua nonoKATENALHA, Ha (4; +00) —
orpenarensra. Ilepepoe npeacrasnenue o rpadHuKe NOAyIEHO — CM.
pucysox 104 g. Ve acso, uto Ha (0; 4) bYHKOUA AMeeT TOUKY MAK-

cumMyMa. HalineM npoussogaywo: y’ =71-; -1; ¥ =0 opn x = 1, Hrax,

x =1 — TOYKA MAKCHMYMA, ODAYEM ¥,... = 1. BeiGepeMm eme ogHy KOHT-
poIBHYIO TOURY (9; —3) B nocTpoumM rpadpur dyaxnuu (puc. 104 6).
Cnepnyer o0OpaTHTh BHHMAHMe VUAIIMXCS HA NOBedeHHWe rpadmkxa B
Touke (0; 0): rpadmK KacaeTcsa OCH OpPAMHAT.

0) D) = [-4; 3], dyHROUA Ha PTOM OTPe3Ke IPHHHMAET TOALKO
NONQKHUTENELARS SEAYEHAA, npudeM f{—4) =§ﬁ =T, (8)= NT = 2,7.

e ’— 1 — 1 » ’—- — —
Haﬂnemnpouam;mym.y—2m ﬁ-,y O opn x 1.

BuuscnnM sHauenne JyHKOHMHE B Touke —1: f(-1) = 3+ %m =

= % = 4, Arak, x = -1 — TOYKA MAKCHMYMA, IpHYeM }f,... = 4. I'pa-

XAV ALY, 4 )
LAY DAY,
A A Y
w7 A )

72 OLANIY,

7pv DAH I | 1y
%4 A N

RO A /3 119l 1 4 9%
A ™
AN, | 1g h
GODUALY .
WAL LN, N
AN

a) 0)
Puc. 104

201



7 Y ]
1/ 8 | ]
V2 v=1
———— e ey
-4 | [-1 307 |8 = 1 lok :
! I [ 1
Puc. 105 Puc. 106

¢ux npeacrasace Ha pucyEke 105, Ha xonmax o6nacTy oopeAeNcEna
KPUBAA NepHeHIUKYIApHA ocy abcmuce.

45.9. locrporTs rpadak GyERIEM:
ay= ik oy=@-ak
Pemenne. a) If) = (—o0; 0) v [1; +o0). Pyrrupasa obpamaerca

B HyAb B TouRe X = 1. ¥ rpaduxa QyHKIMH ecTh ABe ACHMITOTH: Bep-
rrKaabHaA X = 0 u ropusoATaANbHAN y = 1; mocnezHee yTBEpXKACHUE

x_1=1.

OCHOBAHO HA TOM, 41O lim
X =300 x

Hatizem npouspogayio: y = % . ;—a_’—i; y¥>0n8a (- 0), n

ma (1; +°0). 3aaunT, GYRKONA BO3PACTAET U HA (—00; 0), 1 Ha [1; +0).
Bruifepem ofHY KOHTPOAbHYIO TouKy (-1 v2) m mocrpomm rpadmx

¢yaxouu (pac. 106). Caepyer o6paTuTh BHUMANHE YUANIUXCA HE ITO-
BeAeHHe rpatdEra B Touke (1; 0): rpader NepneEARRYAAPeH ocH alc-
mHCE.

6) D(f) = [0; +oc). Hyan ¢oyerupr: ¥ = 0, x = 8, Ha (0; 3) dynx-
OHA OTPHIATENBHA, Ha (3; +°0) — moao:xnrensHa. Ilepsoe npexncras-
aeHMe o rpatbmxe noxyueno (puc. 107 a@). Vke acmo, gro ma (0; 3)

dyuxmma mMeer Touxky MaEnMyma. Hadizem nmpoussoamyo: y° = Jx +
+ %3-; ¥ =0npa x =1, Urax, xr = 1 — TOYUKa MEEHMyMS, IPpHIEM
x

Ywin = —2. Brifepen elnje oAHY KOHTPOMILEYIO TOURY (4; 2) ¥ TOCTPORM
rpadpur dynxuun (puc. 107 6). Onarb-Taxu cnexyer oOPaTHTE BHMU-
MaHMe y9alllMXCH HAa nopesenne rpaduxa B Touke (0; 0): rpadbur Kaca-
ercd OCH OPAHHAT, — A TAKMKEe Ha T0, YT B Touke (3; 0), rae /' = -J_,
rpadur cocTaBadeT ¢ ochic adcnuce yroa 60°,
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45.10. INocTponrs rpadmx GyEKIRN:
x

— x - —_—
WEE o

Pemenne. a) D(f) = (~1; 1), npuvuem npaMete x =-1ux =1
CIYKAT BePTHKAJBHHNMH ACHMITOTEMH rpaduia Gynkiud. OyHKuna
HedeTHas, SHATHT, ee rpadHK CHMMerpHUYeH OTHOCHUTENBHO HAYAAA
koopauEar. Hyns ¢dyaxnum — x = 0. HaligeM DTpOH3BOAKYIO:

v =6 - 2y = a- e 1o - A= T}?F'

IIpouspogHAA TOJAOKHUTENRHS B olnacTH onpefencans GyHKUHA,
SHAUHT, PYHKIUA BOSPACTAET.

Tpaduk npeacreaBien HA PHCYH- | | nlln
ke 108. [Tonesso ofpaTuT: BHEMAHHE |
yYAIEXCA HA TO, 9TO B HauUake Koop~- | | _ /
JUHAT PpadUK cocTaBnger ¢ ocelo ale- | | |
muce yroa 45°, mockonsky §'(0) = 1. /

6) D(f) = (—o0; ~1) U (1; +0). Kak
HBIOYHEKTe a), OpAMEe x =-1y x=1
CIYKAT BePTUKANEHEIME ACHMIITOTA"

MH rpaduka ¢yHrRoORE. ANeeTes ro-
DHUBOHTAJNLEAS acuMATOTA ¥ = 1 mp;A |- n

45°

J
-
Q
-

u¥

x = +°0, pockonbky lim \f:—l= } {
xdiw Hfx2 =

= I {‘ﬁ"“‘_ I
= hm (=5 =L "~ Puc. 108




wti 71717 PDyEKIHA HeueTHAs, SHAYHT, €6
TpaduE CHMMETPHYEH OTHOCHTEIBHO
\ HAYANA KOODAXHAT (COOTBETCTBEHHO,
Y B CHIIY CHMMETPHUHOCTH rpaduka, ¥
HENO MMETCH MNOPH3OHTANEHAS ACHMIY-
Tora § = -1 mpua x —» —co. Hyneit y
¢byaxkuur "Her. Haiizem mpoussoa-
HYIO:

[

1
[~
Q
[y

u¥

, 1

\ T N T

\1 IIponapoasiag OTpUIATEAbHA B 06~
JI&CTH onpefeneBHsA QYyHKOAM, 3HA-
“mT, hyEknusa yoepaeT u Ha (—o0; —1),
Ao\ ompa (1; +c0). I'padux npencTasneH
Puc. 109 Ha pucynre 109,

45.14. CroabKo KOpHeli HMeeT ypaBHeHUe x° + ax + 2 = () upn
PasAMYHEX SHAYEHHAAX napameTpa a?

Pemenne. HpeobpasyeM ypaBHeHHE K BHAY @ = 2 +2 H 0o~

x

x% + 2
x

CTPOHM rpaduk QYHKIKHA g = — B CHCTeMe KoopauHar xOa. Ina

PTOTO YUTeM Pl 00CTOATEALCTE.
1) 3raku GYHKIHA MEHAIOTCA TAK, KAK MOKA3AHO HA pucyEKe 110;
B TOUKE X = —2@ rpasdhar GYHKOEH RepecekaeT ock X.

—_— + —_
< - -
9 0 x
Puc. 110
2) x = 0 — pepTHRaAbHAA acAMIrToTa rpadmka byHKIMH,.
a1t 1T _
F - o= -2%3—{3-; x =1 — TouKA MaK-
/ CHMYyMa, npmtueM B oroll Toure ¢ = -3.
/
Pyarnns poaspacraer Ha (—°°; 0) 1 mHa
43 1 {0; 1], y6rpaer na [1; +00).
5 o Tpadur PYHROHMH CcXeMATHYCCKR
1 NpeAcTABACH HA pHcYHEKe 111,
C moMombI DOCTPOSHHOTO Fpadmka
-8 HeTPYAHO OTEeTHTH HA BONPOC 3A7AYH:
npu ¢ > -3 ypaBHeHHe HMeeT OAMH KO-
i 4 | pess, upHE @ = —3 OHO HMeET JBA KODHA,
Puc. 111 npR @ < —3 — TPH KOpHA.



45.15. PemuThL YpaBHeHUE: Y
6)x*-3x=(x+1)¥+2.

1
Pemenue. a) Haligem Touxn sxcrpe- i\
MyMs QYRKIUH § = ~x* + 3x? + 6. Hmeem: \\J

]

et}
o
)

y=—x"—8x"—ﬁ;

¥=-8x+6x;y =0Onpnx=0mnpu x=2,
B Touke (0; 6) pyExuzsa EMeeT MEEEMYM,
a B Touke (2; 10) — maxcumym. Ipadpur /
dyuxnmn nzobpasen 5a pucynke 112. Ha | lg /
TOM e PHCYHKe NpeAcCTaBjeH rpaduk
d}ymcnuny=34x + 1. Sameuaem, yTO >TH —{
rpaduRE mepecexaloTcsa B Touxe (3; 6) $
(MOXKHO HellocpeAcTEeHHON noAcTanoBRol  |-—1 3
OPOBEPATH, YTO ITA TOYKA NPHHAIJICHKHAT ' |
H TOMY, H Apyromy rpadnaky). 3Hauur, Puc. 112
YPABHCHES HMeeT eNMHCTBeHHLIR Ropem.
x=3.

6) Hocrpous rpaduru oyukmuit p = x* - 3xuy=(x + 1)* + 2
B oaHOH cHcTeMe KoopamEHAT (pHc. 113), ylexaaeMesa, 1o OHK HMe-
10T 0ABY 00myo Toury (—1; 2). CaegosaTensro, ¥ = —1 — eARHCTBEH-
HEIH KOpeHL YDasHeHuSH.

OTseT: a) 3; 6) —1.

L 4

§ 46

46.5. a) Haittiz HanMernmee u HanGoabillee 3HaYeHHA GyHRIUN
y = x| - 4] ma orpesre [-3; 3].
Pemenne. Hocrpons rpadmx by y = ||x| — 4| (pue. 114),

ybexseMcsd, UTO HA 38JaHHOM OTPE3Ke V... = 1 (AocTATAeTCA B TOY-
KaxX & = 13), & Yy = 4 (ZOCTHrACTCA B TOUKE X = ().

¥h o 77
+
- 4
+
:- r
I [} - ] 1
2 * - -
7' " —4-8| {0 3_4 *
\ >
A V x
Puc. 113 Puc. 114



46,22, Haiita aan6onbinee 1 HauMeHbIIee 3HAYeHNA GYHRINK HA
BAIAHHOM IIPOMERYTHE:

a)y=x>—4x+ 5 + |1 - x|, [0; 4];

6) y = |x* - 1| - 3x, [-1; 8].

PemeHnne. a) IIpuMeHHM ANrODHETM OTHICKAHMA HAWOOABOIETO H
HAHMMEHBIETO 3HAYeHHH HeopepHBHOK PYHKIMH Ha oTpesre, CHauama
Hano HallTM DPOHIBONHYIO 3aAaRHON GYEKIHN, 3aTeM KPUTHYeCKHE
H CTANHOHADHBI® TOYKH, IPHHAKNENAINNE BAMARHONY oTpesKy [0; 4].
TIocme 2TOr0 BY)XHO BRMHCIMTH 3HAYeHEA GYHKIHHE HR KOHIAX OT-
PesKA B B BHAENEHHEIX CTADHOHADHBIX H KPETHICCKAX TOUKAX, A cpe-
BHM HUX HAHTH HanGoJblllee U HAHMEHBIIee RHAYCHHA,

Ecm x <1, 10|l — x| =1 — x, &, sEagnT,
P-4dx+5+[1-x|=a-4x+5+1-x=2*~5x+86.
Ecm x 2 1, 7o |1 — x| = x — 1 u, cleA0BATEABHO,
B-4x+5+|[1-x|=2*-4x+5+x-1=x*-3x+4.
TaxuM o0pasoM, peub HAET 0 KycOUHOH JyHKIKH:
¥ —bx+6,ecm 0<x <l
y={x3—3x+4, e 1< x < 4.

Hmeem:
,_{2x—5,ec.1m0<x<];
2 -3, ecm 1 < x < 4.

B «TouKe cTHIKA» X = 1 Impou3BoAHAA HE CYIIECTBYET, ZHAYAT,
x =1 — KpuUTHYeCKad TOUKA,

Hafinem crammonapasie Toukn. Ha ypapneana 2x — 8 = 0 vaxo-
Aum: x = 2,5, HO 9TO 3HAYEHMe He YAORIETBOpseT yeaoemw 0 < x < 1.
H3 ypasgenua 2x — 3 = 0 naxogum: x = 1,5; »10 spavdeHAe YAOBIETBO
paer yeaoa® 1 < ¥ < 4. Caenposarennsro, ¥ = 1,5 — egunerpeHnas
CTALMOHAPHAA TOUKA (PYHKIHEM Ha orpeske [0; 4].

CocraBrM TaGnuny sEAYeHm GyEROERA:

xlo|1] 15 !4]
y(6|2|175] 8]
B vrore umeem: y.... = 1,75; o6 = 8.
6) Paccy:raad xak B 3aJaHHH a), TONYIAEM:
_{—~xs—3x+1,ecnu-—1€x<1;
y= x* - 8x—-l,ecnE 1< x <8,

HAmeen:
y = =3x2 -8, eemm -1l< x < 13
T 1822 -8, ecm 1 < x < 3.



B «Touke cTHIKA» X = 1 NpOHSBOAHAS He CYIIECTBYeT, SHAYHT,
¥ =1 — KpHUTHYECKAA TOUKA.

HaiigeM cTAIMOHADHEE TOYKH. YpaBHerREe —3x? — 3 = 0 Kopme#
e umeer. M3 ypasHenusa 3x* — 8 = 0 paxogum: x = 11; orn 3HavYedna
He YAOBRNETBOPAIOT YeoRMI0 1 < x < 3, CregopaTenpHo, GyHKIHA He
HMeeT CTAIMOHAPHLIX TOYeK HA orpeske [—1; 3).

CoctaseM Tabamny sHavenndt dyvEKININ:

x| -1l 1] 38}
v |5 ]-8]17]

B uTOre MONYYAEM: Yinow = — 33 Yusas = 17.

46.38. a) Hafttu obnacts snavenmit dynaxnum y = xvVx + 2.

Pemedane. Dyuxknus onpeseleHa H HeOpePHIBHA HA Jyde
[-2; +©0), mosToMy ofnacTs ee 3EAYeHUH -— CILIOIIHOH HDPOMEKYTOK.
Hafiga npor3poAHY0 QYHEIHE H OPADABHAE €¢ HYND, VCTAHEOBHM,

9YT0o X = -% — ©JHHCTREHHAHA CTALHOHADHAA TOYHKA, IIPHYESN TOUKA

MUHEMYMS JYHKIMH; SHAYMT, Yepuw = y(—%) = —4. Caepxy QyHK-

IIAA He OT'pAHNYEHA, 3HAUAT, E(f) = [—%6—; +°°}

-222 -2 - 38

46.37. Haiftm o6nacTs 3navenuit GyHKuuN y = Zror13d "

Pemenune. Pyaxknua onpefeseHa U HempepHBHA Ha Beeil gmc-
JI0BOI NPAMOI, HOCKONBKY €€ SHAMEHATENE — KBAAPATHEIH TPeXIIeH
¢ CTPHOATEBHEIM BHCKDHMHHAHTOM, & MOTOMY He MM JeHCTBR-
TensEMX KopHel. ObnacTh 3HavYeHnil pyRRnEE — cnmomuoii npome-
xyTox. Haling nTpoHspoZHY (JYEKEKHHM M OPHPABHAB ee HYJIO, Hali-
JleM CTAIMOHAPHBIe ToukH x = 2, x = —8. [TepBast ToUKa — TOYKA MAK-
CAMYMa, TPHYEM V.., = —1, BTOpad TOYKA — TOYKA MHHHMYMA, IpH-
ueM ¥, = —8. Ho ODoka elne HeAL3A YTBEPRAATS, UTO HaHACHHLIS
SHAYEeHHA CYTh HAHMOHBIIee M HanGonpmee sHAUYeHWd GQVHEOINAHA, 1A
OKOHYATENBHOTO BEIBOAA HOJIE3EO NPHKHHYTH, KAK BRIASAUT rpadmi

. -2x% - 2x - 38
dyrrnan. BocnoansyeMes TeM, 9To J]-I.l‘f_-‘la 1 6x 784
OpRMad iy = —2 ABIAEGTCA MOPHBOHTANLEOH acCHEMOTOTOM rpaduka GyHK-
nun. I'padrr cxeMaTHYeCKH NpeAcTARNeH Ha pucyHKe 115. Bor rte-
neps Bee sicko: E(f) = [-3; —1].

= -2 7 e.

207



1 ]
-8 -3 2
0] £l
— =T e -2
-8
Puc. 115

46.38. ) Ilpn KaxoM SHAYECHHH HapaMeTPs ¢ HAHMeEHbINee 3HAYE-

HEe PyERITHN
y= xvJx + a pasmo -6/37
6) IIpn kaxom 3HAYEHKHH mapaMeTpa a HanbonbLiee 3HAYeHAe DyHK-
OHH

y=(a— x)w/; paBHO 10J5?

Pemenue. a) O6NACTEIO oNpecNeHNa 3aAaAHON GYHKIHH CHY-
suT ay4 [-a, +0°), Halinem nponasoanyio:
,_ 3x+2a
y= 2fx+a’

, 2a
H3 ypapReHEA j’ = 0 RAXOZHM CTAIHOHAPRYIO TOIKY X = ——g-, IIPH-

9EM 3TO — TOYKA MEEEMyMA $yEKnmn. Kparaaeckumy Touek Her (Toq-
Ka X = —a, B KoTopoii suaMeHaTens obpaliseTesa B HyJAh, — KOHOEBaR
TOUKA OPOMEeKYTEA obacTi ompeaeneHnAa GyHKIHH, & KOHIEBHIE TO-
KH IpH BLIYACAEHMH HPOM3BOAHOR He pACCMATPHBAIOTCAH).

BocnonsayeMca TeopeMoit 0 TOM, UTO €¢I HEOPEePHBHAA (PYHK-
OHA UMEeT HA NPOMEXYTKe eAWHCTBERHY) TOUKY 3KCTPeNMyMa, IpH-
yeM TOUKY MBHHHMYMA, TO B 9Toll TouKke DYHKIMSA ZOCTHraeT CBOETO
HAMMEHBINENO 3HaYeHNE. SHaTHT,

e =v(5) =33

IIpupaERAB 2T0 BHpaReHHe SANAHAEOMY 3HAYEHAIO -6+/3, moxy-
ugeMm: g =9,
0) Paccy:Raaa Kax B 3ajaBHUM a), HAXOOHM OOJIACTE ONpeAeNeHHS
dyrxmun [0, +0°) 1 IPOU3BOAHYIO 3aAaHHON dyHRIUH:
' —3x +a
y="55 *
H3 ypapHenua y’ = 0 HAXOZAHM CTANWOHADHYIO TOUKY X = %. Ecan
@ < 0, To yKasaHHAA TOYKA He NPHHAIKHT OPOMexyTKy (0, +0o0),



OORTOMY OHA HAC He HHTepecyeT. Ecam e a > 0, To 270 — TOYKA
MakcEMYMA GYERDEH. KpATHYOCKHX TOYEK HeT.

Janmee BOCIONMBIYEMCH TEOPEMO O TOM, WTO eCNIM HEIPSPHIBHASR
OYHKOAA HMeeT H& NMPOMOKYTHE ¢SHHCTREHHYK TOURY SKHCTpEeMyMa,
OpHYeM TOUKY MAKCHMYMa, TO B 9Tol Touke QYHHIIAA ROCTHrAST CBO-
ero HanGonpmero snadenns. ClregoBaTensbHO,

o = ¥(§) = 55

IIpupasias 370 BRIpAKEHHE SATAHHAOMY 3HAYSHHIO 105, noJyqauM:
a = 15.

46.39. a) IIpn KaKoM 3HAYCHAH HAPAMETPA /1 CyMMA KBAIDATOB
KopHell ypasueuusa x* — 2nx + 4n? + 3n = 0 Gyaer Haubonbmeit?

6) IIpy KAaKOM SHAYCHHAYW HADAMETPA 72 CYMMA KBAZDATOB KOpHeit
ypapHeRHR X% + nx + 2n — 1 = 0 Syzer saumMenbIel?

Pemenue. Ilo cMECAy 3agauB peyh HAeT O JelicPBUTeNBHBIX
KOPHAX, HOCKOALKY A4 KOMIJNEKCHLIX YHACEN HeT ONepalun cpaBHe-
uua. BocnonabsyeMcda TeM, UTO eCHH X;, X, — KOPHH NPHBeAeEROIC
KBAAPATHOTO ypaBHeHus x°* + px + ¢=0, o X} + af = p* — 2¢.

a) B nannom cayuae p = —2n, ¢ = 4n® + 3n, p* — 2¢ = —4n® - 6n.

AucKpAMAHART 38J8HHOIO KBAAPATHONO YpaBHeHH: paser —12n2 - 12n,
oR HeoTpHUATENeH Ha orpesxe [—1; 0). 3naumT, peur uaer of oTHICKA-
Enn HamGoarmero snavenns yuxnmn y = —4n® — 6n na oTpeske

[~1; 0]. Hueenm: ' =-8n— 6, " = 0 npm n=—%. OT0 eAAHCTBCHHAR
CTALIMOHADHAA TOUKA QYHKUMHE HA 3a5AHHOM OTpesKe, MpHYeM TOUKA
MAKCAMYMA, & HOTOMY Yuuus = y(—%).

6) BaagHoM cayuae p=n,9¢=2n— 1, p* — 2g=n®* — 4n + 2.
JMCKDUMIMHART SAAAHHOIO KBAJDATHOIO YDABHEHHS papen n® — 8r + 4,
OH HeOTPHIATENCH npnn€4-2J§ HIH npun>4+2J§. 3uaguT,
peus uaer of OTHICKAHMH HAMMEHBINEro 3HAUCHUA GYHRIMH Y = n® —

— 4n + 2 Ha ofbeAEHECHAH JBYX JAydeli:
(-o0; 4 - 2V8] U [4 + 2V3; +o0).
HMeeM: y’' =2n — 4, ¥’ = 0 npu n = 2. Ho »Ta TOYKa He NPHHAANLeE-

T ofinacTn onpefeAcHEda GYHKIUH, OHA HAC, CAEA0BATEALHO, He HH-
TepecyeT. IIpH n > 2 OpousBOAHAS NONOMKHTENALHA, B YACTHOCTH OHA

TNOOMKHTENLHA B HA [4 + 24§;+°°). Ha 27oM nyde QyEKIHA BOSPAc-
TAeT, & MOTOMY CBOEr0 HAAMEHBIIErO 3HAYEHMA AOCTHTAET B TOYKe
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4+ 2-\/5; y(4 +2J3) =14 + 843. Hanee, npu 1 < 2 DpoMsBOxHASA

OTPHUATEABHA, B YACTHOCTH, OHA OTPHHATEARHA U Ha (-00; 4- 2J§].
Ha 2roM nyue pyHRIHEA yOLIBAET, 4 HOTOMY CBOETO HANMEHELIIIETO 3HE-

JeHHA JOCTHTAeT B TOUKe 4 — 2V3; y(4 - 23) = 14 - 84/3. M3 nait-

JeHHEBIX ABYX 3HAYCHHH HANMeHLOIAM fEagerca 14 — 8J§ .

BrupoueM, 9T0T BEHBOJK MOMHO GBINIO DOAVURTE B 683 BRIYMCIICHHEH,
Heno B ToM, 910 0csl0 mapaGoanl ¥ = n? — 4n + 2 apngerca npaman
n=2,mm4—2«f§6:macexamﬁnpauoﬁ, qem-quca4+2~/§,
A MOTOMY sHaueHHe GYHKOUH B NepBofl TOYKe MeHbIe, YeM BO BTO-
poi (IpH 2TOM, eCTECTBEHHO, YUHTHIBAEM, YTO BETBH HApPAGONBI Ha-
npaBNeHsl BBEPX).

OTBeT:a)npu n = —13-; O)mpun=4 - 243.

46.40. Noxazars HBD&BBHCTBO'

A+ (1-xP> 16,6)x’+(1—x)? -%

Pemenue. a) IIyers y=x° + (1 — x)°, Torga y’ = 5x* — 5(1 — x)! =
=52x — 12x* — 2x + 1); y’ = 0 mpu x = % OTO eAMHCTBEHHAA

CTAIIMOHADHAA TOYKA (PYHKONH, NPHIEM TOUKA MIHHMYMA. 3HAYMT,
Yoamu = y(—%) = Tlg Bo Bcex ocTANBHEX TOYKAX (PyHRIUA Gompnre -1%
TpeGyeMoe HepPaABSHCTEO HOKABAHO,

0) Paccyskaaa KAk B IIYHKTE a), OPAXOAAM K BEIBOXY, YTO Yy =

<yfl) = L1 1 _ 2 25-16v2 1z

-y(g)—“.ﬂ;a.nee 84100 = iso0 = O sHaumT, g1 > 7an,
T4(1- 7> N2

a moromy x° + (1 — x) > 160"

48.53. Boxkosble cTOPOHBL H OAHO M3 OCHOBAHHH TpamenHHM PABHEL
15 cm. IIpw kaxoif A7MHEe BTOPOre OCHOBAHME ILIOMIAAL TPATEIHMN
Gyner Banboasmeii?

Pemenane, Ilepewiii yran. Cocmasactiue Mamemnamuvecroii mo-
denu.

1) OnTuMu3aHpyeMasd BeAHYAHA — ILTOMANE S Tpanemmm, obosHa-
IHM &€ J.

2) Hpumem 32 HesaBHCHMYIO HepPeMEHHYI0 X VIOA NpH OoJrhimes
ocHoBaHMM Tpamenuk (puc. 116); peasbHble rpAHUIK HEMEHEHHMH X
TAKOBEL:

0<x< X 3
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8) BuiurcAuM HAOIIAAE Tpa- B 15 C
nennw. Hmeem: BH = 1bsin x,
AH=PD=15cos x, AD =15 +
+ 30 cos x. Saauwr,

S= .A%BH=

=(15+ 15cosx) 16sinx = i 3 D
= 225 sin x (1 + cos x). Puc. 16

MaTeMATHYECKAS MOJIeNb COCTABJNEHA: pedYb HAeT off OTHICKAHHM
HanGOJABIIETO 3HATCHUA PYyHKIHA

y=2258inx (1 tcosx), 0 <x < %
Bropoli oran. Pasoma ¢ cocmasaennoli Modervio.
y =22b6{(cos x (1 + cos x) + sinx (-sin x)) =
= 225(2 cos® x + cos x — 1).
H3 ypasrenna y’ = 0 moxyaaeM: cos X = —1 BHAH cos x = % 9ra
COBOKYIIHOCTL TPHFOHOMETPHUSCKHX YPABHGHHH mMMeeT HAa PACCMAT-

PHBaeMOM HIPOMEKYTHKe (0, -’25] eTAECTBEHHLIN KOpeHsb X =

ol

Echx<%,'roy'>0;ec.nnx>%,Toy’<0.Cnen03aTeubno,

X = § — eQUWHCTBEHHAA TOYKA SKCTpeMyMa (YyHKOHHE HA 3aAAHHOM

ol

NMPpOMSKYTKE, IPHYEM TOYKA MAKCHMYMA, IOSTOMY HMEOHHO IDH JTOM
SHAYCHHH X PYHKIIHA XOCTHrACT HanGOABIIEro SHAYCHHA.

Tpemnit aTan. Omeem na eonpoc 3adaxu. B sagage ne TpelyeTca
HaliTy HamGoJbiIee sHAYeHMEe GYHRIHM, a Tpelyercea yKazaTs, ODpHA
Kaxoil pmee ocHOBAHNA AD omo gocruraeres. Hmeem:

AD=15+3oeoax=15+3Ooos§ = 30.

OreeT: 30 cM.

46.54. 3 npamoyroaeHoll Tpanenuu ¢ OCHOBAHHAME ¢ ¥ b ® BHI-
coToll /i BHIpe3AIOT NPAMOYTONBHAK HamboARmIell maomanu. YeMmy
pABHA 9TA MIOIIGAL, ©CJIHM:

a)a =80, b=860, h = 100;

6)a=24,b=8, =127
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B 60 C Pemenune. a) lleppuii sram.
Cocmuasaenue xamexamuiecroii no-

deru.
1) OnTuMEsHpYeMAasa BeRAUIHHA —
maomans S npaMoyronsauxka AKMP,
K M BOMCAHHOTO B MPAMOYTOJIBHYIO TDA-
nenuwe ABCD, y xoropoit AB = 100,
100 BC =60, AD = 80 (pre. 117).

2) Ilpamen 38 HE3ABACHAMYIO IEpe-
MEHHY0 X JAHRY orpeska KM; onpe-
JeAM peaNbHEIC I'PAHANL HI3MCHe-
HAA x: 60 < x < 80.

3) BuuucAMM NIOIIALL NPAMO-

A 30 H P D yroamHurs. Hueem:
MP _PD MP _ 80-x
Puc. 117 CH =~ Hp> "% 100 = " 20 °
MP =580 - x);

S =AP - MP = x - 5(80 — x) = 5(80x — x°).

MaTeMaTHUYECKAA MOZENs COCTABICHA! peub HAeT o0 OTHICKAHHH
HARDONBINErO SHAYCHNA PYHKIAR

S = 5(80x — x%), 60 < x < 80,

Bropo# arag. Patoma ¢ cocmaeiennuolt modervro,

8" = 5(80 — 2x). ' = 0 mp x = 40, Ho 5Ta TOUKA He NPHHALICHKHAT
noxyarTepeany [60, 80). 3aMeusem, 4To Ha ITOM DONYHHTEDBANAE
BHIIOJIEAETCA HEpapeHCTBO S < 0, T. . QyHKUHNA YOLIBACT, IOFTOMY
©€Boero HamCoJILOIero SHAUCHHS OHA JNOCTHIAET B JICBOM KOHIE IIOAY-
MHTEepBana: 8, = S (60) = 6000,

Tpernii Tan. Omsesem na sonpoc 3a0avu. Hauboarmyo Iaomane,
pasuyie 6000, umeer npamoyronsaux ABCH.

6) OuTEME3NpYeMas BeAHYHHEA — IJOHIAAEL S ODpAMOYTOJABHHKA
AKMP, BuucaHHONO B IPAMOYTONLHYIO Tpanenuin ABCD, y xoropoif
AB =12, BC = 8, AD = 24 (pue. 118).

B 8 C
K M
12
A H P D
Puc. 118
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IIpuMeM 3a HESABHCHMYIO He- 9
peMeHHyI0 X AMHHY oTpeska KM; B8 P L C
onpeAeJIaM PeaabHakIe TPAHMIEI W3-
MeHeHHA x: 8 S x < 24,
BuuyucauM nuomagb npaMo- K[ g |D

yronsuEuka, HMmeem: % = %,

5 5
cneX0oBATEALHO, % = '2%’5.
MP=0,75 (24 - x);
A—FE
S=AP-MP=x-0,75(24 — x) = Puc. 119
= 0,75(24x — x%).

MaTeMaTHYeCcKaA MOAENEL COCTARAGHA: Pedb HAET 00 OTLICKAHNN
pabonbiero 3HAYEHHA SYHKIME

S$=0,75(24x — 1%, 8 < x < 24.

& =15(12-x); 8 =0npu x = 12 - 370 ¢AHHCTBCHHAA TOYKA
IKCTPeNyMa, a4 HMeHHO MakcuMyMa byaxmuu. I[losToMy B AamRHOM
cayqae S, = S(12) = 108,

HauGompmyo miomais, papEyio 108, numMeeT IpAMOYTOIBHHEK
AKMP, rae KM = 12,

46.55. ¥ narayronsEiexa ABCDE yram A, B B E — npamule,
AB=a, BC=b, AE = ¢, DE = m. Bnucars B NATHYTOJEHAR IPAMO-
yrOAbHEME HAaHOONBIIEH NMAOLNARM, eCHAM:

a)ae=7,0=9,¢=3,m=25;

6)a=7,0=18,¢=8, m=1.

Pemernue. a) Ha pucynke 119 msobparken DATHYroAbHHUK
ABCDE. Ina Haufonsimere no IJIOMAAE BOIHCAHHOTNO NPAMOYTOALHA"
KA BO3MOJKHH ABa BapmanTa: Jubo 3THM NpAMOyroJbHuKOM Gyzer
ABPE ¢ naomaneio, papHoil 21, mu6o HCKOMEIYK DPAMOYTONEHEE CJe-
AyeT BIOHCATh B IIPAMOYTOALEYIC Tpanennio KBCD. B nauHoM cayuae
BTOpOilf BADMAHT Hac He HHTepecyeT, TAK KAk IAOMAAL YKASAHHOH
rpanenuu papEa 12, NosTOMY BINCAHHHE B Hee ONPAMOYTOJLHUK Oy-
JeT AMeTh ILromaxs meHesmme 12,

Hrax, TpefyeMulll DpAMOYTrOALHMK — HpAMOYTOJIbHHK ABPE
e naomansio 21,

6) Ha pucyare 120 nzobpaxen narayroacHey ABCDE. lna neu-
SonElIero no NACIIAAH BOVCAHHOIG OPAMOYTOJLHEKA BOSMO/KHE! ABA
papuHaHTa: Aulo oTM npaMoyronbHuKoM Syler ABPE ¢ miomaabio,
pasuO# 21, naGo NCKOMEIR MPANMOYTOABHHME CleAyeT BIHCATD B Hpd-
Moyroapuy Tpanenuio KBCD., B nasHOM cayuae HAC HHTeDECYeT
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K
1 s 1|2
A—3 —E

Puc. 120

BTOpOil BADHAET, DOCKOJEBKY ILIOMIAAL YKAZAHHAOH Tpanenun pasaa 63,
uro Goaelre MAOIMAAE OpPAMOYIOILHRKA ABPE,
Paccyxaaa kax B Nt 46.54 6, naxoamm aro S, = 32,4,

46.56. ITaMaTHHK COCTOMT M3 CTATYH M IOcTaMeHTa. K maMaTHH-
KY DOAoUIeN YeJoBeK. BepxHAA ToOUKA DAMATHHKA HAXOZWTCA BLIIIE
YPOBHS €r0 IMIa3 HA ¢ M, 8 BepPXHAA TOUKA NocTaMenTa — Ha b M. Ha
KEKOM PACCTOSHHHM OT NAMATHUKA AOJDKEH BCTATH Ye/I0BEK, UTODhI
BHAETE CTATYIO NOA HANGOABIIMM YraoM?

Pemenue. Ha pucynxe 121 npefcrap/ieHa NreOMETPHUESCKAR MO~
Aens curyanund: OF — nocramenr, FP — crarys, O — ocHoBanuWe
mocraMenTa, M — TouKa, B KOTOpoii HAXOZHTCH UeaoBex, AM — pocr
genosera (no ypobus rnas), PK =a, FK=b, PF=a - b, LKAF =0.

Hepouit sran. Cocmasaenue Mamemamuyeckot: Moderu.

1) OntaMusupyemMas pesmanaa — yrox PAF, ofosHausM ero y.

2) IIpamMen 35 HEIABUCHMYIO [EPEMEHHYIO X paccTognme OM: pe-
AZBHEIe PRHUNE H3MEHEHUA X TAKOBRL 0 < x < + 00,

P
F
y
K o A
x M

Puc. 121
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3) Buiuzmcaus UHTepecyowmwMii Eac yroa (AIHE KaKyo-anto TpHro-
HOMeTpHUeCKYI0 QYHKIHIO yr.ua) Hmeen:

wo=2E - Lga+rp=-LL -2

C Apyro#t croponsl,

O+ D= T ey = —Lr

(3mece z = tg y).
Hrax,
b+2x _a
x-bz " x
OTKYAS HAXORHM:
_ (o —-bx
BEEY N

B sagaue peus naeT 06 Y. Ho HanboariieMy saaeHEdio yria y
OyzeT COOTReTCTEOBATL M HaHbOJNbINee 3RAYEHNE TAHIeHCA Yraa, T. e.
Zpante

MaTemaTHuecKas MOZENs COCTABJCHA: pedb HAeT O OThICKAHKHA
HanbGoApIIero sSHAYCHHA (byﬂxm

Bropoii aran, Paboma ¢ cocmasaennoti Modeavio,
7= a - b)ab — x*
Y A
# =0 npu x = Jab — 910 eAuHCTBENHAN TOUKA IKCTPEMYMA (DYHK-

IHH, OPHYEM TOUKA MAKCHMYMA. CASAOBATONLHO, Z,,.4 AOCTHIaeTCA
HMEHHO B STOH TOTKE.

Tperuil oran. Omaeem na eonpoc sadayy. B aaasue ne Tpelyerea
HallTH Hanfonpmee 3HaveHHe JYHKNMM, a Tpebyerca yrasaTh, Ha
KAKOM DACCTOHHHMM OT DANATHEKA AOJIKEH CTOSThL YeNopex. J10 pac-
croganre OM My ofozpaunar Gykpoll x B BHACHEAH, YTO

x = Jab.
Orrer: OM = Jab.

46.57. Basa HaxofuaTCA B Jecy B 5 KM OT AoporHm, a B 13 kM or
Gasel Ha Toit AOpOre €CTH KenesHOROpOXHAA cTannns. Ilemexon mo
Jopore HJeT CO CKOPOCTAIO § KM/4, a mO Jecy — 3 xmM/4. 3a Kakoe
MHHUMANLHOE BpeMA OH MoKeT Robparsca or Gaznl A0 cTaHnup?
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5 13
x S
A M
Puc. 122

PemeHue. Ha pucyake 122 npeficTapNeHa NeOMeTPHYLCKAA MO~
JAeAs cuTyanad, BMS — Mapmpyr memexoaa.

Iepnriif a1an. Cocmasaenue mamemamuveckoli modeau.

1) OoremasnpyeMan BeIMIAHA — BpeMA { ABMMKEeHHA NemexXons
or Gasur B o craAnmy S.

2) TIpaMeM 38 He3aBHCUNMYIO NMepeMeHHYID X yroa BMA, Touxa M
MQIKeT 38HATH HAa OTpeske AS moboe NOXOMEHNE, BHe NPSEIOB HTOTO
OTpeska BHOGHpATE TOURY M GeccMpicaenno. Ecau M copmajaer ¢ S,

To x = arcig %.EcmMoommercA,rox=§.Hmouypeaume

rpAHANE] H3MeHeHHA X TAKOBHI: arctg % <x< X

2
3) Bouncaus BpeMa ¢ OBHReHHS NemeXoxs. Mueem:
v _5 L
BM = sin 2’

HA 9TOM YY4CTKe OYTH HeIeXOA MAET CO CKOPOCTHI 3 KM/4, SHaYHT,
BpeMa §,, 3aTPAYCHHOE HA STOT NYTH, BEIpAIHTCA POPMYNOit

%= Tsinx
Hanee MS = AS — AM = 12 — b cig x; Ha ITOM YHACTEKE IyTH Oe-
MeXo[ HAeT ¢O CKOPOCTRIO D KM/d, CNIeAOBATEABHO, BpeMa f;, 3aTpa-
geHHoe Ha 3TOT NYTh, Bhpasurca dhopMynol

12 -5etgx
t3=_—'_'5_-.
B mTore EMeeM:
¢ = 5 + 12-5ctgx
T 8sinx b ’

MareMaTiuecKas MOZEJNE COCTABNGHA: PeUb HAeT of OTHICKAHWH HAH-
Sonmpurere 3HAYSHRA NOIYYOHHOH QYHRIMH HA OTPeIKS [arctg%; %].
Bropoii aran. Patoma ¢ cocmacaennoil Mo0eavio.

HaiigeM mpoMSBOAHYI0 NOAYUCHHOH dyHRITHM:

¢= 3-5cosx
T T arfy
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EfuncTBeHHAA CTALMOHADHAA TOUKA, NPUHAANCKAILAA SAZAHHO-
MY OfpesRy, ——-romx:meos%, OpHYeM CJIeBA OT Hee, B CHAY

yﬁumm@mmy=msx,mnamanepanenmmx>%.
acnpam—nep&nenmmcosx<%.9roanam,mcxenamyumn-

noﬁ'nomt’<0,acnpa3at’>0;cne,nonamno,x=arcooa-g —

€IHHCTBCHHAN TOYKA PKCTPEMYMA PYHKONH HA SAXAHHOM IIPOMEXYT-
Ke, IpUvYeNM TOUKA NUHWMYMA, IOPTOMY HMeHHO B 3Tol Toduke (PyEHE-
IEA RAOCTHIAET CBOErQ HARMEHLIIero 3HaAUeHHdA.

Tpernik oran. Omeem na eonpoc sadayu.
Ecmm cos x = %,'rosinx= %,ctgx= %, M, BHAYMT,

-5 12-5cgx 5 5. 1(;5 5. 8)_oll
t=FanxT 5 -3 4"'5(12 5 4)'313'

Orper: 8 ¥ 44 MunH.

B aanave 46.57 MoxkHO OBING BHMOpaTh Apyroit cnocoG cocrapme-
Hua Maremar#aeckoit mopemn. Ecan sa ¥ DPAESTL AAUAY OTPESKA
AM, 1o BM = V25 + 2%, MS =12 - x, ¢ = Y8828 | 120X
0 < x € 12. Buykcnus nponsBoAHYI0 H NPHPABHAB ee¢ HyI0, obHApY-
AMHEM, YTO X = Lf — @AUHCTBEHHAN CTAIMMOHADHAS TOYKA QYEKUNH
HA 3aJAHHOM OTpesKe, MpHUYEM TOUKA MMHUMYMA, A TOTOMY B srolt
TouKe (JYHKIHA NOCTHrAET HAMMEHBINIEro SHAaYeHHd.

faasa 8

§ 47

B sapavax 47.1—47.6 orpabaToiBacTCd yMeHHMEe OPABAJILHO MC-
NOAB3OBATE NPABMIO YMHONEHHS B PASHOODDASHEIX CHTYADHSAX. JOTO
npasuno seaserca 6azopbiM gasn Beel xoMbmuaTOpHOH HOATOTOBKM
ydamaxca. OBO TAK WAH HHAYE BCTPeYAeTCA BO MHOPHX 3a8aYax B
AanbieiineM, HO B 3THX TIePBHIX 3aAAYAX OHO MPHCYTCTBYET B ABHOM
sape. Ipa pasbope pemeanill eTMX sagady KpaiiHe BAKHO NOAYECPKH-
BATD CBOHCTBO Hesgsucumocmi sBH60pa oYepeAHOrO 3JI6MEeHTA OT BH-
Gopa MPEABIAYIETO.
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47.8. a) CrombKkO HMeeTcs TPeX3HAYHRIX YHMCEJd, COCTABIEHHLIX
TOABKO H3 YeTHHX mabdp?

6) CROMBKO HMeeTCA TPeX3HAYHHX UHCeJI, KOTOPHe He MEeHSIOTCA
TIpH nepeMeHe MeCTAMH NepBoi H nocaexuel madgp?

B} CRONMBEO HMEeTCH TPeX3HAYHBIX THCeN, KPATHRIX 57

T) CRONMBKO MMESTCH TPEeXIHAUHBIX UMCEJ, KOTOPhIe IIPH HepeMe-
He MeCcTaMHA nepsoii B Bropoli oudp MensioTca NeHee Jem Ha 907

Pemenne. a) Ileppoii madpoli momer Grirh 2, 4, 6 mun 8, Beero
4 sapuanTa. Bropoit 1 Tperbeit nudpoft, nesasncuMo or subopa nep-
Boil, MOKeT 6BITH m0Gaa us mudp 0, 2, 4, 6, 8, Bcero no b BapHaH-
70B. Ilo npasaay yMHOMerna noaydaem orser: 4 - 5 - b = 100,

6) Ileproit nudpoit Moxxer 6uITE MobGast nudpa, Kpome 0, Beero 9
BApRAHTOB. Bropolt MoxkeT GHTE mobas uudpa, Bcero 10 BapaasTOB.
Tperea nudpa M0 YCHOBHMIO -— TAKAA e, KAK H IepBad, T, €. TyT
BADMART eaARCTBeHHEIN. Ilo DPABRIY YMHOKEHHS IONYIAEM OTBET:
9-10-1=90.

B) Ileproii nudpoli moxer 6uTs mobas nudpa, kpome 0, Beero
9 papuanTOoB. Bropolt Moxer OuTE Niofas mudpa, scero 10 Bapuan-
0B, Tpersa nudpa no yeaoesuw — xubo 0, anbo 5, 1. e. Tyr 2 Bapn-
agra. [To npapany yMuOoMXeHuS nomydaem oreer: 9 - 10 - 2 = 180.

1) IIyers x = 100a + 10d + ¢ — TpexsHAYHOS YACAC, a ¥ = 100d +
+ 10a + ¢ noxy4eHO H3 X NEePeCTAHOBKOR nepeslx Apyx nudp. Io
yenoeno |x — y| < 90, 1. e. [100a + 105 + ¢ — 1000 — 10a — ¢| < 90,

90ja - b| < 90. ITocneanee HepaBeHCTBO BEPHO TOJBKO NpH @ = b.
Ina sufiopa undpil ¢ ecTs 9 BapuaEToR. Ecim nudpa ¢ subpana,
T0 b BHIGHDAETCA eAMHCTBeHHREIM 0O0pa3oM, HY & TpeThd nmdpa —
mofaa u3 10 poaMoRHLIX. I10 APABAIY YMHOMCHEA MONYIAEM OTBET:
9-1-10=90.

OreeT: a) 100; 6) 90; 8) 180; r) 90.

B caexyomeit sazade HeBHO NPHCYTCTBYET IPOACTABNCHHE O IPO-
THBONOJOXHOM cOONTHH. TaKoro TepMEHS HIOKA HET, HO K CAMOMY

NOHATEK CHeayeT IOCTeneHHO INPHBEIKATE.

47.5. 3a yeTBepTHs B Kjaacce nponran 5 Tem no anrebpe. Koar-
poabHaaA pabora OyAer cocToATh B3 NATH SAJAY: N0 oxHOM 3ajadve
B3 KaKEof Temel. K xaxzaoit Teme aaparee SBUI COCTABIIEH CITICOK U3
10 3aga4, OAEA H3 ROTOPHX GyAeT BXOAHTE B BADHAHT KOHTDPOJIBHOMN.
VueHHK yMeeT PeIllaTs TONBKO 10 8 3apad B kamaol reme. Haltrn:

a) obmee YHCNO BCOX BAPHAHTOB KOATPOXbEON paborsi;

6) umeno Tex BADHANTOB, B KOTOPHX YYeHHK yYMeEeT pellaTh Bee
HATE 38789,

B) YHCJIO TeX BADHAHTOB, B KOTOPHX YICHHE HHYETO HE MOMET
PeHmnTh;

218



r) YACHC TéX BAPHAHTOB, B KOTOPHIX YYCHHK YMEET PelIATh BCe
3aXAYH, KpoMe NnepBof.

Pemenne., IIpencrasaM, uTo €cTh & JucTHOB, Ha KamaoM 1o
10 3axav, U3 XOTOPHIX ® 6yZeT cOCTABNCHS KOHTPOABHAA. Ha Rax oM
AHUCTKe YUCHHK OTMETHA Te 8 3ajau, KOTODHE yMeeT PeliaTh.

a) Mu npegnonaraeM, 9TO IPH COCTABJICHAR KOHTPOJLHON pabo-
TH BHGOP IO oZHOH 3aRaTe M3 KAMKIOTO JIUCTKA 6yAeT OPOBOZHETLCA
He3asucuMbix o0pasoM. 3HATHT, K OATH HCOLITARAAM — BHGODY
OATH 33489 — NPAMEHAMO OPABWNO yMHOMenua. IlosygaeM oTser:
10-10-10- 10 - 10 = 100 000.

6) PaccyRliieHHe SHANOTHYHO, TOALKO HO KAKAOM HI JMCTKOB
BROOD IPOM3BOANTCA B3 BOCLMM OTMEUYeHHEIX 3axav. Ilo mpasmuy
YMBOXSEHHA TOSTyuIaeM oTeeT: 8 - 8 - 8 - 8 - 8 = 2'* = 32 768.

B) Paccy:xaeHne aHAMOTHYHO, TOJBKO HA KAYKIOM M3 JHCTKOB
BRI6Op OPOH3BOARHTEA H3 ABYX 38444, KOTODLIe YUCHHE He MOJeT pe-
mg:s.ﬂorrpamyyunomenmnomaemm:2-2—2‘2-2=
=25 =32.

r) Ha nepaoM areTKe BRIGOD UPOHABOAHATCA B3 ABYX 38841, KOTO-
PHe YIeHAK He MOMKeT PeIIATh, 4 HA OCTAJILHBIX YeTHDeX JHCTKAX —
H3 BOCHBMH OTMEUeHHHIX 5afad. [Io OpaBHAY YMHOMEHHA OONYIAeM
orteer: 2 -8-8.8.8=212=38192,

Oreer: a) 100 000; 6) 32 768; B) 32: r) 8192.

JoronnE0 THOHYHA CHTYanRd, KOTAS NPABHJIO YMHOKOHHA IpH-
MeHsIeTCHA B CIYYaAAX ¢ 3apaHee QUKCHPOBAHHBIM BHIGOpDOM B HEKOTO~
PHIX EMEIoImuXCA HCOWTaREAX. IIpuMepoM SBASeTCA CACAVIOMAS 38~
Aaya.

47.6. B xaxayio kaeTKy KBagpaTHoll Tabaunn 8 X 3 mponsBoak-
HO CTAPAT KPECTHK M HOMHK,

a) CRONBENME CIoco0aMH MOMKHO SATICAHHTE 3TY Tabmamy?

6) B cRONBEAX cAYYAAX B OIepBoM cTroabie SyayT oAHM KpecTuKH?

B) B cCROILKHUX CIy¥aax mo AUArOHANAM GyAYT CTOATH OXHM HOMMKH?

r) B ckoABKHX crydadax Bo BTOpOil cTpoxe GYEeT CTOATH TOJLKO
OAUH KpecTur?

Pemende. a) Beero pMeeTcs 9 KIeTOK, B KAXKAYI0O H3 KOTOPHIX
CTABAT JROC KPeCcTHK, AR00 HOMHK. SHAYUT, HMeeTcH O He3aeucuMbLY
HCOBITAHHE, B KASKAOM U3 KOTOPLIX BOSMOMKHH 110 2 Hexopa. Ilo mpa-
BRJY YMHOKEHHR NoNXyaaeM oreer: 2° = 512,

6) Ilpo nepsriit cTonben, MOMKHO 380EITE: B HEM IO YCAOBHIO CTOAT
open KpecTHRH, OcTaerca 6 KAeTOK, B KAMAVIO H3 KOTOPEIX HesapH-
CHMO CTABAT Au60 KpecTHK, JHG0 HOMNK. OTBer: 2% = 64.

B) IIpo KASTKH MO AHATOHANAM MOSKHO ZR0LITH: B HHX IO YCAO-
BHIO CTOAT OAHA HOAHKH. OcTaeTca 4 KJIETKH, B KAMKAVIO H3 KOTODHIX
HE3ABHCHMO CTABAT AnG0 KpecTHK, Jubo Roaur. Oreer: 2¢ = 16.
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r) BozsMOXKHE TPA BRDHAHTS 3AII0JHEHHA BTopoli crpoxu: x00,
00 1 00x. B kasxaoM B3 HUX OCTAHYTCS CRODOAHEIMU 10 § KIeTOK M3
neppoil W TPeThell CTPOK. DTH 6 KIeTOK MOXKHO SATIONHUTE 2° = 64
coocobamy, 3HATHT, Beero nojgyuaerca 8 - 64 = 192 cnocofa.

OrseT: a) 512; 6) 64; B) 16; r) 192,

JoxazaTennctsa (4 He pellleHHA) HEPABEHCTE BCTPEYAIOTCH B CNO-
FMHABMUXCHA Kypcax aareSpH He CAEIOKOM 4acTo. B Nt 47.18 crenene
+AOKA3ATENbHOCTH HEPABEHCTB MOEeT GHITH pasauusoit. MoxuO
BLITOPYKATD COBCEM AKKYDATHBIA CTHAEL H JOKA3ATH HEPABCHCTBA Me-
TOAOM MaTeMATHUEeCKoH MHEAVKIEHN, & MOXKHO HCIOJAL3OBATL GoJee
HAHBHEIA DOAXOA, CPABHHE CKOPOCTE POCTA NMpaBoil ¥ nenoit gacreit,
Bo Bcex mMyHKTAX a)—T) HeaecoofpasHO NPOBEPHEThb, YTO NPH MEHb-
IINX N YKASAHHLIe HePABEHCTBA HeBEeDHH.

47.18. a) HoxrssaTh HepabeHeTBo nl > (n + 3P npu n > 5.

Pemenue. Ilpu n = 5 noayuaem: 5! > 8%, r. e. 120 > 64, uro
pepro. IIpa n = 6 noayqaem: 6! > 92, 1. e, 720 > 81, yro sepuo. [pu
n = 7 monyuaem: 71> 102, 1. e. 5040 > 100. ficHo, uTO ¢ yBe/IHYeHH-
€M 71 ICBAH TACTH DACTET 3HAYMTEeNbHO OLIcTpee NpaBol 3acTH, a no-
TOMY AOKASHBAEMOE HepPABCHCTBO BepHO HpE 2 b,

IlIpupegem GopMANBHOS AOKAZATENBCTEO METOLOM MATEMATHUCCKON
HHAYEIHHA.

Basuc naayxuay (npr B = b) y:xe nposepen. IIposepum copases-
JAMBOCTh MEAYKIMOEHOTO nepexozna. IIpeanonomnmM, 9T0 HEPABEHCTBO
pepHO OpH 1 = k » 5, v. e. bl > (k + 3)°. loraxeM, UTO HOPABEHCTBO
peppo M mpu =k + 1, 7. e. (B + 1) > (k + 4)°.

Hwmeen: (B + 1) = (B + 1)k > (& + 1}k + 8)’. Hoxaxem, wro
(R + 1Xk + 3)2 > (k + 4)°.

k+4

1 2 2
Beamom gene, k+1>4=2> (1+k+3) = k+§).3natm'r,

(R + 1)k + 3> (k+ 4, aroraa (k + 1) > (B + 1)k + 3)® > (k + 4)%,
10 ¥ TpeSOBANOCh AOKASUTD.

Ilo npuANENY MaTeMaTHIeCKOH HHAVKIHE TpefyeMoe HepaBeH-
CTBO ROKABAHO.

47.19. Joxasarh HEPABSHCTEO:

a)2,66<1+ﬁ+-2-l-+...+%npnmexn>3;
6) 3¢ + 3 + . + 3 < 0,125 upn voex n > 4;
3)1+-]13+-21—1+...+$<3upnmexn;
r)1+-llj+-%'i+...+-;31-l<2,75npnmxn.



Pemegue. a) Ecomn » 3, To

1 1 1 1 1 1
l++tgtetyg?ltgitgtg=1+1+35+

bk =
A
]

e

= 2,666 ... > 2,66.

8) Hcoonksyem dopmyny cyMMu SecxoHeuHON reoMerpuuecKol

co spamMenaTeneM 0,5:
o { 1 1 1 1

1
?+§+...+?<¥+§+...+?+."=7-m=
= 5 = 0,125.
B)Tanxaxnl>2"npnn>4(cu.m47.183)).m%<%,n

NOTOMY

1 1 1 1 1
1+ﬁ+§f T I+°"+;ﬁ

TIocnexnee HePABSHCTBO BepHO, Tak Kax 1319 - 4 = 5276 < 5280 =
=480 - 11.

Jamnwit naparpad TpoacAKRacT KOMGKEATOPHEYIO IHAKIO B ofmek
CTOXACTHISCKON NMOATOTOBKE Yaammxced. 110 CDABHEHHIO ¢ NpeARIAY-
MMM naparpadoM B STHX 3aaaYaX, KAK OPA&BHIO, IPOASBOAHTCA BRI~
60p HecROABKRAX MeMerRTOB. C Texamaeckoll TOUKN IDEHHA OCHOBHON
o0LeRT HIYUEHHA GAech — DOPMYJL AnA UMciaa coderamuii C¥ m pas-
MemenNE A} B nx nprMenenne B pasnAYEEX cHTyamEsX. Ilepsuie
NAETh 384aY% ENCIOT AeNO CO CAYIAAMH, KorAa k2 = 2.

48.4. Bee cTapnuN OpHroOpoAHOl XeezHON AODOrE pPa3leleHbl HA
10 son, B KRAOH 30Be Gonee oxuoit cranuud, B Gunere Ha npoess B
OARY CTOPOHY VK&3HBRIOT HOMED SOHEI OTHDABACHHA H HOMCD 30HBI
NpUOLITHA.
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a) CKONLKO CYIECTBYeT PA3NRYHKX THIOR GuneTon?
6) CrONBKO CcYHIeCTEYET DASMNYHRIX cTonmocTekt Gmieron, ecnm

CTOMNMOCTS IIPOeGAA H3 30HEI X B 30HY I PACCUATLIBAeTCA IO opMyie
S=T7+6x-yl?

B) CKOABKO pasNMYHEX THOOB (HJIETOB MOXKHO KyOHThL He Gonee
yeM 38 50 p.?

r) Cxonsko CymecTeyeT PA3NAYELX TRH0B GHIeToB N0 LeHe, KPaT-
mo# 5§ p.?

Pemenue, a) I HoMep 30HH OTOPABNCHAA, ¥ HOMED I0HBI IIPH-
ORITHA MOXKeT ORITE AI06HM yncaoM ot 1 no 10. Ilo npasuny yMHOEE-
BHES oDoayaaeM N = 10 - 10 = 100.

6) CrommocTe S OZHOZHAUBO ONpeAcAcHS, KAK TOJLKO M3IBECTHO
OTKJIOHEHHe Me:Xy HOMEPDANM X H J 30H OTOPAEJEHAA B OpACLITHA,
T. e, |x — y|. Beero umeerca 10 Takux oTkacHenwH: ot 0 = |x — x| Ao
9 = |10 - 1|. Snaunr, 1 pasauuHMX cTomMocTedt HMeeres 10 BapH-
AHTOB.

B) CroumocTu OHneron papHH 7, T+ 6 -1 =13, T+ 6 - 2 =
=19, ..., 7T+6-8=55, 7+ 6 -9 =61. B3gauur, 3a 50 p. Heanza
npoexaTh B3 30HH 1 B 30HM 9, 10, us 308W 2 B 30omy 10 m obpar-
Ho; Beero § THnos Omaeros. ITosromy B0 p. xBarur Ha 100 - 6 =
= 94 ™Tana Gmaeros.

r) B nyrkTe §) OBI0 YCTAHOBJCHO, YTO cyiNecTRyeT 10 BapHaRTOR
croEnoceTell OENeTOB, A M3 DOACYETOB, NPOBENSHHEIX B MYHKTE B).
cllefyeT, ITO JHUIIE ABe CTOHMMOCTH KDaTHH 5: sr0o 7 4+ 6 - 8 = 25,
7 + 6 - 8 = 55. Nosromy n3 30K 1 MOEHO XyHUTE: Ouaer Ao 30H 4 ¥
9 u obpaTHO, W3 30HKN 2 — A0 30m 5 ¥ 10 m ofpaTHO, M3 30HM 3 — J0
30HH 6 1 o0pPATHO, H3 30HH 4 — J0 30HH T H O06paTHO, H3 30HH § —
Jio 30HK 8 ¥ o6paTHO, N3 30HLI § — Ko s0EM 9 1 ofpaTHO, KA 30AM T —
Ao 30BM 10 ¥ ofpaTHO, Beero 18 BapHaBTOR.

OreerT: a) 100; 6) 10; ) 94; 1) 18,

Bapaunm 48.14—48.17 Gasnpyores HA NpABHIe YMHOMEHAS U HC-
noasayoT GOpMYALl AAA YHCHe codeTaHHl ¥ pasMerneamil, [lo cyme-
CTBY 9TO KOHUEHTPHUYECKAA OpraHHsands yueSHOrO MaTepHaNa, IIPH
KOTOpoil BOBBPAT K HSBECTHRIM paHee daxTaM mpomcxoaur Ha Goxee
BHICOKOM YPOBHe.

48,17, IIo nporpaMse B KOHNEPTE AOXKEH BHICTYIHTL XOP H3 HATH
ueBHOR M TpeX neeun. IIpeABapaTeabHOE COrMIACHE HE BRICTYIICHME
aaan 10 mepuor 1 8 nmepH1l.

8) CKONBKO CYIIECTRYET PAIMYHEIX BADHAHTOR COCTaBA xopa?

6) To xe, HO eC/IE HIBECTHO, UTO NeBOk A 1 B ax aa uro me 6yAyT
TIeTE BMecTe.

B) To e, HO eCJIM HSBECTHO, UTO NeBen A GyZer meTs Torna U TONL-
KO TOrAS, KOraa GyZer neT: merxua B,



1) To Me, ecim 6 HeBOOB HAKAHYHe CODBAME Iojoc Ha (yTGoae B
BMECTO HeZOCTAIOMIETO NEBIA NPMAESTCA BRICTYIATEL OAHON IeBnRIe.

Pemenne, a) Ilpeanonaraerca, ure eufop meenoB ¥ BRGOp me-
BHI| IDOHCXOANT He3aeucumbix JPYT OF Apyra obpazom. M3 gecarm
NeBHOB MOXHO (C§ cmocofaMH BHODATE 5 XODHCTOB: BeAb MOPAAOK
TYT HeBaXKeH, AHAJOTHYHO, A3 BOCKMH IeBHI] MOXKEO C§ crnocobamu
BRIGpaTs Tpex xopucTor. Ilo npasmny yuMHOMEHEA HONYYAEM OTBET:
Cho C3=26-256=14112,

6) Hz oTBeTra B OyHKTEe a) CAEAYET BEIYECTh UHCJO TeX COCTABOB
X0pa, B KOTOPRIe BXOAAT U Dekell A, u nesen B, Pas oEN yiie BOOIAH
B COCTAB XOPA, TO U3 OCTABIIMXCA BOCEMH NEBIOB HAAO BHOpPATs TDEX,
9ro Moxmo caenars Ci cnocoGamu., C DePHIAMH, IO CPABHEHHIO C
OYHKTOM a), HH4Eero He maMeHunocsk. Iloayquaem:

14112 - C§ - C} =14 112 - 56% = 10 976,

B) BoaMOXHH ABe CHTYAIMH: NeBHUNla B mMoeT MM He NoeT B XOpe.
B meproM cayuae H3 OCTABRIINXCHA CEMH NEBHO HaJo BHOpaTh ABYX.
970 MORHO cfeaath C; cmocofamu. B raxoM caydae B Xope 6yAer #
neBen A, M M3 OCTABIIMXCA ACBATH NEBHOB HALO BHIODATH Y6TBOPHX.
Bro Mommbo caenare Cji emocobamm. Bmawnmt, TYyT ects CF - C§ =
= 126 - 21 cocrapor xopa. BEcax ke nesuna B e noer B xope, TO
aMeercs Oy cmocoboB BriGopa nesmi. B TakoM ciydae He GyZeT neTh
u nesen A, u ecrb C§ cnocofoB BRGODA M3 OCTABITMXCA JEBATH NEB-
110B. SHAYHT, TYT ecTh Cf - C5 = 126 - 35 cocraBos Xopa, & BCEro NONY-
gaerca 126 - 21 + 126 - 35 = 126 - 56 = 7056 papnanTon (moxoBuHa
H3 BCEX BOSMOMKHEIX).

r) Tak KaK OCTAJIOCH TONBLKO YETHIDE NEBIA, HM BCEM IPHASTCA
IeTh, TYT €CTh €AHHCTBCHBEY BapuaAT BuGopa. OgHY meenny, saMe-
HAKIIVID I1eBIa, MOYKHO BRIBDATE BOCeMBX coocofaMHA, A B3 OCTAB-
mMxcs ceMH NeBHI MoxEO (5 cnocofamMu BHODATL TpEX XOPHCTOK:
Ho opaenay YMHOKEHHA Goxyaaem oreer: 8 - 35 = 280.

OreeT: a) 14112; 6) 10978; ) 7066; r) 280,

B zazauax 48.18 » 48.19 Ha HoBOM, KOMOHHATOPHOM MaTepHale
HPOUCXOAHT NOBTOpPeHEE rpadurop 6a30BbIX GYHKUKHA: KBAADATHUHON
o xpobao-ymueiiHoli. Kpome Toro, HeABHO IPOROAUTCA H BEIYMCIICHHE
NpeAeioR YNCAORHX mocHeaopaTeasHocTell. TeM caMeIM HOBHIN yuel-
HBIA MATEPHAJ HETErPHPYETCA B PAMKE YiKe TPAZRIHOEHHX A4 Kyp-
ca anreGpu M HaYal AHAMHSA TeM.

48.18, Tlyors y(n) = Icag_‘.' n >4,

a) ¥Yrazary gpobuo-numetinyio pyHKIMIO, rpaduky Koropoit npn-
HaJLIexkaT Bce TourH (n; y(n)).
B) YKasaTs HanGoablee 77, IpH KoTopoM y(n) > 0,25.



1
r) VkazaTh HauMeHbIIee N1, IPH KOTOPOM ¥(n) OTAHYaETCA OT I

Menee uem Ha 0,01,
an - 1)n ~ 2)
8

Pemenne. a) A:tl = - -2)n =3 — 6n - 3).3mm,noe

TouxH Buas (n; y(n)) npuaagnemar rpabury apobro-ymuelinoi dya-
X
KImE § = gr" .

B)Pemaepanencma-n"—_gi>%npnn>4,nonyqnu:n<9.

HanGosrmee peineHEHe 3TOrC HePABEHCTBA B HATYDANLHHX UHCIAX

paBHO 3.
r) Ilo yenoenw npE n =2 4 Tpefyerca peIINTE HEePABEHCTBO

n___1 3 L1 1.
|m 5‘ < 0,01. Haeeen: Iﬁ(n-3)| <0,01; 3% < T00°

50 < n - 3; n > 53. HanMensiee PeINeHAS STOr0 HEPABSHCTBA B HA-
TYPAJIBHHX YBCIAX PABHO 654.

Sapa9H HA JOKABATENBCTBO TOMKASCTE WM HEDABCHCTE, CRASAHHEIX
¢ YHCIAMHA COUYSTAHHA MM pasMellleHH, pelnanT Ape yueSHble NeMH.
Bo-nepsrix, noeTopaoTea GOPMYIH AJNA STHX 9HCEHA, BO-BTODHIX,
noeTopdercaA 6a30B0e ANA ITKOJEI YMEHHE NIPOMSBOAHTE TOMKASCTBEH-
Hile npeolpasosanna GYKBeHHMX BHIPAKeHHN.

48.22. NoxasaTe TOXAECTBA!

a)Cs=Cr + Cip B Ct=Cyl1 + Ch.g;

OC*'=C.+C pC=Clt+CL+C

3xech OCHOBHBIM SABJIACTCA NYHKT B): OH IPOCTO MOBTOPAET TOMK-
AecTBO, AOKAa3aHHOe B yueSnuKe. IIVHKT I') HeCHONBKO VCIOMHAET

NYHEKT B), & OpeaslAyIIHe NYHKTH, HANPOTHB, ABAAITCA Gonee npo-
CTHIMH, YACTHRIMHA BEPCHAMH TOAECTBA M3 IYHKTA B),

Pemenne.

a)a;=cg_1+cg_l@ﬂ";1(;l’ﬂ=

ca-Dn-2  (n-n-2Kn-3)
- 2 6 :

ITocne coxpamenna ofenx yacreldl mocaeaHero papeHCTBA Ha 06-
(n-1n-2)
muif MHOKHTEAL 3 nonydaeMm: n = 3 + (n — 3), uro,
GesyclIOBHO, BEpHO.
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6) c:—«l - cg-l + q:; = C: = Cﬁ_1 + C‘...l And

@n(n—l)(nzzz)(n-fl) (n- 1)("- 2n-8)

+ (n-l)(n-2)(n-3)(n-4)
o4 .

Tlocne coxkpameHBEsa 00eMX 4YacTell DOCHAeAHErO DABCHCTBA Ha of-
(n—-1n- 2](n 3)

ni MHORATEIE monydaem: n=4 + (n — 4) —

BEepHOE PABEHCTEO.

e nt (n - 1)
B Cr=Cli+Ca= Wn -0 - G-Dn -1)- -0y T
T (n-1) y
Bli(n - 1 - k)!

ocae cokpalmeHns Ha o0IMi MuoXKuTeAL (1 — 1) B uncauTensx
IoJAydasM:
n - 1 + 1
Bn -kt~ (k- 1)a - ) Bli(n-1- &I

ITocne cokpamenna Ha ofmuit MEOXNTERE (R — 1)! B 3HAMeHAaTe-
AAX TOAYIACM:
n 1 + 1
M-k (m-B! " kn-1-kt

Hocae coxpamennd eme Ba ofpnE ofmu# MuoxuTens (n — k — 1)
k(nn— B = ni E + %, 9710, Ge3yCIOBHO,

B JHAMEHATEAX HNONydaeM:

ABNACTCA TOMACCTBOM,

r) HemocpeacTBeHHOS MOKA3ATENLETBO TOMAecTsa CF = C°_§ +
+C o+ (Z::" cBazano ¢ Gonpnmu yncaom Ghopmyna. Moxso npe-
ofipaz0EaTE DPABYIO YACTH K JeBO#, ABAMAN HCHOALIYA TORAECTBO
U8 OYHKTA B) H ToXAecTBo Ch =C"" mmoﬁm:0<£<m:

C' +C" +q_* 2 (C‘ +C g)—':
= C::i"' C:—l = C:-

TopopuTs 0 ¥caax CX u mpu »TOM HHYETO He CKA3ATH O TPEYroMb-
aake ITackans, mo MeHbinell Mepe, HeecTeCTBEHHO. Beanb aTOT Tpe-
YrOARHHAK — OYeHb VAODHAA Talnuna OA <XpaHEeHAA» H NOAYYECHHANA
GmHOMHANBHLIX KoadpanuenTos €. Ho ma mepsrii pas BHONHE XBA-
TAET 3HAKOMCTBA TONBKO ¢ OPOCTeAIIHME CBOMCTBAMHE TPeYTrOJbHAKS
IMackans.
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48.23. Bunncars Tpeyronsuur Ilackana pe 7-# erpox:u BRAIOUE-
TeNEBHO.

a) HalfiTn cynmMy Boex ducel B TpeThel crpore Tpeyroanauka Iac-
Kajad.
6) Haiitn cyMMy Beex umcel] B 4eTBepToif CTpOKe TpeyroJhbHHKA
Mackana.

B) HafiTy cyMMy Becex umceNl B CeAbLMON CTPOKRe TPEYroJALHHKA
INackana.

r)} MeTogoM MaTeMATHUeCKON HHAYKIHEH AOKASATH, UTO CYMMAa
qucen B n-# cTpoke TpeyroasAHKA [lackans paena 2°,

PemenHue.

11
1 2 1
1 3 8 1
1 4 6 4 1
1 56 10 10 5 1
1 6 156 20 15 6 1
1 7 21 8 38 21 7 1

a)1+38+3+1=8=2%

6)1+4+6+4+1=16=2%

B)1+7+21+85+385+21+T7T+1=128=2",

r) OGoznaunmM A(n) yTeepxaeHHe «CyMMa THCeA B -3 CTPOKe
rpeyroabuura Iackana papua 2°s. Yreepmraeuusa A(l), 4(2), ..., A(T),
KAK 310 IegyeT B3 npuBefennoll Tabamns, eepEE. IIpoeepuM copa-
BEAJHBOCTh HETYKIHOHHOrO mepexofa. IIpeAnosIOKHM, TITO CYMMAa
unces B n-it crpoke pasAa 2, r.e. C0 + CL + CZ + ...+ O +
+ C; = 2", Boimamem cyMmmy aucex B (n + 1)-if crpokxe # BHIpasumM ee
Yepes CyMMY uHCeT B n-if CTpPOKe, HCTIOMIL3YS ToRAecTBo Cf ., = €11 +

+Ciayma, a0 Cb, =Cl=Cll=Ci=1:

B+ Ca+Ca+ . +C L +CH+ .+ +Cl =
=G+ +CHEC +CD+ ...+ G+ N+
+(C+ Y.L+ O+ C =
=2+ CL+ O+ .+ T+ CM O CY) =
=2.2°= 2%,

Hrak, u3 A(n) cneayer A(n + 1), 3EaudAT, 10 NPHEOAOY MATEMA-
THYecKOH MHAYKIIMH YTBepaleHHe BepHO Ana moloro n.

Bnpouem, cneayeT HAIOMERTh YIAITHMCA, YTO APYyroit cmocob po-
KA3ATEABCTBA TOMKASCTEA OPeACTARNEH B yuedHuKe (mpHMep 9 B § 48).
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Ymena CF noaBasiorea B KOMOHHATOpMKe TPHMAH. CHAYAIA Kax
YHCHAA COUCTAHNN K3 N SNEMEHTOB IO k. 3aTeM KaK YHCAH, Pecnoao-
JEeHHEe B TpeyroabHEKe Ilackana. Haxomen, TH uHcJAA BOSHHKA-
0T KAK YHCAOBLIe XOMDPHUIHEHTH TMPH PAINOMEHNK BHIDAYKCHHA
{a + b)° B cyMMy OABOWICHOB, T. €. B Hopmyae OmEOMa HrioToHA.
B aazauax 48.24—48,29 kax pas M PACCMOTPeHH uneaa CF kax Suno-
MNHANbHEREe KODODHIReHTH.

&
48.27. a) Hailtn uneH pasyiosKeHus (2x2 + %_-) » He copepmanyuii

NepeMeHHYI0,
Pemenne. B gagsom cryqae B popmyne 6maoma HeioTona i = 6,
a=2x% b=x". Torna

Cla* 48 = Ch2) Hx) = Ch2P~txl2 2k = (CA2P )t 3,

Taxoit ognounen Ha pasnoxenna (¢ + b)Y B cYMNY OAHOWIEHOB
He cOmepIRAT nepemennol x npu k= 4. IIpu & = 4 noayunm: Ci2% 4=
=15-4=60.

3axav1a 48.30 B KauecTBe NpUMepa HeOONh3oBaARRA GunoMa Hilo-
TOHA COBTUHAET BMECTe KJACCHYECKOe HepABeHCTBO BepHYJIIH H Mo
CYIOECTRY NONHOe GopMaabHoe AOKASATEABCTEO TOIO, 9TO mq" =0

Ans 0 < g < 1. 9tu aBa dhakTa pagieneds Mex Ay coboit ABYMa KOHK-
PeTHRIME HepaseHCTBaMHE. OTMeTHM, YTO HepaREeHCTBO Beprynna Go-
Jlee CIAOXKHHM crnocofoM (MeTOROM MATeMATHUYeCKON MHAYKUHM) KO-
kasasdo B yuebrnke (cM. npumep 4 B § 6).

48.30, a) HoxaszaTe, 910 ANA A000T0 HATYPAJBHOTO YBCAa 7 > 1 1
awboro x > 0 sepuo mepasercTso (1 + x)" > 1 + nx (nepasencmao
Bepuyazu).

6) YxazaTh Kakoe-HEOGYAL pemienne HepapercTea 1,001° > 1000.

B) YKasaTh KaKoe-HHGYIL peinenne Hepasenctsa 0,99" < 0,01,

r) JoxazaTs, 910 Ana Joboro 0 < ¢ < 1 r moboro g > () EepaBeRn-
CTBO ¢° < @ BepHO AJNA BCEX HATYDANLHGLIX R HAYWHAA ¢ HEROTOPOTO
HoMepa.

Pemienne.

a)(l+x=C - 1"+ - 1" ' .24+ 1"t 2+
+C 1t L "=l nc+ CEF 4+ O > 1+ nx,

6) 1,001* = (1 + 0,001 > 1 + n - 0,001 > 1000, ecan n >
> 1000(1000 — 1) = 999 000. 3maunr, veparencreo 1,001° > 1000
BEPHO A4 BCeX N HAUMHAS, HADpHUMeD, ¢ 22 = 990 001 (orMeruM, uTO

HA CAMOM J€Jie OHO BePHO HAYHHASA ¥ ¢ 3AMETHO MEHAIIETO YMCIA, O
AAA ero OTHICKAHNA HYKHE! JIOrapudMuI).
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8) 0,99" < 0,01 = l% >100c»(1+%) > 100. Tax xax 00

"
HepaseHCTRY Bepuynnm (l + %) >1+ 9—"'9, TO MHTepecylollee HAC

HEPABECHCTBO 3aBeZioMO §yIeT BepHO Npy Tex n, Ans KoTopeix 1 + % >

> 100, 1. e. opa n > 9801, 3HauET, HETEpECYIOMEE HAC KEPABSHCTBO
BEPHO AAA BCeX 1 HAYHMHAA, HANpUMep, ¢ n = 9802,

1,1 .1 1_:_€)” 1
r)q"<a='q,,>a=q,-(l+ 7 >a.Ra1cnnu:u1e,

SRR AR
anm'ren).[l-l- ) it g >a=g T <a
THEe CAMOe HepEOe HEPABSHCTBO ABRAETCA YACTHRLIM CIYYaeM HepABEH-
crea Bepaymna.

nl-q 1 nl-¢g _ 1-a 1 - a)
Hames, 1 + 7 e ¢ T8 °r>a-ga

Hraik, gaa awboro 0 < g < 1 n mwboro ¢ > (0 BepaBeHCTBO ¢° < 4

BePHO JUIA BCEX HATYDAJLHLIX R, KOTODHI® Goxbime, JeM %1_—"5““1.

Hanpemep, nepasencrso (,997° < 0,007 sepno npu meex

0,997 . 0,998 997 . 993
n> 5003 6:007 = 31 = 47 143,857..., T. e. 3apenomMo Gyaer

BepHO HawmHAA ¢ 7 = 50 000,

Ioacuer sepoaTHOCTel cayuafinmx cobpiTHII HAYMHaeTcH ¢ Tpex
sagaHuit, CBASAHAEIX ¢ BOOPOM OpocTeAniero ANd Kypca MATeMaTH:
KH O/BeKTa — HATYPAABHOTO YHCAa. Bo Beex cayuasx BRGHpAIOT aBY-
3HAYHOe YHCAo. [N noHNMaHRs pentennd aanaan 49.8 eTouT HavaTh
¢ Gonee npocrwx 3agag 49.1 1 49.2,

49.3. JIpa yueHNKA HESABMCAMO APYT OT APYTa HANMCANH IO OXHO-

MY JBY3HAYHOMY HATYDPANBHOMY 9HCHY. HalfTH BepoATHOCTE TOIO, UTO!
8) 9TH JBA YHCAA PASIHIHEBL MeskAY coboil; 6) cymma ymcen pasaa 100;
B) cymma uncen He Gomeme 25; r) cymma aucen Goapme 190.
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Pemenue. a) Kaxxasiii Uz YUeHHKOB He3aeucumo APYT OT APYTA
sufEpaeT oaHo YHCAO B2 90 ApysEAuHLIN, MOMHO CUNTATE, YTO OANH
YYCHHK — mepBHii, a Apyrofi yeemak — propoii. [lo npasany yMu0-
seEnd Beero uEMeerca N = 90 - 90 HexozoB Taxoro Bridopa. Cayuaes,
ROT/IA 9TH ABA TACMAS COBOAAYT MeXKAY cofoll, mMeerca posaO 90: 310
napH (10; 10), (11; 11), ..., (99; 99). 3HaunT, HHTEPECYIONIee HAC CO-
6HmTHEe A npousolizeT B N(A) = 90 - 90 — 90 cayzaax. Ilo dpopmyae
WOACYETA BEPOATHOCTH HOJYIAEM OTBET:

90 - 90 — 90 1 89
P(A)='W =1—'ﬁ='ﬁ = (1,989,

6) Iloce BmGopa mepBOr0 y49eHHK& BEIGOD BTOPOTC OfHOIHAYEH.
Ecnn neperiii kuipan uncno or 10 o 90, To BropoMy Hago BHGpaTs
megocraomee 7o 100 caaraemos. Ecan nepsani srifipan aacao Gonn-
mee 90 (ux Bcero 9), To npa M060M BRIGOPE BTOPOTO CYyMMa OKAYKeTCA
Sonsme 100, T. e. HHTEpecYOIIee Hac cobriTHEe He NMpousoidger. 3Ha-

m,N(A)=90—9=81nP(A)=-9?§1f,0 = 0,01.

B) IIposesem mepefop cayuaep. Ilepeuik yaeHRK Moser BRIOpaTs
gyreao ronske or 10 zo 15. Tlpn srfope uncna Goapie 15 ero cyMma
C ABYSHAYHHIM YHCJIOM, NPEANOREHHHM BTOPHIM yueHHKoM, Gyzer
Gonpme 25. Ecnu nepewift enibpan 10, To sropof#t Moxer BROpaTH
modoe uncao or 10 1o 15 — Beero 6 papuanToB; ecam nepssill BhI-
6pan 11, To BTOpoif Moxer Brlpars a060e uucro ot 10 go 14 — Beero
5 BapMaRTOR, H T. A. Ecau nepeuft sribpan 15, To sropolt moxer
BeIlpars Tonsko 10, T. 6. HMeeTCA OAAH BADHART. 3HAMHT, HHTEPOCYIO-
miee Hac cobierrHe npousoiiger s N(A)=6+5+4+3+2+1=21

21 7
cayuae B P{4) = 90.90 - 5700 = 0,0026.

r) IIpoBeaem mepebop papramToB. Ecau nepBrifi BGpan 9mcio oT
10 go 91, 1o mpH aGoM BrIGOpe BTOPOTO cyMMa He Oyzer Goasiue
190, nockonBEKY HajKe B Kpadinmem caydae moayqaem 91 + 99 = 190.
Ecmu nepenilt Bubpan 92, ro Bropoil Mower BHOpaTs Tonbko 99 —
OZUH BAPHAHT; ecAM Nepruiii BHGpan 93, To Bropoi Mosxer BHIGpaTh
98 mnn 99 — ppa sapuanTa, u T. 4. Eeam nepsriit subpan 99, To BTO-
poli Mosxer BeiOpaTh J1060e uncao oT 92 g0 99 — BOCeMB BADHAHTOB.
SHAYAT, nETepecyOiee HAC codnITHe mpomzodner B N(A)=1+ 2 +

+8+4+5+6+17+8=36 crywanx 1 PUA) = g5 = 225 ~ 0044,

Cnegyoman 3a/jaga reOMeTpEYeCKAA, HO IOC/Ie HAXOIKAGHHA KO-
JNYEeCTBA HY)KHEIX TOUEK B Kpyre CBOHHTCA K of0B4HOH BepPOATHOCT-
HOA 3a/1aUe ¢ KOH@UHHIM UNCJIOM DABHOEEDOATHRIX Meskpy coboit mc-
xozoB. Bojgee Toro, 310 3a1aUa Ba AKKYpaTHRIL Nepefop BeceX BO3MOMK-
Hocrelt.
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49.7. B xpyre ¢ HeHTPOM B HAIAJe KOODAMHAT M PATHUYCOM X CJOY-
valiHo BRGpATE TPOUKY ¢ HeAnMH Koopauaaranu. Hadite sepoaTHOCTE
TOrQ, 9TO0:

&) cyNMa KOOPAMHAT Touku Goapnre 3;

6) mporzBeAgENEe KOOPAMHAT TOYKH MeHhIIe 4;

B) TOMKA JISEHUT B KPyTe ¢ HeHTPOM B HauaJie KOOPAMHAAT B PAAKY-
com V3;

r) TOYKA JeHHT BHE TPEYTONBHEKA ¢ BepmuHans (0; 2), (—2; ~2),
a; -2).

Pemenne, Touxn (£3; 0) u (0; £38), pasyMeeTes, PacnoNoReHEI
B Kpyre, PaEHO Rak TourH (12; 0), (0; £2), (£1; 0), (0; £1), (0; 0).
Beero Ha ocax RoopauHaT 13 Touer B3 Kpyra.

Torkar 17+ 1° < x%, P+ 22 <R <12+ 3 u+ 22 < <22 +
+ 82, 10 B IepEOll KOOPAREATHON YeTBEPTH AMENYTCA CAeAYIOmEE 4 TOT-
xm; 18 kpyra: (1; 1), (1; 2), (2; 1), (2; 2). Tax Syzer B nampoit dereep-
TH, T. @. BCErO B Kpyre AHaxogarca N = 13 + 4 - 4 = 29 Touer ¢ nemsi-
MH KOODAWHATAMH.

a) Tonsxo y oguolt Touxm (2; 2) cyMmma xoopauuaT Sonsine 3. 3ua-

uutT N(A) =1 u P(4) = % = (,0845,
6) Toasko y aByx Touexk (2; 2) m (—2; —2) npousseerEme KOOPHHA-
HAT He MeHbIue 4. 3HauuT N{4) =27 n P(A) = % =~ {,98.

B) B Kpyre ¢ meHTPOM B Hauade KOOPAHEAT H PAIRYCOM 3 ae-
MAT TAKHEC TOURM ¢ messMm xoobmamaramm: (0; 0), (1: 0), (-1; 0),
0; 1), (0; -1), (1; 1), (1; 1), (1; -1), (-1; —-1).

8naunr, N(4) =9 u P(4) = -2% = 0,31.

r) B yraganuoM Tpeyroabnuxe smemar 10 Toyex: (0; 2), (0; 1),
(-1; 0); (0; 0), (-1; 1), (0; 1), (~2; -2), (-1; -2), (0; -2), (1; —2)
(pme. 123). 10

3BaqnAT, nne'rpeymmmanaxommwmean(A)—— = (,855.

B zagaue 49.8 coBMemeRH B¢ CTAHAAPTHEI® BEPOATHOCTHLIC MO-
Zeau: NrpAnbHE XYSHK M COCTABNEHHE ABYSHAYHONO YHCNA BhISopoM
ero uudp. Ha camom pene oHa «noBTOpsAET» 3aauy 49.3.

49.8. NlzysaauEoe YHCHO COCTARAAWT TaK. Ero mepeas mmdipa
TOAYIAeTCA B peayAbTaTe nepeoro SpocaHusa HrpaasHOTO KybuKa, rpa-
HH KOTOPOTO IPOHYMepoBankl udpamea or 1 o 6, a sropas uudpa —
B peaynbraTe BTOpoTO Opocandd aTore KybGmxa., Had¥iTte BepoaTHOCTB
TOrO, 9TO 9TO YHCAO:

8) COCTORT H3 pasHERX madp; 6) Gonbme 20; B) KpaTHO 7; r) mpocToe.



7k
" "=y
e <
N
7 2 N
/ \
-2 |
0 ANE]
\
\ \ /
N / _
N -2 A
a LT
Puc. 123

Pemenue. lna nepeoii, Kok u oaa BTopoft HROPH He3G8UCUMO
nMetorea no 6 sapuanToB. 3HaunT, n = 6 - 6 = 86 — obmee wmeno
HCXOAOB HCHBITAHUA.

g) Ciryuaep, xorga Aee HHOPH cOBHAAYT Mexay coloil, mMeeTca
poEHO §: oro mapur 11, 22, 33, 44, 55, 66. 3uaunT, HHTEepeCcyDIIlee
Bac co0mTHe A nponzoliger B N(A4) = 36 — 6 = 30 cayuaax H P(4) =

3 5
=ﬁ=3=0,833.

0) IIpomqe cocumTaTh YACHA, KOTOpEle MeHbme 20. Ux 6 — a0
11, 12, 13, 14, 15, 16. Suaunr, N(4) = 36 — 6 = 30 B BepOATEOCTD
TaKasd e, Kak B OYHKTE 4).

B) KparHH ceMn chegyiomue unciaa: 14, 21, 35, 42, 56, 63. 3na-

uut, P(4) = :,% = 0,167.

r) IIpocramu GyayT Tarue uuesa: 11, 13, 23, 31, 41, 43, 53, 61,

wx 8. Braunr, P(4) = % = % = 0,222.

ITepes TeM k4K IPOH3BOAHTL BhigucJeRudA 0o Qopmyne P4 + B) =
= P(A) + P(B) — P(AB), cnepyer TBepAO YCBONTHL (POPMYIy CyMMEI
N v B) = N(4) + N(B) - N(A N B) ana HKONAYECTBA JICMEHTOB B
ofbeAHHEHNN ABYX KOHEYHLIX MHOKECTB. Ora dopmyna orpalarsisa-
erca B 3agavax 49.9—49,12. Ux momuo 6b110 GBI IerKo nepeReIaTh
B 3ANAHHSA HA BEITHCIEHHE BEPOATHOCTeH, HO MBI OPeSHOWIH OTH/E"
HO BAHHMATECH hOPMYsOH CYMMBI, A 300R0 DOBTOPHTH 38AAYH HA TPO-
HeHTHI,
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49.11, ¥ xamAOr0 M8 TYPHCTOB €CTh
TYIDHKH HIH «eBpuEA+. ¥ 100 Typmucrop
€CTh TONLKO TYIDHEH, ¥ 38 TYDHCTOB ecTh
TOJLKO ¢€BPpHKH?, 8 ¥ 31% TYPHCTOB £CTH
obe BAJIIOTH.

a) Croanxo Beero OLLNO TYPHCTOR?

6) CKOABKO TYDHCTOB MMEKOT TYIPHKR?

B) CROJEKO TYPHCTOR HMEIOT 4EBPHKHs 7

r) HanenuTs B YCHOBHH 3agadr 31%

Puc, 124 TaX, 9TO0B OTEET B ODYHKTE &) CTAJ HAHW-
GonLimuM B3 BEEX BOIMOIKHRIX.

Pemenue. MenoapssyeM guarpaMmy ditaepa. YeaopHo uzobpa-

SHM B B¢ KPYra MEOYKECTBO BCEX TYDHCTOB, HMEIOWINX «CBPHKHY, 8

B BHJe KBRApaTa — HMeIIHX TYrpmkH. Toras B KBagpaTe, HO He B

Kpyre uMeerca poeHO 100 uenoBeK; B Kpyre, HO He B KBAJpATE, POBHO

38 uenopex, a B mepeceveHAn HaxoanTed 31% Beex TypmeTos (pac. 124).

a) N=138 + N(E n T) = 138 + (,31N, 3mauwr, 0,69N = 138,
N = 200.

6) N(T) = 100 + 0,31 - 200 = 162.
8) N(E) = 38 + 0,81 - 200 = 100.

r) Bamesnn 31% na x% . Toraa us a) moxyusen aug aacaa N Becex
TYPUCTOB:

x ., 100-x N 13800
N=138+ 55 N; —3p5- N =138; N = 55~ .

Yneno N HATYpaJARHOE, H 0RO OyZeT HanGOJBIIAM, eCIH 3HAMEHA-
Texs 100 - x GyZer HaMMeHBINHM cpeAHN BeeX SHAMeHaTeneit, npn
KOTOpRIX ApolE NpEMeT nejaoe 3EAYeHme. SmawnT, 100 —x =1,
x =99,

Cnegyroman 3agava 49.12 no cymecrey nosropaer 49.11, Ho mc-
nonesyer GopMyabl CyMNE He AIA IBYX, A AAA TPeX MHOXecTs. Ma-
TEPHAN ITOT YACTC MCHOALIVETCH B MATEeMATHUYECKHX OIMMITHAARX M
COPeBHOBAHKAX, HO He BXOIHT B cTaHAADPT obpazopannd. [NosroMy ME
ero upasognM (e3 xKaxkmx-mEGO OOmEX TeopeM H POpPMYN, & HMeeM
JAeJIO ¢ ONHUM BeChbM& HPOCTHM YBCTHHM CJIVYIAeM.

49.12, Kawpniti nz 30 yuemmxoB ynHEMii mam kpacuenii. Kpace-
BHIX YISHHKOB Beero 26, yMHEX — 24; KpoMe Toro, 14 yueHHKOB -
pocton Brmmte 180 cm.

a) IIpo cROALKHUX Y9eBHMKOB FrAPAHTHPORAHHO MOREO YTBEPHKAATE,
YT0 OHU YMHB, KpAacMBH M Bhitite 180 cm?

6) Kakos 6yzer oTBeT B OYHKTE 8), €CAX H3BECTHO, UTO BCE YM-
HEe, HO He KPacHRHe — pocTOM He Bhime 180 cm?



B) KakxoB 6yzer orBeT E DYHKTe 4), eCAM M3BECTHO, UTO BCe KpPacH-
BHe, HO He YMHEe — POCTOM BHIle 180 cM?

r) Karos Gyaer oTBeT B IyHKTE 8), €CAH H3BECTHO, 9T0 12 yMERX
YUeHHKOR MMeIoT pocT Brimre 180 cM?

Pemenue, Ilo popmyne cyMMH AAA ABYX MHOMecTB 30 = 26 +
+ 24 — 2, vAe 2 — YHCIO TeX YYEHHKOB, KOTODHIE® W YNHE, B KpacH-
BH. 3maquT, z = 20.

8) Ecom ¥ — 9Heamo TeX YUeHMKOB, KOTODRE H YMHH, H KPACHEH,
H BHICOKH, TO 20 + 14 — x — 93T0 YHCNO TeX YUYEHHKOB, KOTODEIe HIH
BHICOKM, MMM YMHE B kpacussl, Ux me Goxeme 30, 1. €. 20 + 14 -
— % < 30, IlopTOMY & = 4.

6) Inciro yMHBIX, HO He KPAcHBEIX yaeHmios 24 — 20 = 4, Ha 26 oc-
TABOIMXCA YIeHHEOR 20 — yMHEe H KPacHBHe, B 6 — Kpacusble,
HO He yMHNe, Pacnipeaenenue 14 BHICOKHX YUEeHHKOB cpefu oTHX 26
MoxeT 6n11h pasauntiM,. Ho xax MpEmMys 8 BRICOKHEX YIeHHEKOB 00g-
3ATeIBEHO OKAXKYTCH cpean 20 yMHLIX M KpacuBeIX. Paccy:xaad Gozee
dopMansBo, moayuaeM: 20 + 14 — x < 26. IIosToMy x » 8.

B) UYncno KpacHBHIX, HO He YMHEX YUeHHKOB 26 — 20 = 6. I'lo ycao-
BHIO BCe OHH — BLEICOKHE, 3HAYUT, U3 24 OCTABIIAXCA YUeHHKOB 20 —
YMHEBE U KpacHBHe, 4 — YMEEIE, HO He Kpacaene 1 8 = 14 — § —
BHCcoKKe. PacnipeAesenne BOCLMH BHICOKEX VUEHHKOR CpeAu oTHX 24
MoxxeT GEITs pasamuEbM. Ho xax ManuMyM 4 BHCOKHX yaeHWKA 0Hs-
3aTEeABLHO OKAXKYTCA cpepn 20 yMHEIX M KpacHBHIX. Paccyxpgad Gonee
dopMansHO, moaydaeM: 20 + 8 — x < 24, Tlooromy x = 4.

r) Pemenne aganoraaro: 20 + 12 — x < 24, Ilosromy x = 8.

QOreer: a) 4;: 6) 8; B) 4; ) 8.

Samauua Ba mpocreiiiuyic anrefpy cobuITHIL He BRIBHIBAIOT CJIOMKHEO-
C¢Tell ¥ YYeHHKOB ¢ BOCTATOYEON Joruveckoill moarorosroili. Bee xe
HECKOJLKO CAMBIX NPOCTHX YOPAXKHEHUH Heo0X0ARME AN BCeX: CHB-
HEe YIeHHKH NPOBEPAT CBOH CHJIEHL, & TEM, KOMY 3TH 0003HAYEHAN B
HOBHEHKY, TAKHEe YOPRIKHERHSA IIOMOTYT PaA20lpaATHCA ¢ BHUHCICHHEM
IpoR3Re/ileHuA COOMTHY H NepeXofoM K MPOTHBONOACHKHOMY COBRITHIO.

49.18. Ha yucen 0, 1, 2, ..., 9 puifupalor oano. Paceuarpusator-
cda cofmraa; A — sulpaHo YeTHoe 9HCA0; B — aT0o uncno Gonsine 7;
C — 210 HeHyAeBOe YHCHC, KpaTHoe 3; D — sro B 1, unwm 4, uae 9.
Onucars cobbimaa:

a)AB; 6)CD; B)BC; r1r)ABCD.

Pemeniue. a) Uncen Gounire ceMu Boero Aea: 8 u 9, Uz aux toas-
Ko 8 uerHoe, 3HauuT, AR — 970 BHGOp uncan B.

6) Cpepn ancen 1, 4, 9 TOABKO OHO 9MCHO KDATHO TpeM. SHAUHAT,
CD — gro EpIGOp uHCAS 9,

B) Yncen Govpinie cemn Beero apa: 8 u 9. Hs mux Tronsxo 9 kpatRo
Tpem. BEaurT, BC — 3ro BRIfOp uMcia 9.
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r) Ecam nporzomio cobwTie ABCD, To nporsomuio B coburae BC
(pr1bop yuena 9), H cobrTHe A (BEGOD YeTHOTO UHCAR). JICHO, UTO BTO
HECOBMECTHE® cOGhITHA. 3HawnT, cofrrae ABCD HeBOSMOYKHO.

Baxanua 49.17—49.22 oTHoCATCA K TAK HASHBACMON «yDPHOBOMNS
cxeMe. B HMX pasHOLBeTHHIE IIADH BRITACKHBAIOT N3 TEMHOTO AITHKA.
H NOJCYHTHBAIOT BEPOATHOCTH pasnEdHMX cobuitut. Hapaay ¢ cob-
CTBEEHO BHITHCJICHHEM BEPOATHOCTEH, B HEXOTODHIX M3 aTHX 3azav
HeoBXOAMME! THKAEe SHAHUA 0 nopeieHAH Apobno-mureiinol dynruun
H OpocTelInad TeXHHKA HAXOXKAeHHA NPeReios.

49.18. B TemMAOM AIIHKe 71 BHIATDHIIAEEX SAACTOB B 7t TPOATPEIII-
HEX, i > 2. Bu cnyuafino seITackuBacre 3 Smmera.
a) HaiiTe BepOATROCTE TOT'0, YTO €CTH POBHO ONHH NPORTPRIIIHETR
6nner.
6) Moeasars, 910 9T& BEPOATHOCTL YOLIBAST ¢ POCTOM 2.
B) K xaxoMy uncay CTPEMHETCHA 2Ta BepOATHOCTE OPHE 1 — 007
m HaiiTe n, EAYABAA ¢ KOTODOTO 9TA BEPOATHOCTE GyaeT Mennine (,4.
PemeRrHe. a) O6mee uncao N HCXOZOB HCILITARKS PABHO Coy.
Hurepecyiomee nHac coSmTHe A HacTyNaeT TOTAA, KOTAA H3 1B BRINI-
PHIELEX (HIeTOB BHITACKHBAIOT 2, 4 H3 I NMPOMI'PHITBRX (HAeTOR
BrrTackuBaOT 1 Guier. Buawmr, N(4) = C2- CL,
nin -1
_c-c _ (2 V.n ___8n
PA)= "™ = Ta@n-1ygn-2) - Hen-1)
6

6) 4(2:.;”__1) = % (1 + El;_'i')s fAcHO, UTO TeM ﬂon‘l-me n, TEM MeHbL-
me apobi 'zﬁ-
: 1 8
5) lim (4(2n 1)) Jim 3(1+ o e 1) = g = 0,875.

3n 2
r) Pemmme HepaBeHCTEO WCn-D) < g, HONY9HM: B > 8; @r0 Hepa-

BEHCTBO BepPHO A/ BCeX HATYPANBHBIX 3HAUYeHH n HaumHAs ¢ 9.

Bagauane 49.19 AHecKOABKO OJNKe K CTATACTAKE, HeXKeNH K ODLIY-
poli MatTemMaTHKe. TyT Tpelyercs HCNONML3OBATE TEXHHRY CRBeJCHMA
OTBETOE B NOAXORAINYI0 Tabamoy.

49.19. B TeMEOM AIEKe 5 BHHIPHITHKX G1eTOR U 4 TPOMTPLITH-
HHX. BH enyqaiiHo BRITACKHEAETe OXHOBpeMeHHO n Ouaeros, n =1,
2, 3, ..., 9. Haiitu BepoaATHOCTL p(n) TOro, YTO y BAC €CThH PORHO OXHH
BHArpsInaLl Suner, Yncnernne pesyAsTaTHl cofpaTs B ratanamy.
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PemeHHe. ABAJIOrMIHO NDeALIAYINGH 3agaue MOMNCHO HAHTH Be-
POATHOCTL p(n) MOJYUYCHNNA POBHO OZXHOTO BRIHIDHINA NPH BHITACKH-

1, -1
Banum 1 Gaxeros: p(n) = QL—C%L. feno, oo mpu 7 > 5 BHATPEIMEH

6ydeT KaK MHHHMYM ABA, T. €, HHTEDeCYIONIoe HAC CODLITHEG He Npo-
usofiger. Ina 1 < n< BOc-ranochnponec-mmc.nem'

5-1 5-4 _5-6 b

=25t = G pa = Bt = S pe - 9.8.7 18
6
5.4 10 5.1 5
PM=3g37e6=-P0=95376.5 1%
24 5.4.3.3
OrpeT:
n 1 | 2 3 1 5 6] 7] 8] 9
5 | 5 5 10 5
Pm | g | 9| 14|68 | |20 |O]°O

Sapanue 49.22 asnserca BapEAnHel yie pasofpAHHOIO 3a8aRHA
49.18,

49.22. B TeMuonM gumnke 71 Gennx @ 2 — 1 yepHmx mapoB. B
caydaltHO BHTACKHBASTe OZHOBPEMEHRHO 4 mapa.

a) Hailte BepoATHOCTEH TOTO, YTO HMEETCH KAK MHHUMYM TpH Ge-
ALIX WIapa.

6) JoxazaTh, 9TO PTA BEPOATHOCTE YOKBAaET ¢ POCTOM 2.

B) K rakoMy umcAy cTPeMHTCA 9T4 BEPOSTHOCTH OPH B — 007

r) Haitree n, HRAYRHAL ¢ KOTOPOTO 3Ta BeDOATHOCTE Oyaer MeHbmIE
0,35,

Pemenue, 3) Ofmee waca0 N HCXOROB HCILITARMS DaBHO Ciy_;
HeTepecyouiee Hac cOOLITHe A BacTyIaeT TOrAa, KOTAa U3 n Oeanx
IJaPOB BRITACKHEAIOT 3 By 4 Imapa, a B3 # — 1 YeDHHX mIAPOE BH-
TACKHBAIOT, COOTBETCTBEHHO, 1 IIAD MAK He BEITACKHBAIOT HEM OZHOIO
mapa. 3uaunr, NA)=¢® - CL_,+ ¢t -,

_CGm-p+ci_
P{4) = ; =
ggn—l!n—gl.(n_nq_n{n—l)(n-gn—

3)
= % —_— 24
- (Zn - 1)2n — 2)(2n — 8)¥2n — 4) -

24

_dna-D+nn-8) _ 5-Tn _
=42 -D@En-8 - 4Zn-12n-3)




5n° — Tn 1 n bn -7

5)4(2n H2rn-3)~4 2n-1 2r-38 "
=3 (1+

2n -1

Heno, uTo deM Gonnpnie 7, TeM MeHbIIe Apobn 2n—1—_1' : 2:T1—_3' T, &.

P(A) yBueaer.,
. 5n?
B)H3 OYHKTa 6) ciepyer, uTo lim (4(2" lxzn - 3)) = ].6 —0 3125.

P

50 — Tn 35
r) Pemnast HepaBeHCTBO 2 -_12n-9 < 100,no:ryqnu:n’-7n+
. 7+J
+7T>0;n> . OT0C HEPABEHCTBO BEPHO ANS BCEX HATYPAALHBIX

3HAYeHHNH 1 HauMHAA ¢ 1t = 6,

Baganua 49.23—49.25 no ceoell cTpyKTYPe n0oacGHE 3afadaM ¢
«ypHOBOA» cxemoii. ToALKO TEnepsL HCOOAbLIYETCH APYTAH CTAHAADT-
HAA BePOATHOCTHAA MOJSAL: GpocaHMsa HAeARsHoi HrpoBoil MoHETHL.

49.25. a) KaxoBa BepoSTHOCTH TOr0, YTO OpH n Gpocanuax MoHe-
THl ¢pellKaAs BHINAKET XOTA OLI OfHHA paa?

§) Kax MeHAeTcA 2TA BePOATHOCTE ¢ HAMeHeHUEM n?

B) Haiite npegen arolf BepoATHOCTH OpPA 72 — €O,

r) IIpn xaKkoM HAMMEHbIIEM 7 BePOATHOCTH HOABRJEHHA XOTA OhI
oaHolt spemrns Gyaer Soapme 0,9997?

Pemenne. a) IIpr KxayxaoM B3 1 HezasucuMbix OpocaER# MOHe-

THI BOGMOKHEL DOBHO 2 HeXoaa. SHAUNT, 00 IPABUIY YMHOMKEHNA Bee-

ro uMeerca N = 2- 2 - ... - 2 = 2" ucxogos. B oxEOM-eAHHCTEEHAOM
n

B2 HAX ge Oyaer sm ogHOY «pemrkH+. ITo3TOMY PMHTEDECYIOIIEE HAC CO-
6uiTHe A HacrymmT B N(A) = 2° — 1 ncxonax u P(A) = 21!2:1 =1-2"

6)C BOSPACTAHMEM 7 UHCAA 2™ ymeRbIIAIOTCH, 8 TIOTOMY BepOSIT-
rocTh P(4)=1 - 2™ BOSpacTaeT.
8) Tax kag lim 2" =0, o lim(1 -2%) = l'recpoc'mutmc.lm

=00 n—ror

6pocannifi IPAKTHYECKH HECOMHEHHO, UTO +PeIIKa» NOABHTCA XOTd OHl
OAMH pas.

rt-27>0999; 0,001 >2"; 1000 < 2% 10< n.

Bee sazaun proro maparpadw, CBS3aHHEIS ¢ MePeXOA0M K OPeAeTY
OPH B — 99, IO CYHOIECTBY ABAAIOTCA HIIIOCTpanHell npocrefimmx
mpEMepob ABJICHHMA cmamucmudeckoil yemolyusocmu.,
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49.27. Karauilt 8 n YUeHMKOB He3aBHCHMO APYT OT ADYra HANH-
can oo oxuoll nudpe or 0 10 9.

a) Kaxops BepoSTHOCTL TOTO, YTO CPEAU HANMUCAHELIX Mudp OyheT
xora 6u1 onna undpa 57

6) Kax mMeHsercA Ta BePOATHOCT: ¢ HIMEeHEeHHEM n?

8) Hallty npegen To#t BepOSTHOCTH UNDH 72 — 00,

r) IIpn KAKOM HAMMEHBOIEM 71 BEPOSTHOCTh HOABICHHES XOTH ORI
opnoit pudpu 5 6yaer Goanlre BepOATHOCTH €€ OTCYTCTBUA?

PemreHue. CxeMaTHYHO NOBTOPHM PellleHHe NpeAniAyIneit sanayu.

ayN= 10-10;...-10-10",N(A)-N— 9‘9-“...-9—N—9",

N4
puy)= &8 = “";0,,9" =1-0,9"

6), B) C BospacTanueM 1 BepoATHOCTE P(A) = 1 — 0,9" MoBROTOHEO
BOBPACTAST M CTPEMUTCA K 1.

r) 1 - 09 >0,5; 0,56 > 0,9%; 7 < n, tax kax 0,9° = 0,531,
a0,9" =~ 0,478.

OrseT: a) 1 - 0,9%; 6) sospacraer; B) 1; r) 7.

49.28. Byken pPyccKoro andasuTa HANKCAHKM HA Kaprouxax. Bm
cay4aifHO BHMTACKHBAETe OXHY KAPTOIKY, UHTAeTe OYKBY, BO3BpaILlae-
Te KAPTOYKY U nopTopAere BHOOp. Kaxk TONBKO NOABATCH IIACHAR
6yxea — mponmepnypa 3akapuueaerca. (B pycckom andammTe 33 Gyk-
BH, B3 HEX 10 rnacHEIX.)

a) KaxoBa BePOATHCCTE TOTO, YTO HUKAKHX NOBTOPEHHUI He IMOTpe-
Oyerca?

6) KaxoBa BepOATHOCTH TOrO, YTO XBATHT ABYX HOBTOpPeHHA?

B) Kaxopa BEpPOATHOCTE TOTOG, YTO XBATHT POBHO 1 MOBTOpeHME?

r} Halith npegen sTolf BepoATHOCTH IIPH 1 — <0,

Pemenue, a) N =33, N(4) =10, P(4) = E =~ 0,303.

0) IIzyx NORTOpeHNH XEATHT, €CJIH B rrepnuﬁ Pas BHIOPaHA COrJIac-
Haa Oyxea, a Bo Bropoit pas — raacrag. B srom cayuae N = 332,

N(4)= 23 - 10, PA4) = S ~ 0,211.

B) Porno n nom'opeanii XBATHAT, €CJIA B OepBEe (1 — 1) morTo-
peuuit Onyia BHfOpaHa coryacHas OyKea, a B nmocaegHufl, n-ik paz —

n-1
tackas. B orou eyuse N = 33", N(4)= 23" 10, Py = 210
10 (_zz)"“
-— w & -

r) C Bo3pacTaHmeM 1 HalifeHHAS B IYHKTE B) BePOATHOCTH CTpe-
MHTCH K HYJIO.
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SarouNTeNREAS B 9101 TeMe 3a7aua ABAACTCH YIPAKHeHHAEM HA
HCIoNL3oBAAHE (POPMYAH H3 TEOPEME 3 COOTBETCTEYIONICTO IAPArPA-
da yuebumra, KOTOPAA 3AKMI0YNETCA B caexywomeM. IIyeTs p — Bepo-
ATHOCTEL COOHTHA A B HEKOTOPOM HCIOLITAHHME, H OYCTH STQ HCORITA-
HUE He3aBHCHMBIM 00pasoM moBrOPAIT n pas. Toraa BepOATHOCTH
TOrQ, 9TO COOBITHE A HACTYNHT XOTA 6L B OAHOM W3 2 NOBTOpPeHull,

pasHa 1 ~ (1 — p)*.

49.30. HaiiTa PePOATHOCTH P BCTDEYH C KOBTPOJEPOM HPH OZHOH
noesare, eclay HIBECTHO, UTO BEPOATHOCTL XOTA OH opHoll BeTpeu::

a) Opu Tpex noesaxax pasua 0,875;

6) opu ueTHIpex Moe3ZKax paBHa 0,0984;

B) NpH NATH OoesgKax pasna 0,98976;

r) OpyE mecTH noesaxax paera 0,468559,

Pemenne. Pasymeerca, Ml HMeeM TYT JJIO ¢ XOJeAbI0 Peab-
socTH, [Ipeanonargercda, UTO BEPOSTHOCTL P WONACTECH KOHTPOJEPY
OfHA M Ta JKe IPH KAKAOM H3 HECKONLKUX He308UCUMbLLY TOBTOpE-
HHEH 3T0r0 PHCKOBEHEOIO HCONITAHAM,

a) Tar Rak HCOHTaHHe NOBTOpPAETeH 3 pasa (n = 3), To no dopmMy-
JI¢ B3 TeopeMsl 3 moaydaeM:

0,875=1-(1 - p)y; 1 - p)* =0,125; p = 0,5.

6) Tarx xax uentITanue nopropserca 4 pasa (n = 4), 7o no popmy-
Jie U3 TeopeMB 3 moAyqaeM:

0,9984 =1 - (1 - p)%; (1 - p)* = 0,0016;
1-py=02%1-p=0,2;p=0,8.

8) 0,98976 = 1 —- (1 — p)*; (1 - p)° = 0,01024 = 0,4°;
1-p=0,4;p=0,86.
r0,468550=1-(1-p% QA -p)°*=0,9%1-p=0,9;
p=0,1.
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